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1.
Suppose that (£2, 0, p) is a measure space and A, € £, n =1,2,3,---. Let E5{

z € Q) :x € A, forinfinitely many n}.

(i) Show that E= ﬁ U A,.

k=1n>k

(ii) Show that u(E)=0 if z p < +00.

Evaluate f_ww e~*"dz by showing that

oo 2 oo
(/ e_“nd:c) =/ e~ @) dady =/ orte™ dt
—-00 R? 0

Let Q = (0, 00) % (0,00) and f(z,y) = e, g(z,y) = e ¥sinz for (z,y) € Q.

(i) Show that both f and g are not Lebesgue integrable on Q.

(i) From foN[LM e " sinzdy|dz = foM[foN e~ sin zdzx|dy for
N > 0, M > 0. Show that

00 N
/ wd&' = / [/ e~ ¥ sgin :::d:r] dy
0 z 0 0

(ii) Following (ii) show that

/ wdz—[ [/ e‘“"sin:rdx] dy
o T 0 0

(iv) Evaluate [ e~#dz and show that [ *2Zdy =
0
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10.

Suppose that f is a Lebesgue integrable function on R and ¢ € Ct (IR) . Assume that

both ¢ and ¢’ are bounded functions. Define
F(z) =f Fy)e(z - y)dy
Show that F' € C''(R) and

Fa= [ " f)d @ - y)dy

State Holder's inequality and use it to prove Minkowski's inequality.
Let K C C[(], 1] be a family of absolutely continuous functions. Suppose that

1) sup | f(0)| < o0,
FEK

2) fo |f!(z)Pdz < 1forall f€K.

Show that K is precompact in C[0, 1].

Let X be a Hilbert space and let {e,,};"’;l be an orthonormal system in X . Consider

n
z = ()72, € I and for each n let V, = Z:rjej. Show that limnooV,, exists in
j=1

o o]
X and || limnooV,||? = Z|xj|2.

j=1

Prove that “*"Monotone convergence Theorem" for integrals is equivalent to “"Fatou's
Lemma" .

Let f be a function of bounded variation on [0,1].

(i) Show that f is measurable.

(ii) Is it true that the total variation of f is given by ful |f(z)|dz 2

Let { fa(2)}5°, be a sequence of analytic functions for |z| < 1. Suppose that f,(2)
converges uniformly to f(z) on each compact subset of {z € C : |z| < 1}. Show that

if each f, is 1-1, then sois f unless f is a constant function.
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