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Motivation

Inviscid compressible flow model

» Generalized coordinates Euler equations
s Grid movement conditions

» Equations of state

s Transport eqgs. for multifluid problems

Finite volume numerical method
s Godunov-type f-wave formulation of LeVeque et al.

Numerical examples

Future direction J
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Motivation

f.p Some basic facts
s Lagrangian method resolve material or slip lines
sharply if no grid tangling
» Generalized curvilinear grid is often superior to

Cartesian when employed in numerical methods for
complex fixed or moving geometries

o |
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Motivation

f.p Some basic facts
s Lagrangian method resolve material or slip lines
sharply if no grid tangling
» Generalized curvilinear grid is often superior to

Cartesian when employed in numerical methods for
complex fixed or moving geometries

® Some examples done by Cartesian-based method
s Falling liquid drop problem

» Shock-bubble interaction

s Flying Aluminum-plate problem

s Falling rigid object in water tank

o |
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Motivation

f # Some basic facts
s Lagrangian method resolve material or slip lines
sharply if no grid tangling
» Generalized curvilinear grid is often superior to

Cartesian when employed in numerical methods for
complex fixed or moving geometries

#® Some examples done by Cartesian-based method
s Falling liguid drop problem

» Shock-bubble interaction

s Flying Aluminum-plate problem

s Falling rigid object in water tank

# Search for more robust method (work present here is
preliminary

N
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Falling Liquid Drop Problem

f ® |Interface capturing with gravity
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f ® Interface diffused badily

Falling L
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Shock-Bubble Interaction

-

# \olume tracking for material interface
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Shock-Bubble Interaction

-

Tracking
time=55us ‘

air
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-

time=‘|11ps
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-

time=1q5p5
|
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-

time=247us
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-

time=318us P
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-

time=342us g
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-

time=417us
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Shock-Bubble Interaction

-

# Small moving irregular cells: stability & accuracy

time=1020us
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Flying Aluminum-plate problem )

Ty

\
o

f # Vacuum-Al interface tracking T

Density Pressure Volume fraction

t=0us | I R
vacum SR T E T EEHEEE

Or| Alflyer 1 Or : 0-;m:::::::::::::::::::::::—

Al target ol
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Flying Aluminum-plate problem )

Density

vacuum

| Al flyer

t=0.5us

Al target

2

Pressure
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Flying Aluminum-plate problem

Density

t=1us

vacuum

Or| Alflyer

Al target
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Flying Aluminum-plate problem

Density

t=2us

vacuum

Al flyer

Al target

Pressure
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Flying Aluminum-plate problem

® Small moving irregular cells: stability & accuracy

Density

t=4us

vacuum

Or| Alflyer

T

Al target

Pressure Volume fraction
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Falling Rigid Object in Water Tank )

f # Moving boundary tracking & interface capturing T

Density Pressure Volume fraction

3T =0ms ar S | |
2| 2
1t 1t
0 ® oF - - - — N
-1 -1
-2t water -2
-3L— -3L—

-2 0 2 -2 0 2
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Falling Rigid Object in Water Tank ()

Density

t=1ms .
alr

i

-

. Pressure Volume fraction
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Falling Rigid Object in Water Tank ()

Density

r = 2ms .
alr

L) L7

Pressure Volume fraction

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 7/65



Falling Rigid Object in Water Tank

® Small moving irregular cells: stability & accuracy

Density Pressure Volume fraction
3t =13ms r 3— - -
2| 2
1t 1t
0

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 7/65



-

With gravity effect included, for example, 2D compressible
Euler egs. in Cartesian coordinates take

dq N df(q)  99(q)

ot Ox i oy = ¥l9)

where
o | v | 0 |
2
pU pus +p PUD 0
q = o fla) = 9@ = ICES

pu puv pv°+p Y
= | Eu + pu | Ev+pv | PGV |

p : density, (u,v) : vector of particle velocity

p : pressure, E = ple + (u? +v?)/2] : total energy

Le(p,p) - internal energy, + : gravitational source term J
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Euler in General. Coord. (Cont.) §¥)

-

# Introduce transformation (¢, z, y) < (7, &, n) via

dt 1 0 0 dTr dTr 1 0 O dt
dr | = |z Z¢ @y d& or d | =1& & &y dx
dy Yr  Ye Yn) \dn dn e Me Ny \dy

# Basic grid-metric relations:

—1 _ _
1 0 0 1 0 0 TelYn — Tnle 0 0
1
St &x gy — | Tr Tg Ty | — j —TrYn T Yr Iy Yn —Y¢
e Tz Ty Yr  Y¢ Yy | LrYe — Yr &g — Iy Le

® J=uzey, — xyyes grid Jacobian

o |
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Euler in General. Coord. (Cont.) ()

ﬁ

W

Ith these notations, Euler egs. in generalized coord. are

aq af -
et _w

where

] _ pU _ _ pV - 0 |

(T8 ulU + &, uV + Ny ~ 0
(j:Jp oy p §aD G p NP G=1

pv poU + &§yp poV + nyp Py

L | EU +pU —&p. EV +pV —mp | PGV |

with contravariant velocities U & V' defined by

L U=&+&Eu+Ev & V=n+nu+nyv J
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fModeI system in quasi-linear form

% + Agg aq — ¢
— &t §a &, 0 |
4 - df _ |&pp—ull &u(l—pp)+ Eyu — ExVDE &aPE
00 | &pp—vd G —Lups  &ul—pp)+1U  &pe
| (pp — H)U E.H — uldpg ¢y H —vldpg + prU |
_ Tl N My 0 |
- 99 _ |MePo—uV nou(l—pp)+ Tyl — NzUPE N2DE
00 |\nyp,—vV  mev—mups vl —pE)+ NyPE
|(pp— H)V  n.H —uVpg nyH — vVpE +pEV |

LWithH:(E—Fp)/p, U=TU —& =Eu+ &,

V=V-=n=nu+nv
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Euler in General. Coord. (Cont.) ()

fEigen-structure of matrix A is T
AA:dlag( U—c\ /2462, U, U, U+cy/e2 + g?)
1 0
U — o C (7 QL U+ e
R — 1 2 1
vV — Q9oC v —Q1 U+ Qe
H—Uic H-c/pg - H +Uc

(pp +c )/2¢?  —(arc+upg)/2c®  —(asc+vpg)/2c®  pp/2c
1 —p,/c? upg /c? vpe/c —pE/c’

Qo —q 0

(pp — c1)/2¢*  (arc—upgp)/2¢®  (azc—vpp)/2¢®  pp/2c?

Wit (1, ) = (62,6,)// 1 €3 , |
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Euler in General. Coord. (Cont.) ()

fEigen-structure of matrix B is T
Ap = diag ( - c\/nx 2 V., V+c\/nw +ny)
1 0
u— ¢ U Bo u+ fic
Rp =
v — [ac v 01 v+ Bac
H—-Vic H-c/pg — H+Vic

(D + €V1)/2¢2 —(Bic+upp) /23 —(Bac + vpp) /263 pp/2¢? ]

1—p,/c? upp/c? vpE /c? —pg/c?
B2 — 1 0

(pp — cV1)/2¢%  (Brc—upp)/2¢®  (B2c—vpp)/2¢2  pr/2c®

| with (B, 82) = (e my) /[ + 7 | N
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Grid Movement Conditions

fContinuity on mixed derivatives of grid coordinates gives T
geometrical conservation laws

(1’5\ (—1’7\ [0 \

0 0 T 0 0
S Rl FRA e R =0
ot

Ty, 73 0 —Z;
\va) N\ 0 \~4-/

with (2., vy, ) to be specified as, for example,

# Eulerian case: (z,,y,) =0
# Lagrangian case: (z,y,) = (u,v)

# Lagrangian-like case: (x.,y,;) = ho(u,v) or (hou, kov)
L s hge|0,1] & kypel0,1] (fixed piecewise const.) J
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Grid Movement (Cont.)

-

® General 1-parameter case: (z-,y:) = h(u,v), h e [0,1]

At given time instance, h can be chosen based on
s Grid-angle preserving condition (Hui et al. JCP 1999)

9 cos™ ( Ve Vi ) _9 cos™ —YnTn — Yt
oT Vel |V oT \/y£+yn\/ £-|—£E'2

= Ahg + Bh, + Ch =0 (1st order PDE )
with

A= \[22+y2 (vze —uye), B= /2% +y2 (uy, —va,)
C = \/Zlfg + yg (Unyn - vnajn) BRY. 37727 + y727 (u€y€ - vﬁajﬁ)
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Grid Movement (Cont.)

General 1-parameter case: (z,,y;) = h(u,v), h € [0,1]

Or alternatively, based on
s Mesh-area preserving condition

oJ 0
- = 97 (Teyn — Tnye)

= Ter Yn + Tg Ynr — Typr Ye — Ty Yer

= Ah¢ + Bh,,+Ch =0 (1storder PDE )
with

A =uy, —vz,, B=vxe—uye, C=uUgly+0yTe — UpYe — Vel

|
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Grid Movement (Cont.)

fTo ensure 1 € [0, 1], transformed variable 7 = «(h) is used, T
e.g., Hui et al. employed x = In (eh|u]) , € normallzed
constant, yielding

Ahg + Bh, +C =0
# Grid-angle preserving case

A= /22 + 12 (zesind — yecosl), B= \/T¢ + Y (yn cos € — x, sin 0)
C = \/aZ + U [yn(cos B), — x(sinB),] — | /23 + y2 [ye(cos 0) — x¢(sin )]

# Mesh-area preserving case

~

ncost —xysinf, B =x¢sinf — yecosb

Yn (cos 0)¢ — xp(sinf)g + x¢(sinb), — ye(cos ),

v) = |u](cos @, sinh) J
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C =
(u,

where 4 =



Grid Movement: Remarks

-

® Numerics: h- or h-equation constraint geometrical laws

()

0 | Ye

\y:)

93

(1)

\0

on

[0}

o)

# Usability: Mesh-area evolution equation

oJ 0

5~ o [ (= vy

0

— - [

on

vre —uye)] =0

# Initial & boundary conditions for h- or h-equation ?

o

|
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.
. 0 £

Grid Movement: 2 Free Degrees ({x;

-

® 2-parameter case of Hui et al. (2005): (z,,y,) = (U, V;)

s Imposed conditions
1. Grid-angle preserving
2. Specialized grid-material line matching (see next)

o |

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 17/65



Grid Movement: 2 Free Degrees ({x;)

-

s Imposed conditions
1. Grid-angle preserving

® 2-parameter case of Hui et al. (2005): (z,,y,) = (U, V;)

SN

2. Specialized grid-material line matching (see next)

» Good results are shown for steady-state

problems

|
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Grid Movement: 2 Free Degrees ()

-

s Imposed conditions
1. Grid-angle preserving

® 2-parameter case of Hui et al. (2005): (z,,y,) = (U, V;)

2. Specialized grid-material line matching (see next)

» Good results are shown for steady-state

problems

s Little results for time-dependent problems with rapid

transient solution structures

|
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Grid Movement: 2 Free Degrees ()

-

K

® 2-parameter case of Hui et al. (2005): (z,,y,) = (U, V;)

Imposed conditions
1. Grid-angle preserving

2. Specialized grid-material line matching (see next)
» Good results are shown for steady-state problems

s Little results for time-dependent problems with rapid
transient solution structures

# Other 2-parameter case: (., y,) = (hu, kv)

>

Novel iImposed conditions

forh € [0,1] & k€ [0,1] ?

|
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Grid Movement: 2 Free Degrees (s}

-

® 2-parameter case of Hui et al. (2005): (z,,y,) = (U, V;)

s Imposed conditions
1. Grid-angle preserving
2. Specialized grid-material line matching (see next)

» Good results are shown for steady-state problems

s Little results for time-dependent problems with rapid
transient solution structures

# Other 2-parameter case: (., y,) = (hu, kv)

s Novel imposed conditions for h € [0,1] & & € [0,1] ?

Roadmap of current work:

L (xr,yr) = ho(u,v) | —| (zr,y:) = h(u,v) |— - J
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Novel Conditions for h & k

-

# Mesh-area preserving case

oJ 9,
97 = Py (Teyn — TnYe)

= Ter Yn T X Ynr — Tyr Y¢ — Ty Yer

— (Alhg -+ Blhn + Clh) + (A2k§' + B2kn + CQk) = 0,

yielding, for example,
Alhg -+ Blhn +C1h =0
Agkf + Ban +Cok =0

with
A =uyy,  Bir=uye, Ci = uegyy — uyye

Ay = —vz,y, By =vze, Co =vpTe — vexy
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Single-Fluid Model

‘l
[ |
| 1=
Ny, P . W
i

With (z-,y:) = ho(u,v), our model system for single-phase
flow reads

(Jp\ JpU JpV
Jpu JpuU + yyp JpuV — yep
J pv JpoU — z,p JpvV 4+ xep
J JE L9 JEU + (ypu — xv)p L9 JEV + (xgv — yeu)p _ QL
or T¢ 73 —hou n 0
Ye —hov 0
T 0 —hou
\ Yn ) \ 0 ) \ —hov )

where U = (1 —ho)(yyu—z,0) & V =(1—hg)(zev — yeu)

o |
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Single-Fluid Model: Remarks )

SEPE
P

B B

# Hyperbolicity (under thermodyn. stability cond.)
s In Cartesian coordinates, model is hyperbolic



Single-Fluid Model: Remarks
=

# Hyperbolicity (under thermodyn. stability cond.)
s In Cartesian coordinates, model is hyperbolic

s In generalized-moving coord., model is hyperbolic
when hg # 1, & Is weakly hyperbolic when hy = 1

o |
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Single-Fluid Model: Remarks (¥

-

# Hyperbolicity (under thermodyn. stability cond.)
s In Cartesian coordinates, model is hyperbolic
» In generalized-moving coord., model is hyperbolic
when hg # 1, & Is weakly hyperbolic when hy = 1
# Canonical form
» In Cartesian coordinates

dq 0f(q)  09g(q)

o " Tor T oy, VW

s In generalized coordinates

Ja + 210D + 9(0.5) _ V(q), =: grid metrics

oT o€ 0
o ! |
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Single-Fluid Model: Remarks

-

# Hyperbolicity (under thermodyn. stability cond.)
s In Cartesian coordinates, model is hyperbolic
s In generalized-moving coord., model is hyperbolic
when hg # 1, & Is weakly hyperbolic when hy = 1
# Canonical form
s In Cartesian coordinates

dq 0f(q)  09g(q)

o " Tor T oy, VW

» In generalized coordinates : spatially varying fluxes

0q , 9f(¢.5)  99(a,Z) _ ¥(q), = grid metrics

87 o€ 0
o ! |
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Extension to Multifluid

-

#® Assume homogeneous (1-pressure & 1-velocity) flow;
i.e., across interfaces p, = p & u, = u, V fluid phase

| |
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Extension to Multifluid

-

#® Assume homogeneous (1-pressure & 1-velocity) flow;
i.e., across interfaces p, = p & u, = u, V fluid phase

# Mathematical model: Fluid-mixture type

» Use basic conservation (or balance) laws for single
& multicomponent fluid mixtures

s Introduce additional transport equations for
problem-dependent material quantities near
numerically diffused interfaces, yielding direct
computation of pressure from EOS

o |
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Extension to Multifluid

-

#® Assume homogeneous (1-pressure & 1-velocity) flow;
i.e., across interfaces p, = p & u, = u, V fluid phase

# Mathematical model: Fluid-mixture type

» Use basic conservation (or balance) laws for single
& multicomponent fluid mixtures

s Introduce additional transport equations for
problem-dependent material quantities near
numerically diffused interfaces, yielding direct
computation of pressure from EOS

# Sample examples
s Barotropic 2-phase flow
L » Hybrid barotropic & non-barotropic 2-phase flow J
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Barotropic 2-Phase Flow

f # Equations of state
s Fluid component 1 & 2: Tait EOS

p fYL
p(,O) — (pOL + BL) (,0_0> — BL, [ 1,2



Barotropic 2-Phase Flow

f # Equations of state
s Fluid component 1 & 2: Tait EOS

p fYL
p(p) — (pOL + BL) (,0_0> — BL, [ 1,2

» Mixture pressure law (Shyue, JCP 2004)

/

:0 Ye

(po. + B,) (—) — B, if a=0o0r1
Po.

p(p, pe) =

(v —1) (pe—ki—B) —~vB if a€(0,1)
\ 0

Here o denotes volume fraction of one chosen fluid component

o |
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Barotropic 2-Phase Flow

f # Equations of state
s Fluid component 1 & 2: Tait EOS

p fYL
p(,O) — (pOL + BL) (,0_0> — BL, [ 1,2

» Mixture pressure law (Shyue, JCP 2004)

/

Ye
(po. + B,) (%) — B, if a=0o0r1
p(p, pe) = 4 o

(- 1) (p€+pp_l:) LB if ae(0,1)

Y
variant form of /p(p, S) = A(S) (po + B) (f) - B
0

LA(S) = el(5=50)/Cv] g Oy : specific entropy & heat at constant volume J
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g,

P .
5 %
. %
>

Barotropic 2-Phase Flow (Cont.)

O
W&

f # Transport equations for material quantities v, 5, & pg
s ~-based equations

o [ 1 o [ 1 o [/ 1

ot (7—1)+U<’9£ ('y—l)H/@n (’Y—l)_o
0 vB 0 vB 0 6\
ot (7—1>+U3€ (7—1>+V3n (7—1>_0
0 B 0 B 0 B
I EZN+ 2 (20 + 2 (T2 ) =0
37( pop) 85( oo ) 0?7( oo’ )

o |
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}g* N W ;mh*a

Barotropic 2-Phase Flow (Cont.) )

f # Transport equations for material quantities ~, 5, & pg T
s ~-based equations

o [ 1 o [ 1 o [/ 1

ot (7—1)+U<’9£ (v—1)+vﬁn (’Y—l) =0
0 vB 0 vB 0 B\
ot (7—1>+U0€ (7—1>+V377 (7—1> =0

o B o B o B
—(J= J=pU J=oV ] =0
37( pop) 85( ) 077( po'o )

s Above equations are derived from energy equation
& make use of homogeneous equilibrium flow
assumption together with mass conservation law

o |
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Barotropic 2-Phase Flow (Cont.

f # Transport equations for material quantities ~, 5, & pg T
s ~-based equations

o [ 1 o ([ 1 o [ 1
ot (7—1) +U<’9£ (’Y—l) +Vf?n (’Y—l)
0 vB 0 vB 0 vB
37( 1>+U0€ (7—1>+V377 ('v 1>

0 (7§n\ g( nff\—l—g(fﬁn‘/\ =0
ar C o aEN\ po" ) I\ po” )

0

0

s If we ignore JBp/py term, they are essentially
equations proposed by Saurel & Abgrall (SISC
1999), but are written in generalized coord.

o |
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Barotropic 2-Phase Flow (Cont.) ({x})

f # Transport equations for material quantities ~, 5, & pg T
s ~-based equations

o [ 1 o [ 1 o [/ 1

ot (7—1)+U<’9£ ('y—l)H/@n (’Y—l)_o
0 vB 0 vB 0 6\
ot (7—1>+U3€ (7—1>+V3n (7—1>_0
0 B 0 B 0 B
(=2 J2oU )+ = (JZ2v ) =0
37( pop) 85( P ) 077( oo’ )

s «-based equations

oJe! O O . ° 1 vBB
_— h — L2 —
e 1]85 V 0, with =z g o2, 2 &

) B 0 B ) B
N E(Jp—o”) o€ (J pU) o (Jp—o ‘”) ! o
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Barotropic 2-Phase Flow (Cont.) ({x})

f # Transport equations for material quantities ~, 5, & pg T
s ~-based equations

d 1 %, 1 %, 1
ot (7—1)+U<’9£ ('y—l)H/@n (’Y—l)
0 vB 0 vB 0 B\
or (7—1>+U3€ (7—1>+V3n (7—1> !

o B o B o B
— (J= J=pU J=oV ] =0
37( pop) 85( ) 077( po'o )

s «-based equations (Allaire etal. , JCP 2002)

0

2
Jda Ua—a Va—a:() with z:ZoszL z = ! &’YB

87’ 0 — ’\7 —1 ~v-1
L 9 (Jprar) + 0 (Jp1aU) + 9 (Jp1aV) =0  with\ z = ép

ot 0¢ an Po
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f # Transport equations for material quantities v, 5, & pg
s ~-based equations

d 1 %, 1 %, 1
ot (7—1)+U<’9£ ('y—l)H/@n (’Y—l)
0 vB 0 vB 0 6\
or (7—1>+U3€ (7—1>+V3n (7—1> !

o (. B o (. B o (.B
e (V) + 3 () + 3 (50 ) =
s «-based equations (Kapila et al. , Phys. Fluid 2001)

2 92
0 ooy va—o‘ = may | Ly P2V g
07' & > i akprCh

0

will not be discussed here

N -
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P .:E;..E_ .

Barotropic & Non-Barotropic Flow ({})

f # Equations of state
s Fluid component 1: Tait EOS

po) =+ 8) (L) -5

Po
s Fluid component 2: Noble-Abel EOS

—1

p(p; pe) = (3——5/)) pe  (0<b<1/p)

o |
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Barotropic & Non-Barotropic Flow (s}

f # Equations of state
s Fluid component 1: Tait EOS

P0o

po) =+ 8) (L) -5

s Fluid component 2: Noble-Abel EOS

—1

p(p; pe) = (3——5/)) pe  (0<b<1/p)

s Mixture pressure law (Shyue, Shock Waves 2006)

( (po + B) (pﬁ)7 _B if a=1 (fluid1)
p(p, pe) = | °

B \(17__;[)) (pe —B)—B if a#l |
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1

Baro. & Non-Baro. Flow (Cont.) §

f # Equations of state T
s Fluid component 1: Tait EOS

Vo

pV) = A 0 +5) (1) —B. v =1/p

s Fluid component 2: Noble-Abel EOS

p(1.5) = A (27 )

s Mixture pressure law

p(V,8) = A(S) (po + B) (VO — by ~-B

o |
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f # Equations of state
s Fluid component 1: Tait EOS

Vo

pV) = A 0 +5) (1) —B. v =1/p

s Fluid component 2: Noble-Abel EOS

p(1.5) = A (27 )

s Mixture pressure law

pV.5) = AS) (0 +5) (12 ) —B

1 —0bp

L variant form of p(p, pe) = ( 71 ) (pe —B) — B / J
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RN,

Baro. & Non-Baro. Flow (Cont.) ()

¢ 7
NG T g

f # Transport equations for material quantities ~, b, & B T
s «-based equations

)6} O O

0 0 0
5 (Jpra) + o€ (Jp1aU) + an (Jp1aV) =0
with 2:2?:1()@,2“ z:ﬁ, %, &ZY__blpB

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 26/65



Baro. & Non-Baro. Flow (Cont.) ()

f # Transport equations for material quantities ~, b, & B
s «-based equations

0@ 0a 0a

0 (9 0
p (Jp1cr) + BE (Jp1aU) + B (JpraV) =0
with z:Zle oz, zZ= ﬁ, %, &Zf—_blpB

2
1 —bp v —bp
Note: p + B = pe = E Q,p.e,
v—1 v—1 —

° - —b
ZO@( L LPLBL>

— v, — 1 v, — 1

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 26/65




Baro. & Non-Baro. Flow (Cont.) @)

Ny, .
itk

f # Transport equations for material quantities ~, b, & B T
s «-based equations

)6} O O

0 0 0
p (Jprar) + BE (Jp1alU) + B (JpraV) =0
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Multifluid Model

fWith (xr,yr) = ho(u,v) & sample EOS described above, ourj

a-based model for multifluid flow Is

[0\
Jpu

J pv
JE
Le
Ye

L

Yn
\Jp10)
oJe)
ot

oo
—+U8—§+V8—77_0’

(

\

JpU
JpuU + ynp
JpoU — x,p
JEU + (yqu — zyv)p
—hou
—hov
0
0
JpraU
oo

)

/

\

JpV
JpuV —yep
JpvV + x¢p
JEV 4 (z¢v — yeu)p
0
0
—hou
—hov
JpraV

/

aS

plus a-averaged material quantities
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Multifluid Model (Cont.)

fFor convenience, our multifluid model is written into T

with

q = [J/O7 qu? J,O’U, JEaxﬁayﬁaxnayna JplOéa a]T

0 1, 0 1,
f= [8£(J’0U) ag(quU%—ynp) 8£(J,O’UU — T,D), 8§(JEU+ (ynu — xyv)p),
8 0 8 8a
_ |9 JoV 0 JouV 0 JpvV 0 JEV + ( D)
g= [8—77( p ),8—77( pu —ygp),(f)—n( pU +:vgp),a—n( + (zev — yeu)p),

o o o oa 1t
L 0,0, 877( hou), 877( hov), 077(=],0104V) Vﬁn] J
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Multifluid model: Remarks

As before, under thermodyn. stability condition, our
multifluid model in generalized coordinates is hyperbolic
when hg # 1, & Is weakly hyperbolic when iy =1

Our model system is written in quasi-conservative form
with spatially varying fluxes in generalized coordinates

Our grid system is a time-varying grid

Extension of the model to general non-barotropic
multifluid flow can be made in an analogous manner

|
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Multifluid model: Remarks

As before, under thermodyn. stability condition, our
multifluid model in generalized coordinates is hyperbolic
when hg # 1, & Is weakly hyperbolic when iy =1

Our model system is written in quasi-conservative form
with spatially varying fluxes in generalized coordinates

Our grid system is a time-varying grid

Extension of the model to general non-barotropic
multifluid flow can be made in an analogous manner

Numerical approximation ?
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Numerical Approximation

-

# Equations to be solved are

8q 8 _ 0 —\ -

# A simple dimensional-splitting approach based on
f-wave formulation of LeVeque et al. IS used

» Solve one-dimensional generalized Riemann
problem (defined below) at each cell interfaces

» Use resulting jumps of fluxes (decomposed into
each wave family) of Riemann solution to update cell
averages

s Introduce limited jumps of fluxes to achieve high
resolution

o |
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Numerical Approximation (Cont.) &

@_ ,*‘Nd;

fEmploy finite volume formulation of numerical solution T

1
(R ) dA
) AfAn Lij Q(fanaT )

that gives approximate value of cell average of solution ¢
over cell Cy; = &, &iv1] X 15, m5+1] at time 7,

computational grid

physical grid 02|
-0.4
0 - -0.6
T -0.8}
= -0.5
-1} '
15 -1.6

L o R g J
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Generalized Riemann Problem

fGeneralized Riemann problem of our multifluid model at cell
interface ¢;_, » consists of the equation

dq
— + F._1.(0 =) =0
87‘+ 1—5,3( XL )

together with flux function

F. 1. = fi—l,j (af’q’ E) for 5 < €i_1/2
e fii (Og,q,5)  for &> &1y

and piecewise constant initial data

4(€,0) = { i1, for &< & 19

i for £>¢& 4
1) J
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General. Riemann Problem (Cont.j)

-

Generalized Riemann problem attime 7 = 0

I
n n
i—1,7 | Q7
I

| 3
L QT—'_fi_l,j (a§7Q7E):O | QT+fi,j (85,(],5): J
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General. Riemann Problem (Cont§)

-

Exact generalized Riemann solution: basic structure

§
qr + fij (0, q,2) =0 J

L qr + fi—1,; (0¢,q,2Z) =0
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General. Riemann Problem (Cont.)

-

Shock-only approximate Riemann solution: basic structure

zZl = fola, ) — fL(Q?—l,j) T 2= frR(GmR) — fR(q:;L)

Al A
— +
Gt |G 23 = fr(Q) — fr(gmR)
)\3
dmR
P Q3

qr + fi—1,j (0¢,q,2) =0 ,
| |
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g,
P .
7 N
2 )

Numerical Approximation (Cont.) ({;

fBasi(: steps of a dimensional-splitting scheme
® (-sweeps: solve

dq J _\
E_Ff(@_ga@Za_‘) =0

updating Q)7; t0 Q7 ;
® 7-sweeps: solve

dq J _\
E_Fg(a_nacbh‘) =0

updating Q;; to Q71

o |
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Numerical Approximation (Cont.) )

E

® (-sweeps: we use

hat is to say,
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Numerical Approx.. Remarks

Flux-based wave decomposition

M

fz',j _fz'—l,j — 1/2 Z)\z 1/2Wz]‘0—1/2

p=1

Some care should be taken on the limited jump of fluxes

WP, for p = 2 (contact wave), in particular to ensure
correct pressure equilibrium across material interfaces

MUSCL-type (slope limited) high resolution extension is
not simple as one might think of for multifluid problems

Splitting of discontinuous fluxes at cell interfaces:
significance ?

First order or high resolution method for geometric
conservation laws: significance to grid uniformity ? J
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-

Numerical Examples: 2D

# 2D Riemann problem

# Underwater explosion

® Shock-bub

ple Interaction

s He

lum

DU

D

D

e case

» Refrigerant bubble case
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2D Riemann Problem

-

Initial condition for 4-shock wave pattern

oor (0.532) (p\ (1.5
1.206 u 0 |

U

s ) {G) i)

- (0.138\ /0.532\
1.206 0

1.206 1.206

ot \0.029) \ 0.3
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2D Riemann problem (Cont.)

# Numerical contours for density and pressure

Density Pressure
1r
0.9} I
22 ff’ff
0.8t 77/ RS
ééé%f%f/’ // N
i I
0.7 ??;;//f,/f,;////, N
0.6-/////////////,
///////:/,// P\
05t~/ S AL
//////////;/'/:v/:’;'fv:
041/ S S S AL A
ST A i
0.3-///////////////,
///////////////";T Pt
0.2-///////////////:;T Pt
0.2

0.4 0.6 0.8 1
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2D Riemann problem (Cont.)

-

#® Grid system with hg = 0.99

time =0 time = 0.2

1 1
0.9 0.9t
0.8¢ 0.8t
0.7 0.7t
0.6 ¢ 0.6
0.5¢ 0.5t
0.4¢ 0.4r
0.3¢ 0.3
0.2 0.2t
0.1 0.1t

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
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-

0

0 : : : : 0.2 0.4 0.6 0.8 1
Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, Januar\J

0.8}

0.6

047

0.2

0
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Underwater Explosions

Numerical schlieren images /o = 0.9, 800 x 500 grid

time=0ms
air
0.5
0
-0.5
water
-1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 i
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Underwater Explosions

Numerical schlieren images /o = 0.9, 800 x 500 grid

time=0.2ms

0.5

-2 -1.5 -1 -0.5 0 0.5 1 1.5 i
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Underwater Explosions

Numerical schlieren images /o = 0.9, 800 x 500 grid

time=0.4ms

0.5

-2 -1.5 -1 -0.5 0 0.5 1 1.5 i
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Underwater Explosions

Numerical schlieren images /o = 0.9, 800 x 500 grid

time=0.8ms

0.5

AR

-2 -1.5 -1 -0.5 0 0.5 1 1.5 i
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Underwater Explosions

Numerical schlieren images /o = 0.9, 800 x 500 grid

time=1.2ms

0.5

-2 -1.5 -1 -0.5 0 0.5 1 1.5 i
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Underwater Explosions (Cont.) ()

-

-

#® Grid system (coarsen by factor 5) with hg = 0.9

time=0ms

0.5Fk

-0.5F
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Underwater Explosions (Cont.) ()

-

-

#® Grid system (coarsen by factor 5) with hg = 0.9

time=0.2ms
0.5F
O
-0.5
1k
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Underwater Explosions (Cont.) ()

-

-

#® Grid system (coarsen by factor 5) with hg = 0.9

time=0.4ms
0.5F
O
-0.5
1k
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Underwater Explosions (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.9

time=0.8ms
0.5
ok BEEEEzEsE - EEEEREEE
T T
,+‘+_
T ERERRNAEE
et ' T FHH i
-0.5 | i i
1
Bl i st
.y a e
iR : &= & *if’"f S
T - R
EEE et T
Eiie T
f Ht i i : I ] i HH it J
-2 -1.5 -1 -0.5 0 0.5 1 15 2

| |
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Underwater Explosions (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.9

time=1.2ms
05k
iE 8 K
(00 I H H
HHE REEEEEEN H
o HEH
,T777 j‘;‘i— 7:+ ] + ++—::+T7
—0.5H S ol 3
H
-1} i
Ei e
EEsEiE RIHIE
A ; = EEE FH
it % I o ]
-2 -15 -1 -0.5 0 0.5 1 1.5 2
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Underwater Explosions (Cont.) ()

Qll L3 .;sﬂ
‘ﬂ-&ﬁ-,a- g

f.o Volume tracking & interface capturing results T

a) Density
Tracking Capturing

time=0.2ms air

water @ @

time=1.2ms

T




Underwater Explosions (Cont.) {5

-

# Generalized curvilinear grid: single bubble animation
# Cartesian grid: multiple bubble animation

F

o |
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c:/mytalk/bordeaux07/mkfig/uwater.avi
c:/mytalk/bordeaux07/mkfig/muwter.avi

Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0

0.2 air

0.15

0.1

0.05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.02

0.2

0.15

0.1

0.05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.08

0.2

0.15 -

01

0.05 -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.16

0.15 -

01

0.05 -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.35

01

0.05 -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Shock-Bubble (Helium) (Cont.) (@
=

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0
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Shock-Bubble (Helium) (Cont.) (@
=

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.02
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Shock-Bubble (Helium) (Cont.) (@
=

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.08
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Shock-Bubble (Helium) (Cont.) (@
=

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.16
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Shock-Bubble (Helium) (Cont.)

ﬁ.p Grid system (coarsen by factor 5) with A

time=0.35
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Shock-Bubble (Refrigerant)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid
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Shock-Bubble (Refrigerant)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

0.2
0.15
0.1

0.05

-0.05
-0.1H
-0.15

0.2

t=0.02

0.1

0.2 0.3 0.4 0.5 0.6 0.7

Workshop: CFD on Unified Coordinate Method & Perspective Applications, NCNU, Puli, Taiwan, January 26-28, 2007 — p. 48/65



Shock-Bubble (Refrigerant)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid
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Shock-Bubble (Refrigerant)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.16
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Shock-Bubble (Refrigerant)

Numerical schlieren images: 7y = 0.5, 600 x 400 grid

t=0.35
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Shock-Bubble (R22) (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0

0.2

0.15[¢

0.1

0.05

-0.05

-0.1

-0.15f¢

-0.2[¢




Shock-Bubble (R22) (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.02
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Shock-Bubble (R22) (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.08
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Shock-Bubble (R22) (Cont.)

-

#® Grid system (coarsen by factor 5) with hg = 0.5

time=0.16
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Shock-Bubble (R22) (Cont.)

Grid system (coarsen by factor 5) with hg = 0.5

time=0.35
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fEuler equations for inviscid compressible flow

[

A

0 -

at | P

pw
\PE

E=e+ (u®+v%+w?)/2,

Three Space Dimensions

[ pu

pu® +p 5 puv
. 2
PUV + 2y pve +p
PUW PUW
\pEu + pu) \pE’U + pv)

Yo e )

PUW
PUW

pw? +p

KpEw + pw}

e(p, p): Internal energy

. source terms (geometrical, gravitational, & so on)

o

|
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-

Introduce transformation (¢, x, y, z) — (7, &, n, {) via

(i (1 0 o o) [
dx U Al B 1 Cl df
V AQ B 2 CQ dn

dy
\dz=) \W 43 B; C5) \d¢/

where
Q = (U, V, W): grid velocity

® () =0 Eulerian case
® (= (u, v, w) Lagrangian case

LAZ" B;, C;: geometric variables, i = 1,2, 3 J
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Three Space Dimensions (Cont.){)

-

Inverse transformation (7, &, n, () — (¢, z, y, z) reads

[ dr) (7 0 0 o0\ [dt)
d dzr

Ay By (O
£ _ % Jo1 Jin Jor I3 J=la, B, C,
dn Jo2  Ji2 Joz  J32 dy
Az Bz Cj
\dC) \J03 Jiz Ja3 J33) \dZ)

where

Ji1 = BaC3 — B3Co, Joy = 1Bz — B1C3, J31 = B0y — C1 B

Ji2 = CaAs — AsC3,  Jog = A1C3 — C1 A3, J32 = C1As — A10

J13 = A2 B3 — BaAs, Joz = B1A3 — A1B3, J33 = A1Bs — B1 4

Jon=—UJi1+ Vo +WJs1), Joo=—(UdJia+ Vdag + WJss)
= (Udist Vs + W) o
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Three Space Dimensions (Cont.){)

e

uler equations in generalized curvilinear coordinates

/pJ\ /,0?/1\ () [ o)

3 pJu 3 puld + pJq1 3 puY + pJia 3 puVV + pJi3
E ,OJU —|‘a—€ p’UU + pJ21 —|‘a_77 p’UV —+ pJ22 —I'a_c ,O”UW + pJ23 — ¢
pJw pwld + pJsq pwY 4+ pJsa pwW 4+ pJss
\pJE ) \ PEU + pX ) \ PEV +pY ) \ PEW +pZ
where
U= (’LL — U)Jll + (’U — V)le + (’UJ — W)ng, X = ’LLJ11 + ’UJ21 + ’UJJ31
Y = (u — U)J12 + (?} — V)JQQ + (w — W)Jgg, Y = uJis + vJog + wJs3s

L W = (’U, — U)J13 — (’U — V)JQg + (w — W)J33, Z = UJ13 + UJ23 + ’UJJ33 J
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Three Space Dimensions (Cont. )i

-

Geometrical conservation laws

(A () (o) (o)
Ay —V 0 0
As —W 0 0
B, 0 —U 0
% % %, %
g | B Yael O | Tan | V| tac] 0 |0
Bs 0 —W 0
C 0 0 U
Cy 0 0 —V
) Vo) o) L)



Grid-Velocity Selection

-

# Pseudo-Lagrangian like

(U, V, W) = hgo(u, v, w), ho € (0,1)
# Mesh-volume preserving: 0.J/0t =0
# Grid-angle preserving
# Other novel approach

F

o |
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Three Space Dimensions (Cont.){:

N

n summary, Euler equations in generalized coord. takes

dq (9f( =) 3g(q,5)+3h(q75)
(’% O on ¢

=

= (pJ, pJu, pJv, pJw, pJE, A;, B;, Cj)

= (pU, puld + pJi1, poUU + pJo1, pwld + pJs1, pEU + pX,--+)
g9(q,Z) = (pV, puV + pJia, pvV + pJaa, pwV + pJsa, pEV +pY,---)

= (pW, puW +pJig, poW + pJag, pwW + pJsz, pEW +pZ,

with = : grid metrics & equation of state p = p(p, e)

o |
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Numerical Examples: 3D

-

# Underwater explosion

® Shock-bubble interaction
o Helium bubble case
» Refrigerant bubble case

o |
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Underwater Explosions

-

® Numerical schlieren images hg = 0.6, 100° grid

time=0ms

0.8 —
0.6 —

0.4 —

-0.4 — water

B - ; B
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Underwater Explosions

-

# Numerical schlieren images o = 0.6, 100° grid

time=0.25ms

0.8 —

0.6 —

B - ; B
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Underwater Explosions

-

# Numerical schlieren images o = 0.6, 100° grid

time=0.5ms

0.5
_1 —
-1 0.5 ’
: 0 — -05
. 1 _1
Y x
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Underwater Explosions (¥
o N

# Numerical schlieren images o = 0.6, 100° grid

time=1ms

-0.5 -0.5
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Underwater Explosions

5
- N
W -/
i . B

# Numerical schlieren images o = 0.6, 100° grid

time=1.5ms
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3D Underwater Explosions (Cont.)

L
- &

e

# Grid system (coarsen by factor 2) with hg = 0.6

time =0

o N -~ |

-1 -1
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# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.25ms




3D Underwater Explosions (Cont. )

-

# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.5ms
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3D Underwater Explosions (Cont. )}

-

# Grid system (coarsen by factor 2) with hg = 0.6

time = 1.0ms
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iy

3D Underwater Explosions (Cont.

# Grid system (coarsen by factor 2) with hg = 0.6

time = 1.5ms

777 VO, V0 a0 0%
777 77 A 7KK KRS o
RIS
‘.0.”0“‘“ SOSSS
2 ZRRR oSS

<>
0‘0‘2‘2“2
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3D Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0

0.25

0.2

0.15

0.1

0.05

|
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3D Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.02
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3D Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.08
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0.1

0.05
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3D Shock-Bubble (Helium)  §

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid
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3D Shock-Bubble (Helium)

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.35
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# Grid system (coarsen by factor 2) with hg = 0.6

time = 0
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# Grid system (coarsen by factor 2) with hg = 0.6

= (.02

Ime

t
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# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.08
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Shock-Bubble (Helium) (Cont.)

-

# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.16
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Shock-Bubble (Helium) (Cont.) )

B B

# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.35
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3D Shock-Bubble (Refrigerant) @)
=

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0

0.25




3D Shock-Bubble (Refrigerant) @)

T’
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-

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.02
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3D Shock-Bubble (Refrigerant) @)
=

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.08
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3D Shock-Bubble (Refrigerant) (i)

%

Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid

t=0.16

0.25




3D Shock-Bubble (Refrigerant) @)
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Numerical schlieren images: 7y = 0.6, 150 x 50 x 50 grid
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# Grid system (coarsen by factor 2) with hg = 0.6

time = 0
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# Grid system (coarsen by factor 2) with hg = 0.6

= (.02

Ime

t
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# Grid system (coarsen by factor 2) with hg = 0.6

Ime = 0.08
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Shock-Bubble (R22) (Cont.)

-

# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.16
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# Grid system (coarsen by factor 2) with hg = 0.6

time = 0.35
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Conclusion

f # Have described fluid-mixture type algorithm in
generalized moving-curvilinear grid

# Have shown results in 2 & 3D to demonstrate feasibility
of method for practical problems

o |
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Conclusion

f # Have described fluid-mixture type algorithm in
generalized moving-curvilinear grid

# Have shown results in 2 & 3D to demonstrate feasibility
of method for practical problems

# Future direction
s Efficient & accurate grid movement strategy
s Static & Moving 3D geometry problems
» Weakly compressible flow
s Viscous flow extension

K

o |
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Conclusion

f # Have described fluid-mixture type algorithm in
generalized moving-curvilinear grid

# Have shown results in 2 & 3D to demonstrate feasibility
of method for practical problems

# Future direction
s Efficient & accurate grid movement strategy
s Static & Moving 3D geometry problems
» Weakly compressible flow
s Viscous flow extension

K

Thank You N
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Automatic Time-Marching Grid

-

#® Supersonic NACAOO012 over heavier gas

a)
Grid system Density Pressure
15@% 1.5 - - 1.5 - -
1 1} - 1}
0.5 0.5¢ - 0.5¢
Of | <m— O | <— ' O | ———
-0.5 -0.5¢ 1 -0.5;
. o
-1 -1 1 -1
-15%= ' ' - =1.5 ' ' -1.5
0 1 2 3 0 1 2 3 0 1 2 3

o |
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Automatic Time-Marching Grid

-

#® Supersonic NACAOO12 over heavier gas

b)
Grid system Density Pressure
1.5¢ 15 - - 15 - -
1 1t air 1
0.5 0.57 0.57
OF 0 of »
-
-0.5 . -0.5 -0.5] W
-1 -1 -1
SF6
-1.5 ' ' - =1.5 ' ' -1.5 '
0 1 2 3 0 1 2 3 0 1 2 3
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