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Interface sharpening methods for model systems:

1.
2.

Passive tracer transport (motivation)
Compressible single-phase flow (inviscid)

5-equation 1-velocity, 1-pressure model for compressible
two-phase flow

6-equation 1-velocity, 2-pressure model for compressible
two-phase flow

Model for compressible two-phase flow with drift-flux
approximation



How interface sharpening ?

Higher order method for sharpening interface ?



How interface sharpening ?

Higher order method for sharpening interface ?

Benchmark test for shock in air & R22 bubble interaction

Air




With anti-diffusion WENO 5
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With anti-diffusion WENO 5
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With anti-diffusion WENO 5
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WENO gives more chaotic interface, positivity-preserving in
WENO5 with MG EOS (working open issue)

With anti-diffusion WENO 5
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THINC gives more regularized interface

With anti-diffusion With THINC
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Standard high-resolution method gives poor interface

resolution
Volume tracking (Shyue 2006) 2nd order

time=1020ps




Shock-contact interaction: Wave speeds diagnosis

Velocity (m/s) Voo Voo Vo Vi Vi Vi Vi
Experiment 415 240 540 73 90 78 78
Quirk & Karni 420 254 560 74 90 116 82
Kokh & Lagoutiere 411 243 525 65 86 86 64
Ullah et al. 410 246 535 65 8 76 60

Shyue (tracking) 411 243 538 64 87 82 60
Capturing results 410 244 536 65 86 98 76
THINC results 410 244 538 65 86 87 64
Anti-df results 410 244 532 64 8 100 78




Toy problem: Passive tracer transport

Free-surface (or 2-phase) flow modelled by incompressible
Navier-Stokes equations read

0y (pit) +div(pi @ @) +Vp=V -7+ pf+ fo
O+ U -Va=0 (volume fraction transport)
div(@) =0
@ Material quantities in 2-phase region determined by
z=az + (1 —a) 2, z2=0p, &0
@ Source terms are dependent on « also

T=c¢ (Vﬁ—i— VﬁT) , f;, = —okVa withk = V- (%)

Sharply resolved positivity-preserving « is fundamental



Standard interface capturing results for toy problem, observing
poor interface resolution

Passive advection Rotating disc
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How interface sharpening ? Toy problem

Eulerian interface sharpening methods (i.e., use uniform
underlying grid) for volume fraction transport include

1. Differential-based approach
o Artificial compression: Harten CPAM 1977, Olsson &
Kreiss JCP 2005

o Anti-diffusion: So, Hu & Adams JCP 2011

2. Algebraic-based approach
o CICSAM (Compressive Interface Capturing Scheme for
Arbitrary Meshes): Ubbink & Issa JCP 1999

o THINC (Tangent of Hyperbola for INterface Capturing):
Xiao, Honma & Kono Int. J. Numer. Meth. Fluids 2005

No Lagrangian moving grid or volume tracking cut cells



Differential-based interface sharpening

Use modified volume-fraction transport model as basis

1
o+ 1u-Va=—>D,
Hr

iy € Ry free parameter, D,: interface-sharpening operator
@ Compression form (Olsson & Kreiss JCP 2005)

D, :=V-[(eVa-1—a(l—a))]

n=Va/||Va|, e.€ R, (order of mesh size)
@ Anti-diffusion form (So, Hu & Adams JCP 2011)

'Da ==V (8(1VC¥)

ea € RY (order of velocity magnitude)



Solution of interface-sharpening model

1
8toz+ﬁ- Va = —Da
K1

can be approximated by employing fractional step method

That is, in each time step,

1. Transport step over time step At for
3,504 + u-Va=0

by state-of-the-art interface-capturing solver

2. Interface-sharpening step over pseudo-time step At for
Ora =1D,, T=1t/u

by explicit finite-difference solver, for example



Passive tracer transport: Anti-diffusion results

Passive advection Rotating disc
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Passive tracer transport: THINC results

Passive advection Rotating disc
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Vortex-in-cell: Comparisons of results

With THINC
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With anti-diffusion
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Without interface sharpening
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THINC-based interface sharpening

In THINC method, original volume-fraction equation
atOé + u-Va=0
is used in each time step as

1. Reconstruct piecewise smooth function &;(z,t,) based on
THINC reconstruction procedure from cell average {a]'}
at time ¢,

2. Construct spatial discretization for u - o using interpolated
initial data from {&;(x,t,)} obtained in step 1

3. Employ semi-discrete method to update o™ from current
time to next ™! over time step At



THINC reconstruction in step 1 assumes

max — Ymin T — Tj— _
&;(x) = i + % [1 + ~ tanh <5TU2 - xz)}
apm = M (i1, iy1), M :=min, max, 7= sgn (41 — ;1)

3 measures sharpeness (given constant) & z; chosen to fulfill

1 Tiy1/2

= a;(x) dx

e%}

Ti-1/2

For example, cell edges used in step 2 determined by

n Omax — Omin ] tanh 8 + C
o = Qi + ————— _
+1/2L 2 "1+ Ctanh 5
Omax — ®min

Qj—1/2,R = Qmin T+ 5 (1+~C) (C' not shown)



THINC reconstruction: Graphical view
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Passive tracer transport: Convergence study

Convergence study of 1-norm errors £;(«) as mesh is refined;
results for passive advection are shown only

With THINC No sharpening | With anti-diffu

NxN  &(a) Order| & (o) Order| &(a) Order
50 x 50 9.8840 NaN | 91.7486 NaN | 4.0436 NaN
100 x 100 5.1746  0.93 | 60.6698 0.60 | 2.0558 0.98
200 x 200 2.6455 0.97 | 39.3623 0.62 | 0.9921 1.05
400 x 400 1.3373 0.98 | 25.2699 0.64 | 0.4414 1.17




Passive tracer transport: CPU timing study

CPU timing in seconds for Passive tracer transport problems
(run on HP xw 9400 with AMD Dural-Core Opteron)

Method/Problem Passive advec. Rotating disk Vortex in cell

With THINC 20.5 21.8 280.7
With anti-df 32.1 29.4 383.5
No sharpening 33.2 28.8 344.9
Grid 100 x 100 100 x 100 200 x 200

This validates THINC & anti-diffusion schemes for passive
tracer transport



Toy problem: Summary & remarks

1. Anti-diffusion interface sharpening

o Employed as post-processing step
o Diffusion coefficient 5 & parameter p; controls
interface sharpeness
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Toy problem: Summary & remarks

1. Anti-diffusion interface sharpening

o Employed as post-processing step
o Diffusion coefficient 5 & parameter p; controls
interface sharpeness

2. THINC interface sharpening
o Employed as pre-processing step

o Parameter (3 controls interface sharpeness

3. Hybrid anti-diffusion-THINC is feasible

4. For problems with more than 2 fluid components,
interface sharpening based on anti-diffusion appears to be
more robust than THINC



Compressible 1-phase flow (inviscid)

Assume inviscid, non-heat conducting, 1-phase, compressible
flow in Cartesian coordinates:

N
atq + Zar]-fj(Q> =0
j=1

with ¢ & f;, j =1,2,..., N, defined by
q=(p,pui,...,pun, E)"

fi = (puj, puruj + pdji, . .., punuj + pd;n, Eu; —l—puj)T

Assume Mie-Griineisen equation of state

p(pe) = Poolp) + T(p)ple — ex(p)]



Sod Riemann problem
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Sod Riemann problem: Interface capturing solution

Density Pressure (Velocity)
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Sod Riemann problem: THINC solution

Density Pressure (Velocity)
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Sod Riemann problem: Anti-diffusion solution

Density Pressure (Velocity)
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How interface sharpening ? Compressible flow

Novel elements (as compared to toy problem for
incompressible flow):

1. Robust local interface indicator

o Physical principles based
i.e., Flag interface cells by checking jumps of physical
quantities nearby (good in 1D, less effective in 2D)

o Tracer transport based
i.e., Flag interface cells based on classical
volume-fraction approach (more effective in 2D)

2. Consistent interface solution reconstruction
(algebraic-based) or post-sharpening (differential-based)
to p, pu, E, ---



Interface reconstruction: Compressible 1-phase flow

Assume equilibrium pressure p & velocity , motion of
interface (contact discontinuity) is governed by

dp B
E—FU'V[)—O
_(Op | - _
u(ajLu-Vp)—O

M(—p+ﬁ-Vp) + {%(pe)—l—ﬂ-V(pe)] =0

1. Density p is reconstructed by basic THINC scheme
2. Momentum pu is reconstructed by u times density in
part 1 (see second equation)

3. Total energy E is reconstructed by corrections on total
kinetic & internal energy (see third equation)



THINC interface sharpening: Compressible flow

In each time step, our THINC-based interface-sharpening
algorithm for compressible flow consists:

1. Reconstruct piecewise polynomial ¢;(x,t,) based on
MUSCL/WENO reconstruction procedure from cell
average {Q"} at time ¢,

2. Modify ¢;(z,t,) for interface cells using variant of THINC
scheme from Q"

3. Construct spatial discretization using interpolated initial
data from {g;(x,t,)} obtained in steps 1 & 2

4. Employ semi-discrete method to update Q" from current
time to next Q"*! over time step At



Anti-diffusion: Compressible flow

Anti-diffusion model for compressible 1-phase flow is
) ., 1
Op +div (p) = —D,
K1
1
Oy (pti) + div (pii @ u) + Vp = M—Dpa
I

1
O E +div(Eu+ pi) = —Dg
Hr

D, :=—H;V - (e4Vp)
u-u

Dy i=uD,  Dpi= [T +8,(pe)| D,
1 if interface cell,

H; : Interface indicator = X
! { 0 otherwise



Anti-diffusion method

Anti-diffusion model in compact form

) 1
g +divf(q) = —D,
Hr

with ¢, f, & D, defined from Euler equations accordingly

In each time step, fractional step is used

1. Solve homogeneous equation without source terms
0yq +divf(q) =0

by state-of-the-art solver

2. Interface-sharpening step over pseudo-time
aTq:Dom T:t//“'

by explicit solver, for example



Compressible 2-phase flow: 7-equation model

7-equation non-equilibrium model of Baer & Nunziato (1986)

0, (ap), + div (apii), =0
O (aptl), +div (api ® @), + V(ap)1 = prVay + A (s — 1)
Oy (aE), +div (aEUd + api), =

prir - Vay —vpr (p1 — p2) + My - (U — i)
O (ap)y + div (apid), =0
O (apil)y + div (apt @ @), + V(ap)s = —piVay — A (tdy — 1)
Oy (aE)y + div (aEU + api), =

— priy - Vou +vpr (pr — p2) — Ay - (ds — 14)

Oioy + 1y - Vg = v (p1 — p2)
Saturation condition oy +ap =1
Equation of state py(pg, ), k= 1,2



pr & iy interfacial pressure & velocity
@ Baer & Nunziato (1986): p; = po, U =
@ Saurel & Abgrall (JCP 1999, JCP 2003)

o L 0qpruy + Qippalin
Pr = a1p1 + Qopa, Uy =

a1p1 + QP2
» :pl/Z1+p2/Z2 i :7«_5121‘1‘?72z2 Zh = puc
I 1/Z1+1/Z27 I Zl+Z2 ) k kCk
St NVAVA: .
V=——"7—, A= . Sr(Interfacial area
7y + Zs Zy + Zs i )

v & \: relaxation parameters that express rates at which
pressure & velocity toward equilibrium respectively



This non-equilibrium model can be used to simulate

1. Mixtures with different phasic pressures, velocities,
temperatures

2. Material interfaces

3. Permeable interfaces (i.e., interfaces separating a cloud of
dispersed phases such as liquid drops or gases)

4. Cavitation if it is modeled as a simplified mechanical
relaxation process, occurring at infinite rate y — 0o &
not modeled as a mass transfer process



Reduced 5-equation model

Kapila et al. 2001, Murrone et al. 2005, & Saurel et al. 2008
showed in asymptotic limits of A & v — oo i.e., flow towards
mechanical equilibrium: @, = s = 4 & p1 = p2 = p,
T-equation model reduces to 5-equation model

O (aypy) +div(agpf) =0
O (aap2) + div (agpetl) = 0
O (pu) +div(pi®@ @)+ Vp=0
O E + div (Ei + pu) =0
Ky — K,
Koy + Ky/ay

0toz1 + u- VOél = ( ) le(ﬁ), KZ = pZCZ2



Reduced 5-equation model

Kapila et al. 2001, Murrone et al. 2005, & Saurel et al. 2008
showed in asymptotic limits of A & v — oo i.e., flow towards
mechanical equilibrium: @, = s = 4 & p1 = p2 = p,
T-equation model reduces to 5-equation model

O (aypy) +div(agpf) =0

O (aap2) + div (agpetl) = 0

O (pu) +div(pi®@ @)+ Vp=0
O E + div (Ei + pu) =0

(1041 u (o5} (Kl/ ) KQ/ 2) IV(U), K PiC;

Equilibrium (mixture) pressure p satisfies

p= <P€ - Zakpkeook Pk +Z kp;okkpzk )/Z

k=1




Reduced 5-equation model is hyperbolic with non-monotonic
equilibrium sound speed ccq:
1 (03] (6]

= + (Wood's formula)

2 2 2
pceq p1Cy P2C3

yielding stiffness in equations & numerical solver

el 2-phase (air-water)

©

Ceq

0 0.2 0.4 0.6 0.8 1
water



b-equation transport model

For nearly single-phase flow, where oy = 0 or 1, Allaire, Clerc,
& Kokh (JCP 2002) proposed using

Oy (a1 py) + div(agpi) = 0

Oy (aapa) + div (agpatl) = 0

O (pu) +div(pt®@u)+Vp=0
O E + div (Ei + pi) =0

Oy +1u-Va; =0

Mixture pressure p computed in same manner as before
Phasic entropy S;, satisfies relation

Op1 DS, Opo DS, B ) .
<881)p1 Dt <882)p2 Dt (plcl p202) div(d) #0




Model is hyperbolic, but with monotone frozen sound speed
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Interface reconstruction: 5-equation model

Assume equilibrium pressure p, velocity , & phasic density p
for each interface cell

1. Volume fraction «; is reconstructed by basic THINC
scheme, denoted by &,

2. Reconstruct phasic & mixture density «;p; & p by
aip; = Qip;, 1=1,2, p=aip1+(1—a1)p
3. Reconstruct momentum piu by
pii = pi
4. Reconstruct total energy E by

~ 1~_‘ . R R
E = SPu - + apprer + (1 — aq)pees



b-equation transport model: Anti-diffusion

5-equation transport model with anti-diffusion

. . 1
O (capr) + div (a1 prtl) = M_Dalpl
I

. . 1
O (qvapa) + div (epetl) = M—Dam

I
C L 1

O (pu) + div (pti ® @) + Vp = M_Dpu
I
1

OFE +div(Ed+ pi) = —Dg
Hr

1
8,5041 + - VOél = _Dal
K1

Exist two ways to set D,, z = aqp1, ..., qq, in literature



1. a-p based (Shyue 2011)
Dal = -V - (5dVa1), Dakﬁk = —va . (5(1Vakpk)

2
ﬁ |
D,:=Y Dap, Dyi:=1iuD, K= il
k=1

2 2
D = KDP + Z aakpk (pkek)Dakpk + Zpk’ek’Dak

k=1 k=1

2. «a-based only (So, Hu, & Adams JCP 2012)
Do, = -V - (e4Va1), Dop, = prDPoys Doy :=—Daq,
2
Daypr Dpi =D, Dip = KD, + Y prexDa,

1 k=1
[(e.Vay -1 —ay (1 — ay)) 1] applicable

A
Il
NE

)
Q
<5



Shock(morb)-contact(moly) interaction
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b-equation model: Axisymmetric case

Axisymmetric version of reduced 5-equation model reads

z)pu) + 0, (A(z)pu?) + A(x)0,p = 0
A(2)E) + 0, (A(z)Eu + A(x)pu) =0

K K A
A <a7 - ‘“) —A((af)) Ot

where 1/K = Z?:l Oéi/KZ', Kz = ,OZCZ2



Spherical UNDEX (Wardlaw)
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Spherical UNDEX: Initial phase

Density
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Spherical UNDEX: Shock-contact interaction phase
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Spherical UNDEX: Incompressible phase
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Spherical UNDEX: bubble collapse & rebound
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Spherical UNDEX test: Diagnosis

Bubble radius (cm)

—— with THINC
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Spherical UNDEX test: Diagnosis

Table: Quantitative study of maximum bubble radius 7.y &
period of bubble oscillation T} for spherical underwater explosion

rmax(cm) error (%) T,(ms) error (%)

Experiment 48.10 0 29.8 0
Incompressible 66.49 38.2 39.1 31.2
Luo et al. 48.75 1.4 29.7 0.3
Wardlaw 46.40 3.5 29.8 0
THINC 48.17 0.1 29.1 2.3

Anti-diffusion 48.57 0.1 29.5 1.1




Underwater explosions: cylindrical wall

High pressure gaseous explosive in water (cylindrical case)

explosive
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6-equation model: Alternative to 5-equation model

Non-equilibrium 6-equation model of Saurel et al. (JCP 2009):

O (agpr) +div(agpt) = 0

O (qvapa) + div (gpatl) = 0

O (pil) + div (pti @ @) + V (a1p1 + aaps) = 0
(

O (arprer) +div (aaprertt) + aipiV - i = —prv (p1 — pa2)
O (agpaes) 4 div (aapaeaii) + agpaV - i = prv (p1 — p2)
Oy + U -Vog =v(p — p2)

Model is hyperbolic with monotone frozen sound speed & is
equivalent to reduced 5-equation model asymptotically as
v — oo (i.e, pr — p2)



Pelanti & Shyue (2012) proposed

Oy (a1p1) + div(agpr ) =

Oy (qgp2) + div(agpatl) =

9 (pti) + div(pti @ @) + V (upr + agpa) =

Oy (aq EY) + div (aq Byt + capr@) + B (¢, Vq) = —vpr (p1 — p2)

Oy (aa Ey) + div (i Bt + aopoti) — B (q, Vq) = vpr (p1 — p2)
Oy + - Vay =v(p1 — p2)

B = —u((Yop1 + Yip2) Vag + 1YoV — aY1Vp,)

Use phasic total energy instead of phasic internal energy;
numerically easy to retain mixture total energy consistency



Interface reconstruction: 6-equation model

Assume equilibrium pressure p, velocity i, & phasic density pj
for each interface cell again

1. Reconstruct volume fraction «a;, phasic density «;p;, total
density p, momentum pi, in same manner as for
5-equation model

2. Reconstruct phasic total energy o, F; by

1



6-equation model: Anti-diffusion

. . 1
O (1) + div(ayp1@0) = M_Dalpl
I

. 5 1
Oy (azp2) + div(azpatl) = M—Daapg
1
— . — — 1
at(pu) + dIV(pu ® u) +V (Oé1p1 + Oézpz) = /A_,Dpu
1

(9t (OélEl) + div (OélElﬁ + Oélplﬁ) + B (q, VQ) =
1
- Vp[ (pl - p2) + _DalEl
K1
0y (agE3) 4 div (ag Eati 4+ aopeti) — B (q, Vq) =

1
Vp[ (p]. - p2) + _DOIQEQ
K1

. 1
Oy + 4 -Vog =v(p —p2) + M_DOLI
I



Write 6-equation model in compact form as

Ovq + div(f(q)) + w(q, Va) = ¥, (¢) + 1u(q)

Compute approximate solution based on fractional step:

1. Homogeneous hyperbolic step

Orq +div(f(q)) +w(q,Vq) =0

2. Source-terms relaxation step

atq = %u (q) + %/(Q)



Pressure relaxation v — oo

Continue by considering pressure relaxation with
0q = 1,(q), as v — 00

Current ODE system is



Combining energy & volume fraction equations, we have
O (apE),, = —proay,
yielding (after using mass & momentum equations)
O; (ape),, = —prosay or  apprOe = —proyoy

Integration wrt ¢ over At, we have

(95

appk (e — exo) = —/ prdoy, = —pr (og, — ago)

k0

B 1 1
€k =€ —P1\ —— — |, k=1,2
Pk PkoO

or



Combining EOS ey, (pr, pr) with

3 1 1
€k =€o—Pr\ —— — |,
Pk Pk0

we find phasic density p; as a function of py, i.e,

Pk (ﬁ]) y k - ]-7 2
Use saturation condition

101 Qg P2
1= 0 P
p1(pr)  p2(pr)

leads to algebraic equation for p; (relaxed pressure)

Having relaxed p; = p; = ps & so pi, ay, conservative vector
q can be updated (EOS should be imposed)



Future perspective |

Consider 6-equation model with heat & mass transfer of form

O (arpr) + div(aypr@) = 1

O (agpe) + div(agpeti) = —1h

Oy (ptl) + div(ptl @ @) + V (a1p1 + agpz) =0

Oy (a1 Ey) + div (ag By + agpr) + B(q, V) =
—vpr (p1 —p2) + Q + e

0y (aaFE3) + div (ag Eqti 4+ aapotl) — B (q, Vq) =
vpr (p1 —p2) —Q — erm

. m
atOél—i‘U'VOél:M(pl—pz)-I—p—
I



Assume 11,6, v — oo: instantaneous relaxation effects

1. Volume transfer via pressure relaxation: 1 (p; — p2)
@ [ expresses rate toward mechanical equilibrium p; — po,
& is nonzero in all flow regimes of interest

2. Heat transfer via temperature relaxation:
Q =0 (T2 - Tl)

o 0 expresses rate towards thermal equilibrium 77 — T5,

3. Mass transfer via thermo-chemical relaxation:
m:=v(gs— g1)

o U expresses rate towards diffusive equilibrium g1 — g9, &
is nonzero only at 2-phase mixture & metastable state,
ie.,

L ] €1 < a1 <1 — € & Tiquid > Tsat
0 otherwise



Assume 11,6, v — oo: instantaneous relaxation effects

1. Volume transfer via pressure relaxation: 1 (p; — p2)
@ [ expresses rate toward mechanical equilibrium p; — po,
& is nonzero in all flow regimes of interest

2. Heat transfer via temperature relaxation:
Q =0 (T2 - Tl)

o 0 expresses rate towards thermal equilibrium 77 — T5,

3. Mass transfer via thermo-chemical relaxation:
m:=v(gs— g1)

o U expresses rate towards diffusive equilibrium g1 — g9, &
is nonzero only at 2-phase mixture & metastable state,
ie.,

L ] €1 < a1 <1 — € & Tiquid > Tsat
0 otherwise
Liquid-vapor phase change depends strongly on numerical
resolution of «y,



Dodecane 2-phase Riemann problem

Saurel et al. (JFM 2008) & Zein et al. (JCP 2010):
@ Liquid phase: Left-hand side (0 < z < 0.75m)

(pvs p1s 1, p, ), = (2kg/m®, 500kg/m’, 0, 10°Pa, 10°%)
@ Vapor phase: Right-hand side (0.75m < z < 1m)

(pvs P11, D, 00) p = (2kg/m®, 500kg/m’, 0, 10°Pa, 1 —10°)

< Membrane

Liquid Vapor




Dodecane 2-phase problem: Phase diagram

3
[ ]

10°E Liquid

10°E 2-phase mixture

10°F Saturation curve —

10’ .
10 107 107 107" 10° 10" 10° 10°




Dodecane 2-phase problem: Phase diagram

Wave path in p-v phase diagram

10t Isentrope

e Hugoniot locus
L]

10°E Liquid
10°E 2-phase mixture

10°F Saturation curve —

10’ .
10 107 107 107" 10° 10" 10° 10°




Dodecane 2-phase problem: Sample solution

, Density (kg/mS) Velocity (m/s) : Pressure(bar)
10 10
--t=0 ---t=0
300} —1=473ps —t=473us
250 10’
107
200
150 10°
o 100)
50) 10°
--t=0
7 o
0 02 04 06 08 1 %0 02 04 06 08 100 02 04 06 08 1
Vapor volume fraction Vapor mass fraction
1 - 1 - 4
o ! o ! -wave
—t=473ps ' —t=473ps '
o8 | o8 | structure:
0| 0.6| RarefaCtIOn,
0 § 04 § phase,
02 i 02 1 contact, &
‘ ‘ shock




Dodecane 2-phase problem: Sample solution

Density (log(kg/m®)) Velocity (m/s) Pressure (log(bar))

6
5
. \4
3
2
1

Vapor volume fraction Vapor mass fraction

All physical
0.8 0.8 quantities
0 0s are discon-
tinuous
across phase
fHoz2 02
boundary




Future perspective |l

Consider barotropic 1-pressure, 1-velocity compressible 2-phase
flow model with drift flux approximation
9 (aup1) +div(aipr) = div (pY1Yatir)  (Continuity ayp1)
O (qvapa) + div(anpetl) = —div (pY1Yatir) (Continuity asps)
O (ptl) + div(pi @ @) + Vp =10 (Momentum)
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pi(p)  p2(p)

a1+ ag =
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Future perspective |l

Consider barotropic 1-pressure, 1-velocity compressible 2-phase
flow model with drift flux approximation
9 (aup1) +div(aipr) = div (pY1Yatir)  (Continuity ayp1)
O (qvapa) + div(anpetl) = —div (pY1Yatir) (Continuity asps)
O (ptl) + div(pi @ @) + Vp =10 (Momentum)
Equilibrum pressure p computed by solving
101 o101 _
pi(p)  p2(p)
Darcy law model for relative velocity ur assumes

1 _
Tg = quoéz (P2 ; Pl) vp

Accurate resolution of dissipative source terms & so
mathematical model requires good approximation of ay,

a1+ ag =




Rather than solving saturation condition for p, we may
consider model that includes volume fraction equation
explicitly as

Oy (capr) + div(agp1@0) = div (pY1Yatlg)
Oy (agpe) + div(agpeti) = —div (pY1YatiRg)

3t(p1_[) + dIV(p’L_L' ® 'LT) +V (qul + Oégpg) =0

Oy + U -Vag — pcfu%

P1€1P2C3

2 2

o2 (y; Qo 72 < Pl PG

P1C1P2C5 101 (0DY %)

(P26 — prct) div(a) =

) div(pY1Yaiir)

Here c¢,, is Wood sound speed defined by

aq D)

1
— =+ —= (Wood's formula)

2 2
PCw P16 P26



Water wave problem

Existence or non-existence of 2-bump solution in water wave
via computer aided proof in 2-phase (air-water) direct
numerical simulation




Future perspective Il

Hyperelasticity flow - - -
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Hyperelasticity flow - - -

Thank you



