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Compressible 2-phase solver for matastable fluids: application
to cavitation & flashing flows

1. Motivation
2. Constitutive law for metastable fluid
3. 6-equation single-velocity 2-phase flow model

o Model with & without heat & mass transfer

4. Stiff relaxation solver

@ Mixture-energy-consistent method means total energy
conservation & pressure consistency

@ Flashing flow means a flow with dramatic evaporation of
liquid due to pressure drop



Motivation: Dodecane 2-phase Riemann problem

Riemann data for metastable dodecane modelled by SG EOS
@ Liquid phase: Left-hand side (0 <z < 0.75m)

(pv, p1, 1, p, ), = (2kg/m®, 500kg/m’, 0, 10°Pa, 107%)
@ Vapor phase: Right-hand side (0.75m < 2 < 1m)

(Pos P1, Uy Py Q) p = (2kg/m3, 500kg/m®, 0, 10°Pa, 1 — 107%)

< Membrane

Liquid Vapor




Dodecane 2-phase problem: Sample solution

Density (kg/mS) Velocity (m/s) Pressure(bar)
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Dodecane 2-phase problem: Sample solution

Density (log(kg/m®)) Velocity (m/s) Pressure (log(bar))
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Expansion wave problem: Cavitation test

o Liquid-vapor mixture (aapor = 1072) for water with
Dliquid = Pvapor = 1bar
Tiquid = Tvapor = 354.7284K < T
Puspor = 0.63kg/m"> pLer,  Piua = 1150kg/m”> piy

liquid
t
G > Guapor > Jliquid

@ Outgoing velocity u = 2m/s

< Membrane

— —u u —




Expansion wave problem: Sample solution

Density (log(kg/m®)) Velocity (m/s) Pressure (log(bar))
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Expansion wave problem: Sample solution

Density (kg/mS)

. Velocity (m/s) i Pressure(bar)
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High-speed underwater projectile

Mixture pressure
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Constitutive law: Metastable fluid

Stiffened gas equation of state (SG EOS) with

@ Pressure

pe(er, pr) = (Ve — 1)ex — Yibook — (V6 — 1) prnii

@ Temperature
T(prs pr) = = 20—
(P o) (Ve — 1)Corpr
@ Entropy

Vi
/

+ M

8k(Prs Tr) = Cur, log (P + Pocre) ™1

@ Helmholtz free energy a, = e, — TS
@ Gibbs free energy gr = ax + prvr, vr = 1/pg



Metastable fluid: SG EOS parameters

Ref: Le Metayer et al. , Intl J. Therm. Sci. 2004

Fluid Water
Parameters/Phase Liquid Vapor

0l 2.35 1.43
Poo (Pa) 10° 0

n (J/kg) —11.6 x 103 2030 x 103
n (J/(kg - K)) 0 —23.4 x 103
C, (J/(kg - K)) 1816 1040
Fluid Dodecane
Parameters/Phase Liquid Vapor

v 2.35 1.025
Poo (Pa) 4 x 108 0

n (J/kg) —775.269 x 103 —237.547 x 10?
n (J/(kg - K)) 0 —24.4 x 103

C, (J/(kg - K)) 1077.7 1956.45




Metastable fluid: Saturation curves

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve for phase transitions is

B
G(p,T) = A+T+ClogTJrDlog(erpool)—log(p+poog) =0

Cp1 — Cpa + 15 — 1 m—mn
A= P p 2 L B =

Cp2 - Cv2 Cp2 - 0112
OpZ_Cpl D— Cpl —Cy

C= , -
Op2 - O’v2 Cp2 - CU2



Metastable fluid: Saturation curves

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve for phase transitions is

B
G(p,T) = A+T+ClogTJrDlog(erpool)—log(p+poog) =0

Cpi — Cpa +1m5 — B= m—n

A= . B="T
Cp2 - Cv2 Cp2 - 0112
Cp2 — O Cp1 — Cn

C = 2P 2 D 2P
OpZ - OvZ Cp2 - CU2

or, from dg; = dgs, we get Clausius-Clapeyron equation

dp(T) Lh

dT N T(Ug - Ul)

L, = T(sy — s1): latent heat of vaporization



Metastable fluid: Saturation curves (Cont.)

Saturation curves for water & dodecane in 1" € [298, 500|K
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Compressible 2-phase flow: 6-equation model

6-equation single-velocity 2-phase model with stiff mechanical
relaxation of Saurel et al. (JCP 2009) reads
O (a1p1) + V- (anp1) =0
O; (agp2) + V- (agp2 1) =0
O(p ) + V- (p@u) + V (aapr + azpz) = 0
O (auprer) +V - (aaprertl) + axp1V - d = ppr (p2 — p1)
O (agpaes) + V - (agpaeail) + aopaV - @ = ppr (p1 — p2)
Oy + 1 - Vay = p1(p1 — p2)
@ u: relaxation parameter for volume-transfer rate as

p1 — po; assume stiff 1 — oo limit

@ py: interfacial pressure,

~ p1/ 71+ p2] 2

= . Zi = pici
L= 7 112, P



6-equation model (Cont.)

@ Include conservation of mixture total energy also
OWE+V - (Eu+pi)=0

for purpose of maintaining numerical conservation of
total energy

@ Phasic entropy equations for s; are
dSk 2 Zk
T. 228 — - — >0 for k=1,2

yielding nonnegative variation of mixture entropy
S = Y181 + Y'QSQ

@ Model is hyperbolic with monotone speed of sound c; as
Ok Pk
p

Cf” = Yic; + Yoc3, Y, =



6-equation model: Reduced model

6-equation model approaches to reduced 5-equation model
asymptotically as p — oo

6,5 (Oélpl) + V. (Oflplﬁ) =0

O (azp2) + V- (azpati) = 0

O (ptl) + V- (pi®@ 1) +Vp=0

2 2
Oy +u - Vo, = < 2p202 plc; ) V-u
pici/an + pacs /g

Mixture pressure p determined from total internal energy

pe = aypiei(p, p1) + azpaea(p; p2)
Model is hyperbolic with non-monotone sound speed c,:

1 o Qi

2 2 2
pey  P1€1 P26y



6-equation model: Reduced model (Cont.)

@ Volume-fraction equation is differential form of pressure
equilibrium condition

P1 (p1,81) = D2 (02752)

Assume K = (poci — p1c3) / (p1c}/an + paca/an) < 0, ie.,
p2c3 < pic? (phase 1 less compressible)

@ Compaction effect (K V -4 > 0)
oy increases when V -4 < 0 (compression or shock waves)

@ Relaxation effect (K V - @ < 0)
a decreases when V - @ > 0 (expansion waves)

@ No effect
oy remains unchanged when V - 4 = 0 (contacts)



p relaxation: Subcharacteristic condition

Mechanical equilibrium sound speed ¢, < ¢ (frozen speed)

2 2
1 (093
E = Z — & PC? = Z apkCy
= k=1

—e—frozen

——prelax Non-monotonic ¢,
leads to stiffness
& in e.quations &

3 difficulties in
UQ‘

, numerical solver,
10 : e
e.g., positivity-
‘ preserving in

10" ‘ ‘ ‘ ‘ volume fraction
0 0.2 0.4 0.6 0.8 1
water




G-equation model: Phasic-total-energy-based

Alternative G-equation model based on phasic total energy is

(a1p1) + V- (1) =0

(aapa) + V- (qopotl) = 0

O (pit) + V - (pit @ @) + V (a1py + aopy) =0

O (Fy) + V- (a1 Byt + aypiid) + B (q, Vq) = pupr (pa — p1)
O (aaBs) + V - (ag Byl + aopati) — B (q,Vq) = upr (p1 — p2)
Oy + 1 - Vay = p(p1 — p2)

B (g, Vq) is non-conservative product (¢: state vector)

B=1a-[Y1V (aps) — YaV (aupy)]

Model is hyperbolic with monotonic speed of sound ¢y as well
& is basis for mixture-energy-consistent method



6-equation model (Cont.)

6-equation model in compact form

oq+V - flg) +w(q, Vg) = vu(q)

where
q = [ou, aipr, aspa, pil, ar By, By, oq]”
[ =laaprt, azpeti, pi @ U+ (arpr + agpa)ly,
oy (B +p1) U, ag (Ey + p2) 4, O]T
w=10, 0,0, B(q,Vq), =B(q,Vq), @-Vay]'
Yy =10, 0,0, ppr (p2 —p1), ppr (1 —p2), i (pr = pa)]”



Relaxation scheme

Fractional-step method is employed to solve 6-equation model

That is,

1. Non-stiff hyperbolic step
Solve hyperbolic system without relaxation sources

dq+ V- flqg)+w(q,Vg) =0

using state-of-the-art solver over time interval At

2. Stiff mechanical relaxation step
Solve system of ordinary differential equations

6tq = %(Q)

with initial solution from step 1 as ;1 — oo



Stiff mechanical relaxation step

Look for solution of ODEs in limit 1 — oo

9 (a1p1) =0
s (azp2) = 0
O (pt0) =0
Oy (a’lEl) = MPI( Pl)
O (042E2) = HUpr (pl - p2)

0oy = [ (pl —pz)

with initial condition ¢° (solution after non-stiff hyperbolic
step) & under mechanical equilibrium condition

b1 =p2=0Pp



Stiff mechanical relaxation step (Cont.)

We find easily
O (c1p1) =0 — arpr = alpl
O; (qapa) = 0 = aap2 = apy
O (pi)) =0 = pii = pil®
O (nEy) = ppr (p2 —p1) = O (ape), = —prou
O (aEy) = ppr (p1 —p2) = 0O (ape)y, = —proia

Integrating latter two equations with respect to time

/@ ape), —/pfﬁtak dt

QPReg — ozkpkek —Dr (ozk — ozg) or
= a—aq=—0r(Um—1/m)  (use axpr = appp)

Take pr = (pY + p)/2 or p, for example



Stiff mechanical relaxation step (Cont.)

We find condition for p; in p, k =1,2

Combining that with saturation condition for volume fraction

Q101 i Qo2

pi(p) — p2(p)

a1+ ag =

leads to algebraic equation (quadratic one with SG EOS) for
relaxed pressure p

With that, pg, o can be determined & state vector ¢ is
updated from current time to next



Stiff mechanical relaxation step (Cont.)

We find condition for p; in p, k =1,2

Combining that with saturation condition for volume fraction

Q101 i Qo2

pi(p) — p2(p)

a1+ ag =

leads to algebraic equation (quadratic one with SG EOS) for
relaxed pressure p

With that, pg, o can be determined & state vector ¢ is
updated from current time to next

Relaxed solution depends strongly on initial condition from
non-stiff hyperbolic step



Expansion wave problem: p relaxation

Mechanical-equilibrium solution at ¢t = 3.2ms

Density (kg/m?)
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10°
10°
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Velocity (m/s)

0 0.2 0.4 0.6 0.8

Vapor volume fraction
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Dodecane 2-phase Riemann problem: p relaxation

Mechanical-equilibrium solution at t = 473us

Density (kg/m?) Velocity (m/s)
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Pressure(bar) Vapor volume fraction
10° 1 —T
——-t=0 ——-t=0 '
—t=473ps —t=473ps
i 03|
10’
06
10°
04
10°
02
10° 0 :
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6-equation model: With heat & mass transfer

6-equation single-velocity 2-phase model with stiff mechanical,
thermal, & chemical relaxations reads

O (a1pr) + V- (agpt) =1

Oy (aapo) + V - (agpotl) = —1in

O(p) + V- (pi @ U) + V (c1p1 + aap2) =0
Oy (a1 Ey) + V- (aq By + anprii) + B (g, Vq) =

upr (p2 — p1) + Q + grm
O (a2Ey) + V - (ag Byl + aapoti) — B (q, Vq) =

ppr (p1 —p2) — Q — g

. m
6ta1+u'va1:U(pl_p2)+Q+_
qr  pr

Assume ) = 0 (T, — T1), m=v(g2— g1)



6-equation with heat & mass transfer (Cont.)

i, 0, v — oo: instantaneous exchanges (relaxation effects)

1. Volume transfer via pressure relaxation: 1 (p; — p2)

o [ expresses rate toward mechanical equilibrium p; — po,
& is nonzero in all flow regimes of interest

2. Heat transfer via temperature relaxation: 6 (7, — 1)

o 0 expresses rate towards thermal equilibrium 77 — 15,

3. Mass transfer via thermo-chemical relaxation: v (g2 — ¢1)

o v expresses rate towards diffusive equilibrium g — g9, &
is nonzero only at 2-phase mixture & metastable state
Tiiquid > Tsat



6-equation with heat & mass transfer (Cont.)

Modified 6-equation model in compact form

g+ V- fq) +w (g, Vq) = u(q) + Yel(q) + Yo (q)

where
q = [on, a1p1, aops, pii, nEy, axEy, aq]”
[ =laaprt, azpeti, pi @ U+ (a1pr + agpa)ly,
a1 (B +p1) W, ag (B + po) 4, O]T
w=10,0,0, B(¢,Vq), =B(q,Vq), @-Veu]'
=10, 0, 0, ppr (p2—p1), ppr (pr = p2) 1 (p1—p2)]”
ve=10,0,0, Q. ~Q, Qfar)"
b, = |

mu _mu 07 gImu _gfmv m/pI]T



6-equation with heat & mass transfer (Cont.)

Flow hierarchy in 6-equation model: H. Lund (SIAP 2012)




6-equation with heat & mass transfer (Cont.)

Stiff limits as o — oo, pb — oo, & pbr — oo sequentially




Relaxation scheme: With heat & mass transfer

Continue from previous algorithm for 6-equation model with
stiff mechanical relaxation, 2 sub-steps are included

3. Stiff thermal relaxation step
Solve system of ordinary differential equations

0rq = Vu(q) + e(q)

4. Stiff thermo-chemical relaxation step
Solve system of ordinary differential equations

g = Vu(q) +e(q) + ¥u(q)

Take solution from previous step as initial condition



Relaxation scheme: Stiff solvers

1. Algebraic-based approach

o Saurel et al. (JFM 2008), Zein et al. (JCP 2010),
LeMartelot et al. (JFM 2013), Pelanti-Shyue (JCP 2014)

o Impose equilibrium conditions directly, without making
explicit of interface states py, g7, ..

2. Differential-based approach

o Saurel et al. (JFM 2008), Zein et al. (JCP 2010)
o Impose differential of equilibrium conditions, require
explicit of interface states py, g7, ..

3. Optimization-based approach (for mass transfer only)

o Helluy & Seguin (ESAIM: M2AN 2006), Faccanoni et
al. (ESAIM: M2AN 2012)



Stiff thermal relaxation step

Assume frozen thermo-chemical relaxation v = 0, look for
solution of ODEs in limits p & 6 — oo

O (a1p1) = 0
Oy (042P2) =0
O (pui) =0
O (1 Ey) = ppy (p2 — p1) +0 (12 — Th)
O (042E2)

O = 1 (p1 — p2) + o (Ty —1T1)
T
under mechanical-thermal equilibrium conditons

b1 =p2=0p
T]:TQZT



Stiff thermal relaxation step (Cont.)

We find easily
O (arp1) =0 = aipp = 04(139(1)
O (aap2) = 0 — QaPg = Oégpg
O (pti) = = pii = pi°
9
O (apEy) = ( —-T1) = 0O (ape), = qi0y,

Integrating Iatter two equations with respect to time

/@ (ape), dt = /qﬁtak dt

— apprer — appren = — i (Oék: — 042)
Take ;1 = (¢ + q1)/2 or qr, for example, & find algebraic
equation for ay, by imposing

Ty (e, 9p /(1 — o)) — Ty (€1, 09p /ar) =0



Stiff thermal relaxation step: Algebraic approach

Impose mechanical-thermal equilibrium directly to

1. Saturation condition
Y1 Y, 1

+ —_
o, T)  pap,T)  p°

2. Equilibrium of internal energy

Viei(p,T) + Yo ea(p, T) = €°

Give 2 algebraic equations for 2 unknowns p & T’

For SG EOS, it reduces to single quadratic equation for p &
explicit computation of 71"

R Y, (11 = 1)Cuni Ly (72 = 1)Cu2

2
pT p + Poo1 p + Poo2



Reduced model: Thermal relaxation step

Reduced model after thermal relaxation step is (Saurel et
al. 2008, Flatten et al. 2010)

Op+ V- (pi) =0

O (ptl) + V- (pi @ 1) +Vp=0
OWE+V - (Ei+pi)=0

O (pY1) + V- (pY1t) = 0

@ Mixture entropy ps satisfy

— peq (T2 - T1)2
0] +V. =0|1+— | —=—>0
t(ps) (pSU) ( qr ) T1T2 -

@ Mechanical-thermal equilibrium sound speed ¢, satisfies

1 1 r IVIN 1 1
() ()
PCpyr  PC P63 pPicy Q1p1Cpr X2P2Cp2




Stiff thermo-chemical relaxation step

Look for solution of ODEs in limits u, 0, & v — oo

O (a1p1) =v (g2 — 1)

O; (c2p2) = v (91 — 92)

O (pt)) =0
Oy (anEy) = ppr (p2 — p1) +0 (T2 = T1) +v (92 — 91)
Oy (2 E2) = ppr (pr — p2) + 0 (Th — T3) + v (91 — g2)

0 v
Oy = p(pr —p2) + — (Tl = T1) + — (92 — g1)
ar PI
under mechanical-thermal-chemical equilibrium conditons

br=p2=0p
T]:TQZT

g1 = g2



Stiff thermal-chemical relaxation step (Cont.)

In this case, states remain in equilibrium are
p=p" pi=p"7, E=E e=¢
but aypr # alp) & Vi A Y0, k=1,2

Impose mechanical-thermal-chemical equilibrium to
1. Saturation condition for temperature

G(p,T)=0

2. Saturation condition for volume fraction
Y Y, 1

—|— —
o, T)  pap,T)  p°

3. Equilibrium of internal energy

)/1 el(pu T) + )/2 62(p7 T) - 60



Stiff thermal-chemical relaxation step (Cont.)

From saturation condition for temperature
G(p,T)=0
we get 1" in terms of p, while from

Y, n Y,
o, T)  pap,T)  p°

&
)/1 el(pu T) + )/2 62(p7 T) - 60

we obtain algebraic equation for p

y, = _Ypa) = 1p” & eap)

~ 1/pa(p) — 1/pi(p)  exlp) — e2(p)

which is solved by iterative method




Stiff thermal-chemical relaxation step (Cont.)

@ Having known Y}, & p, T can be solved from, e.g.,
}/1 el(pa T) + }/2 62(p7 T) - 60
yielding update pi &

o Feasibility of solutions, i.e., positivity of physical
quantities pg, ax, p, & T, for example
o Employ hybrid method i.e., combination of above

method with differential-based approach (not discuss
here), when it becomes necessary



Reduced model: Thermo-chemical relaxation step

Reduced model after thermo-chemical relaxation is
homogeneous equilibrium model (HEM) that follows standard
mixture Euler equation

O (pi) + V- (pi @ 1)+ Vp=0
OE +V - (Bl +pi) =0

This gives local resolution at interface only

@ Mixture entropy ps satisfies

(92 - 91)2

O (ps) + V- (psti) = v >
T.,

@ Speed of sound ¢, satisfies

1 1 a1p1 (@)QJF a2 (@)2
C1p1 dp C1p2 dp

2 T 2
PCpryg PCy




Equilibrium speed of sound: Comparison

@ Sound speeds follow subcharacteristic condition
Cprg < Cpr < Cp < Cf

@ Limit of sound speed

hmc-hmc-hch—ck lim c,r Cr,
ap—1 ! ap—1 P ap—1 P ’ ap—1 pLg #
10°* :
——frozen
——p relax
S10° ! ; . pTrelax |
3 ~' —+—pTg relax
2
SHo
é 1
Q_)Q‘lO
S
0
(80
107"

0 0.2 0.4 0.6 08 1
awater



5-equation model: liquid-vapor phase transition

Modelling phase transition in metastable liquids Saurel et

al. (JFM 2008) proposed

O (a1pr) + V- (i) =1

O; (a2p2) + V - (appati) = —1in

O (pi) + V- (pi @ 1)+ Vp =0
WE+V - (Fi+pi)=0

K, 1 L.
KL a

1
7 (03] (6) . 2
oo (i) - mend
K! K? r r
QIZ(—S+—S)/<—1+—2)7 Q=0(1>-Ty)
(03] 9 (03] (6)

K!  K? 2 2
pI:< =+ 5)/(—1‘1"—2)7 = v(g2 — g1)
(03] (6) (03] 9

atal +V. (011’1_[) = 7




Expansion wave problem: p-pT’ relaxation

Mechanical-thermal-equilibrium solution at ¢t = 3.2ms

Density (kg/m?) Velocity (m/s) Pressure(bar)

=0
1.5l —t=3.2ms

10™

Ty — Ty (K) Vapor volume fraction Vapor mass fraction

---t=0 ---t=0 ---t=0
—t=3.2ms 0.08}| —t=3.215 —1=3.2ms




Expansion wave problem (Cont.)

Comparison p-, pT- & p-pT g-relaxation solution at t = 3.2ms

. 3 .
Density (kg/m®) Velocity (m/s) Pressure(bar)
= 10°, - =
15
—pT relax
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—pTg relax
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Expansion wave problem: @ = 500m/s

10 500
—p relaxation
8 == p-pT
* P-pT-pTY "
—_— ~--p-pTg
e £
o, \ ; =0
Qs 1 ; S
9 j —p relaxation
2| p-pT
* p-pT-pTg
-pT
500 P-pTg
0 0 0.2 0.4 0.6 0.8 1
[¢] 0.2 0.4 0.6 0.8 1
1 0.16
r j —p relaxation
0.14 -
0.8
0.12]
0.6 0.1
S ﬁ.oa
04 0.06
—p relaxation 004
0.2 - ppT :
* p-pT-pTg 0.02]
---p-pTg
0! 0
0 0.2 0.4 0.6 0.8 1




Dodecane 2-phase problem: p-pT’ relaxation

Mechanical-thermal-equilibrium solution at t = 473us

. 3 .
Density (kg/m®) Velocity (m/s) Pressure(bar)
10° 10"
--t=0
- 140 —t=473ys
! 120 107
10° : 100|
: 80|
| 10°}
| 60|
10! ; 40
| 5 -
! 20| 10
=0 :
—t=473ps ,
10 - 10
0 0.2 04 0.6 0.8 1 0 02 0.4 06 0.8 1 0 0.2 04 0.6 0.8 1
" Ty — Ty (K) Vapor volume fraction Vapor mass fraction
1 1 . 1 -
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B e L T —1=473ps ' —t=473s !
| 0.8] | 0.8| |
8| | ' '
6l 0.6 0.6
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Dodecane 2-phase Riemann problem (Cont.)

Comparison p-,pT-& p-pT g-relaxation solution at ¢t = 473us

Density (kg/m?)

Velocity (m/s) Pressure(bar)
10°,
——-prelax
| 300]] - - PT relax
400 | —pT relax
i 250 10
200 } 200|
[ 6|
| 150) . 10
i Y
200 1 100| ;
{
50 ) 10°
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High-pressure fuel injector

Inject fluid: Liquid dodecane containing small amount cy,por

@ Pressure & temperature are in equilibrium with
p=10°Pa & T = 640K

Ambient fluid: Vapor dodecane containing small amount aiquiq
@ Pressure & temperature are in equilibrium with

p=10° Pa & T = 1022K

liquid —

vapor




High-pressure fuel injector: o, ; = 10~*

Mixture density Mixture pressure




High-pressure fuel injector: «v,; = 102

Mixture density Mixture pressure
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High-pressure fuel injector (Cont.)

Vapor volume fraction: «a,; = 107 (left) vs. 1072 (right)
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High-pressure fuel injector (Cont.)

Vapor mass fraction: a,; = 107* (left) vs. 1072 (right)
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High-pressure fuel injector: Remark

Numerical solver (to be discussed) uses
@ 400 x 200 uniform Cartesian grid

@ G-equation single-velocity two-phase model with stiff
mechanical relaxation

@ Consitutive law is stiffened gas equation of state

@ Model is solved in stiff limit towards equilibrium pressure
Dliquid = Dvapor, While admitting different temperatures
irliquid 7é Tvapor & entropies Sliquid 7é Svapor

Observation:

@ Higher a,; in fluid mixture, higer volume transfer
expansion (Is this correct statement ? If so, to what
extent)



Fuel injector: p-pT' relaxation

Vapor mass fraction: a,; = 107* (left) vs. 1072 (right)
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Fuel injector: p-pT'-pT'g relaxation

Vapor volume fraction: «a,; = 107 (left) vs. 1072 (right)
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