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Abstract� We report preliminary results obtained using a �uid�mixture type multicomponent
algorithm developed by the author for compressible two�phase �ow with shock waves in liquids
containing a small concentration of gas bubbles in two space dimensions� We demonstrate the well�
known belief that the presence of gas bubbles in the liquid tends to make the waves dissipative
and dispersive� depending on the strength of the incident shock wave� In this study� a sti�ened
gas equation of state is used to describe the basic thermodynamic behavior of the liquid� while a
van der Waals equation of state is employed for the gas� The algorithm uses a hybrid version of
the sti�ened and van der Waals equations of state as a basis for the mixing between liquid and gas
phases within a grid cell� and have a mixture type of the model equations for the motion of the
�uids� A standard high�resolution method based on a wave�propagation viewpoint is used to solved
the proposed system� giving an e�cient implementation of the algorithm�
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�� Introduction� The study of the propagation of pressure waves through a
liquid containing many gas bubbles or solid suspensions is of fundamental importance
in many �eld of engineering and sciences ��� �� 	
� One typical problem of this kind
is to see whether or not bubbles could be the principal factors in the e�ects on ship
and submarine wakes on the propagation of sound� and so one is interested in the
acoustic properties of gas bubbles in liquids 
cf� ���
�� In the other situations where
the �ow is in a transient operations of chemical process and is possibly undergone
vapor explosions ���
� the behavior of the waves in the induced bubbly media is in no
doubt crucial to such an industrial problem� Besides the above mentioned technical
applications� most importantly we are interested in �nding fundamental mechanisms
and so theory on the way to connect the properties of the microstructure 
in this case
the gas bubbles� with the macroscopic phenomena 
like transport properties� of the
problems�

It is clear that the class of problems considered here is of multiphase in nature� and
the solutions of the governing systems may possess highly oscillatory or even chaotic
modes in large part of the physical regions of practical interests� Standard solution
techniques such as the direct numerical simulations and the methods of averaging

cf� ��� �� �
� are often used to construct approximate solutions of the problems at
various situations� For some simple model problems� as in comparison with laboratory
experiments� some agreement and disagreement of the theoretical results have been
found and documented� see ���
 for a review of the previous work� Since in general
the microstructure of the gas bubbles has a very complicated substructure� up to
now� we have not yet found any related results obtained by simulating the problem
directly� It is our goal in this article to perform a benchmark test of shock waves
in bubbly liquids using the recently developed multicomponent algorithm for general
compressible �ows ��� ��� ��
� see Fig� ��� for a basic setup of the problem in two
space dimensions� Detailed comparison with theoretical models and experiments of
the problem will be considered in the future and reported in elsewhere ���
�
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� shock wave

liquid

Fig� ���� A typical grid setup for the numerical simulations of two�phase �ow problems with
shock waves in bubbly liquids� It is those grid cells that are cut by the bubbles requiring special
attentions for the proper numerical treatments� Note that the gas bubbles �the shaded regions� only
occupy a small portion of the entire domain�

�� Two�Phase Flow Model� To best demonstrate the basic solution features
of shock waves in bubbly liquids� we consider a two�dimensional �ow� and use the
Euler equations of gas dynamics as a model system for the motion of the liquid and
gas�
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where � is the density� u and v are the particle velocities in the x� and y�direction
respectively� p is the pressure� and E is the speci�c total energy� To complete the
system� in the liquid�phase part of the domain� we assume the �uid satis�es a sti�ened
gas equation of state�

p
�� e� � 
� � ���e� �B� 
����

while in the gas�phase part of the domain� the �uid ful�lls a van der Waals equation
of state�

p
�� e� �

�
� � �

�� b�

��
�e� a��

�
� a��� 
����

Here e denotes the speci�c internal energy� � is the ratio of speci�c heats 
� � ��� B is
a pressure�like constant� and the quantities a� b are the van der Waals gas constants
for molecular cohesive forces and the �nite size of molecules� respectively 
a � ��
� � b � ����� see ��� �
 for numerical values to various gaseous or liquid substances�
As usual we set E � e � 
u� � v����� The four components of 
���� express the
conservation of mass� momenta in the x� and y�direction� and energy� respectively ��
�

To deal with grid cell that contains more than one �uid component� in our mul�
ticomponent algorithm� we introduce a hybrid version of 
���� and 
���� of the form�

p
�� e� �

�
� � �

�� b�

��
�e�B � a��

�
�
�
B � a��

�
� 
����



Shock Waves in Bubbly Liquids �

to describe the basic thermodynamic behavior of the mixing between the two dif�
ferent liquid and gas phases� For the equations� we use an extended system that
combines 
���� for the motion of the conservative mixtures� �� �u� �v� and �E� and
the following set of equations for the material�dependent quantities� �� a� b� and B�
appearing in 
�����
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We note that the above equations� i�e�� 
���a��
���e�� are constructed in such a way
that not only the pressure retains in equilibrium for an interface only mixture cell� but
also the mass remains conserve on the entire domain� see ���
 for the details� Having
a system set in this way� there is no problem to compute the time�evolution of the
pressure via the equation of state�

p �

�
�E �


�u�� � 
�v��

��
�

�
� � b�

� � �
B

�
�

�
�� � � b�

� � �
a��

�	
�
�� b�

� � �

�
� 
����

It is clear that the proposed system of equations for the �uid mixtures is not
written in the full conservation form� but is rather a combination of conservation and
transport equations� Despite this� it is nevertheless a hyperbolic system of equations
as it can be easily veri�ed when formulating the system in a quasi�linear form

�q

�t
�A
q�

�q

�x
�B
q�

�q

�y
� �� 
����

and determining the associated eigen�structure of the matrices A and B for each phys�
ically relevant values of q located in the region of thermodynamic stability 
cf� ���
��
Here the state vector q in the system is de�ned by
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and the matrices A and B are given by

A
q� �

�
������������
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where � � 
� � ���
�� b��� K � �
u� � v����� H � E � 
p���� 	 � b�
� � ��� and

 � a�
�� �� � �b���
� � ���

It is interesting to note that in the current two�phase 
liquid�gas� �ow application�
we may simplify our model system by replacing 
���d� and 
���e� with the single
transport equation for the volume fraction of the liquid�

�Y

�t
� u

�Y

�x
� v

�Y

�y
� ��

Y � ��� �
� and then set the material quantities � and a based on the expressions�
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where ��l�� a�l�� and ��g� � a�g� are the polytropic and van der Waals gas constant for
the liquid and gas� respectively� This latter formulation of the model equations has
the advantage that is robust for problems when both the set of governing equations
and the type of equations of state are di�erent from one �uid component to the others�
separated by the interfaces� see ���� ��
 for an example�

�� Numerical Results� We use the high resolution method based on a wave�
propagation viewpoint to compute approximate solutions of our multicomponent
model introduced in Section �� The method is a Godunov�type scheme in that we
solve the Riemann problems in directions normal and tangential to each cell interface�
and propagate the resulting waves 
i�e�� discontinuities moving at constant speeds� to
update the solutions in neighboring grid cells� Similar to many state�of�the�art shock
capturing methods� high resolution version of the method can be achieved with the
inclusion of slopes and limiters� Since the algorithmic details of this approach has
been described fully before� see ���
� it will not be repeated here�
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We now apply our multicomponent algorithm to a model problem of shock waves
in bubbly liquids� In this test� we take a shock tube of size ������ ���
� ��� �
 m�� and
consider a planarly rightward�moving Mach ��� shock wave in liquid with data in the
preshock state as


�� u� v� p�
�l�
preshock

� 
��� kg�m
�
� �� �� ��� Pa��

and data in the post�shock state as


�� u� v� p�
�l�
post�shock

� 
������ ��� kg�m�� ����	� m�s� �� ��� Pa��

The equation of state parameters we employed for the liquid are � � � and B �
� � ���Pa� In addition to the shock wave� we assume that there is an array of gas
bubbles of radius r� � �cm each which are distributed somewhat randomly with the
minimum inter�bubble distance of �����m just below the shock� and some of them are
about to be in contact with the shock� see Fig� ��� for an illustration of the problem
setup� Here the gas volume fraction of the problem is ������ Inside the gas bubble�
the state variables are set by


�� p� �� a� b�
�g�

�
�
��� kg�m

�
� ��� Pa� ���� ���� m��kg� � Pa m	�kg

�
�

Note that because of the large pressure jump across the shock wave� and also the large

ratio of the acoustic impedances of the liquid to gas� 
�c��l��
�c��g� � ����� this is a
severe test for our multicomponent approach�

Figure ��� and ��� show sample results for a run using a ���� ��� grid and the
high�resolution version of the algorithm� From Fig� ���� complicated wave patterns
after the passage of the shock wave to the bubbles are clearly observed� where contours
of the pressure and volume fraction of the gas 
introduced in the computation for
monitoring the evolution of the gas bubbles� are presented at �ve di�erent times
t � i��ms� for i � �� �� � � � � �� The cross section of the results for the same run along
line y � ���m is drawn in Fig� ���� giving some quantitative information about the
density� pressure� and temperature at the selected times�

To see how the time history of the maximum pressure of the problem changes as
the strength of the incident shock wave is varied� we perform a comparison test with
four di�erent Mach numbers� �����	�� ������� ����� and ������ which correspond to
� � ppost�shock�ppreshock � ��j � for j � �� �� �� �� The result is shown in Fig� ����

It is clear that the behavior of the pressure become more and more dispersive as the
strength of the incident shock is increased� but is more and more dissipative otherwise�
Note that in the �gure� we have also included results for a similar run using a di�erent
set of material constants for the liquid� � � ��� and B � ������ observing qualitatively
the same structure of the solutions� Some works are in progress to validate this result
as in comparison with the existing mathematical theories of a �homogenized� version
of the problems 
cf� ��� �
��
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Fig� ���� High resolution results for a planar Mach ��
 shock wave in liquid over an array of
gas bubbles� Contours of the pressure and the volume fraction of the gas are shown at �ve di�erent
times	 �a� at time t � 	��ms
 �b� at time t � 	��ms
 �c� at time t � 	�
ms
 �d� at time t � 	��ms

�e� at time t � �ms� The dashed lines in the plots are the initial location of the gas bubbles�
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Fig� ���� Comparison of the maximum pressure history for a model of shock waves in bubbly
liquids with di�erent wave strength � and material constants � and B for the liquid� Note that for
liquid �
 we have used ���B� � �
� �� �	�Pa�
 while for liquid �
 ���B� � ����� 
� �	�Pa��


