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1. (25 points) % J& T 5| 47 45 44 B A4

Py dy dy
gz T2 T=r0,  y0)=1, 70 =0
HF f(t) is a given forcing function. KB Z M A, & fOE T =& % X: (a)

f(t) =sin2t, (b) f(t) = ua(t), F= (c) f(t) = da(t), E F u4,04% %] & Heaviside #=Dirac delta
functions that “turns on” at t = 4.

2. (25 points) A #H % T2 R F S M A F | Bessel equation B € & # % F 4FH X W A
& A &,. — 1842 4 ¢4 Bessel equation of order v > 0 3 § &, T 7 % X.:

2
t2%+t%+(t2—u2)y=0;

W — &% B #5 R#E Jr ik B “Power Series Method” (F % 21 € % ) ). Note that#z # £ &
— 18 & 1% ¥ &9 & M A2 X, in principle, & 11 /& % 4 T vL & B “Laplace Transform
Method” & K . A T & —#E AR #E 6) R #f 842

(a) 4 u=1t"y, K& in term of u Bessel equationi% & T 7| 7 42 :

d*u

t ——
dt?

du
1-2v) — =
+( v) 7 +tu=0
(This is a more convenient form to use than the original equation).
(b) 4 U(s) & u(t) #5 Laplace transform, XA U(s)i¥ = F 7] 7 #2:
d
(s +1) d_[s] + (1 +2v)s U = 2vuy,

1B 3% A7 48 4 B u(0) = uo e du/dt(0) = u;.
(c) £AL(b) U(s)#h — i AR
(d) & v=1/2, #2(c)# A Ku(t): inverse of U(s), and so y(t).

}

3. (20 points) # & F 7] — P F L1 F e o 42 X,

Pz

o (2cosz — 1) sinz.



(a) &AM X F & — 18 autonomous system, # 3, ¥ 3% # #2 49 equilibrium points.

(b) &M% # 2 F & — {8 Hamiltonian system ? 4w % 2 6935, FR B FZH £ W
Hamiltonian function.

(¢) & ik & 3% 7 #2 09 ## f& equilibrium points# ¥ # 47 & (stable or unstable).

4. (20 points) 4 L(z,y) =V (z) +v?/2, A+ VE — AR E KA M 2 K. ¥ B T 7

autonomous system

dz

a7

dy v

@ o_ Y g k> 0.
dt dz Y >0

(a) AMVE 2% M B, Lk & 3% system # Lyapounov function ?

(b) & dV/jde =z —2* % k=1/48, BB 1 & L # level curves & vector field. 3X 3%
Bl 3% Jr #2 #9 #% f& equilibrium pointsf# ¥ # 47 & (stable or unstable).
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Figure 1: Figure for problem 4: Level curves L and vector field.



5. (10 points) ZX W5 F %) #) vector fields¥ 3% i T #t & Hamiltonian system % # % gadient systems
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