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e Include your computer program(s), when turning the homework set

1. Show that the boz scheme
1 n n n n a n n n n n
o7 LT+ UMY = (U + URy) ] + o (U = U7 + (U + U] = f
2k 2h

is consistent with the one-way wave equation u; + au, = f and is stable for all values of A = ak/h,
where UT' & u(zj,tn); a > 0.

2. Show that the group velocity for the leapfrog scheme

1 n n— a n n
55 U+ U + op (U — Ufy) =0

is given by
cos (wh)

ay() = a ,
1 — X2 sin? (wh)

where A = ak/h and U 7 1s the numerical approximation of the solution u; + au, = 0 at the time
t, and point z;. What is the group velocity for the boz scheme considered in Problem f1 7
3. Consider the one-way wave equation
us + uy =0, —2<z<2, t>0
with periodic boundary condition u(—2,t) = u(2,¢) and the initial condition

w(z,0) = L © (57x) cos? (mz/2) if [z] <1
U 0 otherwise.

Solve the problem using both the leapfrog and Lax-Wendroff schemes. Demonstrate that the wave
packet moves with the group velocity and that the high-frequency mode travels with the phase
velocity.



4. Consider the inviscid Burger’s equation

u2
ut+(—) =0, 0<z<1, t>0,
2 x

with the periodic boundary condition «(0,t) = u(1,t) and the initial condition
u(z,0) = sin (27z).

a) Solve this problem using both the upwind and Lax-Wendroff schemes up to time ¢ = 1.5. Plot
the computed solution as a three-dimensional surface over the (z,t) plane. In addition,
compute numerically the order of accuracy of the method in both the discrete 1— and
max-norm.

b) Repeat the same computation as done in a), but up to a slightly longer time ¢t = 2. Do you
observe the same error behavior and the same order of accuracy as in case a) before ?

5. Consider the linear acoustic wave equations of the form

pr+ KJ(.'I?)U% =0
p(z)us + p, = 0.

Here p and u are the pressure disturbance and the velocity, respectively. The coefficient functions
p(x) and k(z) are the density and the bulk modulus of elasticity, respectively. An an example, we
take k(z) = 1 for all  and p(z) = 1 if z < 1, and p(x) = 4 otherwise, i.e.we have two different
media separated by an interface located at x = 1. Note that across the interface, we assume there
is no jump in both the pressure and velocity. The initial conditions we choose are

p(z,0) = u(z,0) = exp [-48(z — 1/2)?].

Now, solve this problem using the upwind method up to t = 1, and z € [0, 2] with outflow
boundary conditions at the both end. Plot the computed solutions at three different times:
t =0.16,0.7, and 1.



