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Abstract

The main purpose of the article is to construct a geometrically invariant property be-
tween Ceva’s theorem, Menelaus’ theorem and conic sections. First, for Ceva’s theorem, we
replace its original assumption — “ three concurrent lines ” by “ six tangent lines, each two
passing through one of the vertices of the triangle and co-tangent to a given conic section
”. We want to know whether the product which is composed of six ratios of line segments
generated by the vertices of the triangle and the six intersections obtained by the six given
tangent lines and the three lines, each containing one of the edges of the triangle, is fixed
or not. After pay some efforts, in a triangle, we have successfully proved that the product
which consists of six ratios of line segments is fixed and equal to 1. Also, it is fortunate that
we can generalize the result to arbitrary convex, concave or cross n(n > 3) polygons. That
is, for a given convex, concave or cross n(n > 3) polygon, we have found that the product
which is composed of 2n(n - 2) ratios of line segments generated by the vertices of the n
polygon and the 2n(n — 2) intersections obtained by the 2n given tangent lines, each two
passing through one of the vertices of the n polygon and co-tangent to a given conic section,
and the n lines, each containing one of the edges of the n polygon, is fixed and equal to
1. We call the result to be “Ceva’s co-tangent-conic-sections theorem for arbitrary
convex, concave or cross polygons”.

Then, for Menelaus’ theorem, we replace its original assumption — “ n collinear points ”
by “2n points lying on a given conic section with each two lying on the same line containing
one of the edges of the n polygon”. Here, we also observe the similar result and call the
result to be “Menelaus’ co-conic-sections theorem for arbitrary convex, concave
or cross polygons”.

After finishing the planar cases, we extend the original result to three dimensional space.
For a given tetrahedron and a sphere, we have found the coresponding result and call the
result to be “Ceva’s co-tangent-sphere theorem for arbitrary tetrahedrons”. More-
over, we also extend the original result to the Square based pyramid and the polyhedron
with n vertices. And we have found the general form of “Ceva’s co-tangent-sphere
theorm for arbitrary Square based pyramids and polyhedrons with n vertices”.
Also, we have obtained the general form of “Ceva’s co-tangent- conical-surface theorm for
arbitrary polyhedrons with n vertices”. On the other hand, we have found the general
form of “Menelaus’ co-conical-surface theorem for arbitrary polyhedrons with n
vertices 7.
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