ON THE NON-VANISHING OF HECKE L-VALUES MODULO p

MING-LUN HSIEH

ABsTrACT. In this article, we follow Hida’s approach to establish an analogue of Washington’s theorem on
the non-vanishing modulo p of Hecke L-values for CM fields with anticyclotomic twists.
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INTRODUCTION

The purpose of this paper is to study the non-vanishing modulo p property of Hecke L-values for CM fields
via arithmetic of Eisenstein series. Let F be a totally real field of degree d over Q and KC be a totally imaginary
quadratic extension of F. Let X be a CM type of K. Then we can attach the CM period Qo = (Roo,0)0 €
(C*)¥ to a Néron differential on an abelian scheme Az of CM type (K, X). Let p > 2 be a rational prime
and let £ £ p be a rational prime and [ be a prime of F above £. Let ¢ be the nontrivial element in Gal(KC/F).
We fix an arithmetic Hecke character x of K* with infinity type kX + (1 — ¢), where k is a positive integer
and k = Y,exk 0 with integers k, > 0. For a multi-index £ = ) 5 ko0 € Z[X], we write Qf, = Q57 and
a® = aXo e for a € C*.

Let KCi» be the ray class field of conductor [ and let K = U,Kn. Let K. be the maximal pro-/
anticyclotomic extension of IC in i and let I'” = Gal(K o /K). Let X, be the set of finite order characters
of I'". For every v € X, we consider the complex number
~ mTx (kX + ) LO(0, xv)
= QEZ T2 )

oceX

L850, yv) :

where I's (kX + k) = [[, e T(k+ ko). It is known that L*&(0, yv) € Z,) if p is uramified in F and prime to
the conductor of y . We are interested in the non-vanishing property of L*#'(0, xv/) modulo p when v varies
in X;". To be precise, we fix two embeddings ¢ : Q — C and Lp Q— C,, once and for all and let m be the
maximal ideal of Zm induced by ¢,. We ask if the following non-vanishing modulo p property holds for (x, ).

(NV) L (L0, xv)) # 0mod m for almost all v € X .

Here almost all means "except for finitely many v € X " if dimq, /1 = 1 and "Zariski dense subset of X; " if
dimQZ Fi>1 (See p737])

This problem has been studied extensively by Hida for general CM fields in [Hid04a] and [Hid07] under
the hypothesis that X' is p-ordinary and by T. Finis in [Fin06] for imaginary quadratic fields under a different

Date: August 12, 2012.

2010 Mathematics Subject Classification. 11F67 11G15.

The author is partially supported by National Science Council grant 98-2115-M-002-017-MY 2.
1
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hypothesis. Let 7,7 be the quadratic character associated to KC/F and Dx,r be the different of K/F. Let
¢ be the conductor of x. The following theorem is proved by Hida in [Hid07].

Theorem. Suppose that X is p-ordinary and p > 2 is unramified in F. If (pl,€) = 1 and € is a product
of split prime factors over F, then (NV) holds for (x,l) unless the following three conditions are satisfied
simultaneously:

(M1) K/F is unramified everywhere,
(M2) 7c/7(c) has value —1, where ¢ is the polarization ideal of A 7,
(M3) For all ideal a of F prime to p&, xNr/q(a) = 7c/x(a) (mod m).

We shall say x is residually self-dual if the condition (M3) holds for x. By [Hid10, Lemma 5.2], the
hypotheses (M1-3) is equivalent to the condition (V): x is residually self-dual, and the root number associated
to x is congruent to —1 modulo m.

We are mainly concerned about the (NV) property of self-dual characters. Recall that x is self-dual if
X A% = TK/ F|'la,- Such characters are of its own interest because an important class of them arises from
Hecke characters associated to CM abelian varieties over totally real fields (¢f. [Shi98, Thm.20.15]). Note
that as the conductor of self-dual characters by definition is divisible by ramified primes, these characters
in general are not covered in Hida’s theorem unless /F is unramified. Our main motivation for the (N'V)
property of self-dual characters is the application to Iwasawa main conjecture for CM fields (¢f. [Hid07] and
[Hsi1l]). In our subsequent work [Hsill], this property is used to show the non-vanishing modulo p of the
period integral of certain theta functions which is related to Fourier-Jacobi coefficients of Eisenstein series on
unitary groups of degree three. When K is an imaginary quadratic field and [ splits in /C, the problem of the
non-vanishing modulo p of Hecke L-values associated to self-dual characters has been solved completely by T.
Finis in [Fin06] through direct study on the period integral of theta functions modulo p (self-dual characters
are called anticyclotomic in [Fin06]).

We shall state our main result after preparing some notation. Write € = €*JR, where ¢, J and R are a
product of split, inert and ramified prime factors over F respectively. Let v, be the p-adic valuation induced
by ¢p. For each v|€~, let p,(x,) be the local invariant defined by

Hp(Xv) = infx vp(x(z) — 1).
zell,
Note that p,(xv) agrees with the one defined in [Fin06] when yx is self-dual. Following Hida, we make the
following hypotheses for (p, K, X):

(unr) p > 2 is unramified in F;
(ord) X is p-ordinary.
Our main result is as follows.

Theorem A. Let x be a self-dual Hecke character of K* such that
(L) pip(x) = O for every vie—,
(R) The global root number W (x*) = 1, where x* := XH;i,
(C) R is square-free.

In addition to , , we further assume

e (pl,Dx)r€) =1,
o [ splits in K.

Then (N'V) holds for (x, ).

Note that as x is self-dual, the assumption (R) is equivalent to Hida’s condition (V). Indeed, the assumptions
(L) and (R) are necessary for the (N'V) property. The assumption (R) is due to the functional equation of the
complex L-function L(s,x), and the failure of (NV) without (L) has been observed by Gillard (¢f. [Fin06,
Theorem 1.1]). We remark that our result in particular can be applied to Hecke characters attached to
certain CM elliptic curves over totally real fields. For example, let E be an elliptic curve over F with CM
by an imaginary quadratic field M. Let K = FM and let x be the Hecke character of K£* such that
L(s,x™ ') = L(E,x,s). Then it is well known that the assumptions (L) and (C) hold if (Di,x, #(O%)) =1
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and p > 3. In general, (C) is expected to be unnecessary. The very reason we impose them is due to the
difficulty of the computation of certain Gauss sums Ag(x) = Ag(xs)|s=o0 defined in (4.14). We leave the
removal of (C) to our forthcoming paper [Hsil4l §6].

We also consider the case x is not residually self-dual. In particular, this implies the failure of (V). We
prove the following result in Corollary which gives a partial generalization of Hida’s theorem.

Theorem B. Suppose that , and (pl, D /7€) = 1. Suppose further that the following conditions
hold:

(L) pp(xw) =0 for every v|€™,
(N) x is not residually self-dual.

Then (N'V) holds for (x,1).

The proof is based on Hida’s ideas in [Hid04a], where Hida provided a general strategy to study the problem
of the non-vanishing of Hecke L-values modulo p via a study on the Fourier coefficients of Eisenstein series.
The starting point of Hida is Damerell’s formula, which relates a sum of suitable Eisenstein series evaluated
at CM points to Hecke L-values for CM fields. And then he proves a key result on Zariski density of CM
points in Hilbert modular varieties modulo p, by which he is able to reduce the problem to non-vanishing
of an Eisenstein series modulo p using a variant of Sinnot’s argument. The assumption that € is a product
of split primes solely results from the difficulty of the calculation of Fourier coefficients of Eisenstein series.
Following Hida’s strategy, we first construct an Eisenstein measure which interpolates the Hecke L-values by
the evaluation at CM points. The construction of our Eisenstein measure is from representation theoretic
point of view, and Damerell’s formula is actually a period integral of Eisenstein series against a non-split
torus. Fourier coefficients of our Eisenstein series are decomposed into a product of local Whittaker integrals.
Through an explicit calculation of these local integrals, we find that some Fourier coeflicient is non-zero modulo
p provided that certain epsilon dichotomy holds (See Proposition .

Here is the outline of this article. We fix notation and recall some basic facts about Hilbert modular varieties
and CM points in the first three sections. We basically follow the exposition in [Hid04a] except that we use an
adelic description of CM points. Readers who are familiar with [Hid04a] may begin with §4] which is the bulk
of this paper. In §4 we give the construction of Eisenstein series and the calculation of some local Whittaker
integrals. The formulas of the key integrals gﬁ(x) are summarized in Proposition and Proposition
The explicit calculation of the period integral of our Eisenstein series is carried out in Finally we show
some Fourier coefficient of our Eisenstein series is non-zero modulo p in
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referee for many valuable suggestions on the improvements of our main results (especially on Lemma and
Corollary in the previous version of this manuscript.

1. NOTATION AND DEFINITIONS

1.1. Throughout F is a totally real field of degree d over Q and K is a totally imaginary quadratic extension
of F. Let ¢ be the complex conjugation, the unique non-trivial element in Gal(C/F). Let O (resp. R) be the
ring of integer of F (resp. K). Let Dx (resp. Dr) be the different (resp. discriminant) of 7/Q. Let Dx, 7 be
the different of /. For every fractional ideal b of O, set b* = b~!D%'. Denote by a = Hom(F, C) the set
of archimedean places of F. Denote by h (resp. hy) the set of finite places of F (resp. K). We often write
v for a place of F and w for the place of K above v. Denote by F, the completion of F at v and by w, a
unifomrmizer of F,. Let K, = F, @7 K.

Fix two rational primes p # £. Let [ be a prime of F above ¢. Let X be a fixed CM type of K as in the
introduction. We shall identify X with a by the restriction to F. We assume and for (p,KC, X)
throughout this article. Let

Y, ={w € hg | w|p and w is induced by ¢, oo for 0 € X'}.

We recall that X is p-ordinary if X, N X,c = 0 and X, U X,c = {w € hx | w|p}. Note that (ord) implies that
every prime of F above p splits in K.
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1.2. If L is a number field, Ay, is the adele of L and Ay s is the finite part of Az. The ring of integers of L
is denoted by Op. For a € A, we put

il (a) :== a(OL, ®Z)N L.

Let ¢q be the standard additive character of Aq/Q such that ¥q(ze) = exp(2Miz ), Too € R. We define
Y Ap/L — C* by ¥r(x) = qo T q(x). For B € L, Y g(x) = r(Bz). If L = F, we write 1 for ¢z.
We choose once and for all an embedding to, : Q <+ C and an isomorphism ¢ : C ~ C,, where C,, is the
completion of an algebraic closure of Q,. Let ¢, = tio : Q <> C,, be their composition. We regard L as a
subfield in C (resp. C,) via Lo (resp. t,) and Hom(L, Q) = Hom(L, C,).
Let Z be the ring of algebraic integers of Q and let Zp be the p-adic completion of Z in C, with the maximal
ideal m,. Let m = ¢, ' (m,).

1.3. Let F be a local field. Denote by |-|, the absolute value of F. We often drop the subscript F if it is
clear from the context. We fix the choice of our Haar measure dx on F. If F = R, dx is the Lebesgue measure
on R. If F = C, dx is the twice the Lebesgue measure. If F' is a non-archimedean local field, dx (resp.
d*z) is the Haar measure on F' (resp. F*) normalized so that vol(Op,dz) =1 (resp. vol(Op,d*z) =1). If
w: F* — C* is a character of F*, define

a(p) = inf {n € Z>o | pli+=yo, =1}

2. HILBERT MODULAR VARIETIES AND HILBERT MODULAR FORMS

2.1. We follow the exposition in [Hid04bl §4.2]. Let V = Fe; @ Fes be a two dimensional F-vector space
and (, ) : VXV — F be the F-bilinear alternating pairing defined by (e1,e2) = 1. Let .Z = Oe; @ O*eq be
the standard O-lattice in V. Let G = GLz2 ;7. We identify vectors in V' with row vectors according to the
basis ej, €2, so G has a natural right action on V.

For each finite place v of F, we put

K ={g € G(F,) | (L 20 0,)g=2L®00,}.
Let K° = [Toen K? and Kg = Hv‘p K. For a prime-to-pf positive integer N, we define an open-compact
subgroup U(N) of G(Ar 5) by
(2.1) UN):={geGAry)|g=1(mod NZ)}.
Let K be an open-compact subgroup of G(Ar s) such that K, = K. We assume that K D U(N) for some
N as above and that K is sufficiently small so that the following condition holds:

(neat) K is neat and det(K)NOY C (KNO*)2.

2.2. Kottwitz models. We first review Kottwitz models of Hilbert modular varieties.

27e

Definition 2.1 (S-quadruples). Let [J be a finite set of rational primes and let W(oy = Zo)[(n], ¢ = exp(57).

Define the fibered category A(KD) over SCH /W, 88 follows. Let S be a locally noethoerian connected W m)-
scheme and let 5 be a geometric point of S. Objects are abelian varieties with real multiplication (AVRM)
over S of level K, i.e. a S-quadruple A = (A, X, 1,717))g consisting of the following data:

(1) A is an abelian scheme of dimension d over S.
(2) t:0 — Endg A ®z Z(D) .
(3) A is a prime-to-[J polarization of A over S and ) is the O(m),+-orbit of . Namely

A= O(D)’J’,A = {)\/ € Hom(A,At) Xz Z(D) ‘ N =Xo a, a € O(D)7+} .
4) 7 = pO K@) i a 7, (S, 5)-invariant K P -orbit of isomorphisms of Ox-modules @ : L@y, AP =
(4) 7 U ) p U ;
V) (Ag) == Hy(As, A;D)). Here we define 7™ g for g € G(Ag}) by nPg(z) =0 (g * 2).

Furthermore, (4, L7ﬁ(D))S satisfies the following conditions:
e Let ! denote the Rosati involution induced by A on Endg A ® Z ). Then ¢(b)" = +(b), Vb € O.
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e Let ¢ be the Weil pairing induced by . Lifting the isomorphism Z/NZ ~ Z/NZ(1) induced by (x to
an isomorphism ¢ : Z ~ Z(1), we can regard e* as an F-alternating form e : V) (Ag5) x V() (45) —
D:' ®z A;D). Let €7 denote the F-alternating form on V(5 (Az) induced by e”(z,2') = (xn,z'n).

Then

e* = u - " for some u € A(};])c.

e As O ®z Og-modules, we have an isomorphism Lie A ~ O ®7z Og locally under Zariski topology of S.
For two S-quadruples A = (A, \,1,77)g and A’ = (A", N,/ (7")®))s, we define the morphisms by

HomA(Il(m (A A) = {qﬁ € Homp (A, A") | ¢*N =X, ¢po ()P = ﬁ(D)} .
We say A ~ A’ (resp. A ~ A’) if there exists a prime-to-0J isogeny (resp. isomorphism) in Hom , o) (A A).
K

We consider the cases when [0 = () and {p}. When O = 0 is the empty set and Wy = Q({n), we define
the functor & : SCH,q(¢cy) — SET'S by

SK(S) = {A: (Aaj‘vLaﬁ)S GAK(S)}/N

By the theory of Shimura-Deligne, £k is represented by a quasi-projective scheme Shy over Q(¢n). We define
the functor €x : SCH,g — SETS by

ex(S) = {(A N ) € AP (S) DL 02 2) = Hi(AsZ)} ) ~.

By the discussion in [Hid04D] p.136], we have ¢x = Ex under the hypothesis (neat]).
When O = {p}, we write W for W, and define functor 6’}(?) : SCH )y — SETS by

EP(8) = {A= (AN, 7")s € AL, (S)} / ~
In [Kot92], Kottwitz shows E%)) is representable by a quasi-projective scheme Sh(lg) over W if K is neat.
Similarly we define the functor (’3([?) : SCH py — SETS by
&(9) = {(AAT?) € AR (9) | ¥ (£ ©2 Z7) = Hy(A5, Z0) | [ =
It is shown in [Hid04b, §4.2.1] that ¢'® 5 g{),

2.3. Igusa schemes. For each positive integer n, put
K ::{g:(gU)EK|ng<O *> (modp)}

Definition 2.2 (S-quintuples). Let n be a positive integer. We define the fibered category A(I??n whose
objects are AVRM over an W-scheme of level K", i.e. a S-quintuple (A4, j)s consisting of a S-quadruple
A= (AN.,7P) e Agzm (S) and a monomorphism

J: 0" @ pyn — A"

as O-group schemes over S. We call j a level-p™ structure of A. Morphisms are
Hom g ((4,7),(415)) = {0 € Hom ) (4.4 05 =7} .
s KP
Define the functor 3%)” : SCHpy — SETS by

32,(8) = {(4.9) = (A X L7Pj)s € AR, (S) | 1L 02 29) = TO(A) |/ =

1

It is known that S(I??n are relatively representable over (’3%) (¢f. [SGAG4, Prop. 3.12]), so it is represented by

a scheme over W, which we denote by I y,.
For n > n’/ > 0, the natural morphism 7, ,, : Ik, — Ik induced by the inclusion O* Q@ Pyt — O*® Bpn

is finite étale . The forgetful morphism 7 : I, — Shg?) defined by 7 : (A,7) — A are étale for all n > 0.
Hence Ik, is smooth over Spec W. The image of 7 is the pre-image of ordinary abelian schemes in I, ® Fp,.
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2.4. Complex uniformization. We describe the complex points Shi (C). Put
Xt ={7r=(7y)oca €C*|Im7, >0foralloc cal.

Let F; be the set of totally positive elements in F and let G(F)t = {g € G(F) | detg € F.}. Define the
complex Hilbert modular variety by

M(XT,K) :=GF)"\XTxG(Ar ) /K.

It is well known that M (X T, K) = Shx(C) by the theory of abelian varieties over C.
For 7 = (75 )oca € X T, we let p, be the period map V ®q R = C? defined by p,(ae; + bez) = ar + b,
a,be F ®q R = R? We can associate a AVRM to (7,9) € Xt xG(Ax s) as follows.

e The complex abelian variety Ay(7) = C*/p. (%), where L, := (£ ®z Z)g'nV.

e The F-orbit of polarization (, ), on Ag(7) is given by the Riemann form (, ) o p;t.

o The tc: O — End A, (7) ®z Q is induced from the pull back of the natural F-action on V via p..
e The level structure n, : £ @z Ay = (9% L) @z Ay = Hi(Ay(7), Ay) is defined by n,(v) = vg~1.

Let A4(7) denote the C-quadruple (Aq(7), (, )

M(X*,K) 5 Shg(C).

Let 2 = {25 },¢a be the standard complex coordinates of C* and dz = {dz,},.,. Then O-action on dz
is given by tc(w)*dz, = o(a)dzs, 0 € a = Hom(F,C). Let z = z;4 be the coordinate corresponding to
loo : F <> Q < C. Then

(2.2) (O ®z C)dz = H*(Ay(7), Qu,(r)/0)-

can’

t, Kng). Then (7, g)] — [Ag4(7)] gives rise to an isomorphism

2.5. Hilbert modular forms.

2.5.1. ForteCandg= [Z Z

(2.3) J(g,7) = cT + d.
For 7 = (7,)oca € X and goo = (9o )oeca € G(F ®q R), we put
l(gooa'r) = H J(gaa'ra)~
oca

Definition 2.3. Denote by My (K, C) the space of holomorphic Hilbert modular form of parallel weight k
and level K. Each f € M (K,C) is a C-valued function f : Xt xG(Az ) — C such that the function
f(—,g7) : Xt — C is holomorphic for each g5 € G(Ar f) and

f(a(r,gr)u) = J(a, 7)**F(7,g;) for all u € K and a € G(F) ™.

] € GL2(R), we put

2.5.2. Fourier expansion. For every f € My (K, C), we have the Fourier expansion
f(r.gr)= > Wal(f,gp)em 7/alfm.
peFu{0}

We call Wg(f, g5) the S-th Fourier coefficient of f at g;.
For a semi-group L in F,let Ly = Fy N L and L>o = Ly U{0}. If B is a ring, we denote by B[L] the set

of all formal series
Z algqﬂ, ag € B.
BeEL

Let a,b € (A(J?I}/))X and let a = ilz(a) and b = ilz(b). The g-expansion of f at the cusp (a, b) is given by
(2.4 Qem@= Y welt, |’ !
. (a,b) CAGE] 0 a

:| )qﬁ S C[[(N_lah)zoﬂ.
ﬁG(Nflub)zo

If B is a Wh-algebra in C, we put
M, (K, B) = {f € Mi(K,C) | f|(a,p)(q) € B[(N"'ab)>¢] at all cusps (a,b)}.
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2.5.3. Tate objects. Let ¥ be a set of d-linear Q-independent elements in Hom(F, Q) such that {(Fy) > 0
for I € . If L is a lattice in F and n a positive integer, let Ly, = {z € L|l(z) > —n for all | € ¥}
and put B((L;.¥)) = li_>m B[L».,]. To a pair (a,b) of two prime-to-pN fractional ideals , we can attach

the Tate AVRM Tateq 5(q) = 0* @z Gun/q® over Z((ab;.#)) with O-action tean. As described in [Kat78],
Tateq p(q) has a canonical ab~!-polarization A.q, and also carries we., a canonical O ® Z((ab;.%))-generator
of Qrate, , induced by the isomorphism Lie(Tateq 5(q)/z((ab;#))) = ¢ ®z Lie(G,,) ~ a* @ Z((ab;.7)). Let

Lop =2 - [b al] = be; @ a*ey. Then we have a level N-structure nean : N1 Lo/ Law — Tateqs(q)[N]

over Z[(n]((N~'ab;.#)) induced by the fixed primitive N-th root of unity (n. We write Tate, , for the
Tate Z((ab;.))-quadruple (Tatemb(q),)\camLcan,ﬁgﬁ)n) at (a,b). In addition, since a is prime to p, we let
ngmn: O* ®z Py = 0" @z pyn — Tateqp(g) be the canonical level p"-structure induced by the natural
inclusion a* ®z Hpn <= a* ®z G,,.

2.5.4. Geometric modular forms. We collect here definitions and basic facts of geometric modular forms. For
the precise theory, we refer to [Kat78] or [Hid04b|. Let T' = Resp/z Gy and x € Hom(T',G,,). Let B be a
Z()-algebra. Consider [A] = [(A, X, 1,7®))] € €x(C) for a B-algebra C' with a differential form w generating
HO(A,Qy sc) over O ®z C. A geometric modular form f over B of weight x and level K is a functorial rule
of assigning a value f(A,w) € C satistfying the following axioms.

(G1) f(Aw)=f(4" ') € Cif (4,w) ~ (4, w') over C,

(G2) For a B-algebra homomorphism ¢ : C — C’, we have

f((A7(.U) Rc Cl) = @(f(A?w))a

(G3) f(A,aw) = k(a ) f(A,w) for all a € T(C) = (0O @z C)*%,

(G4) f(ma’b,wc,m) S B[CN][[(N*Iab)ZO]] at all cusps (a,b).
For a positive integer k, we regard k € Hom(7T, G,,,) as the character ¢ — N]:/Q(t)k. We denote by My (K, B)
the space of geometric modular forms over B of weight k£ and level K.

For each f € My (K,C), we regard f as a holomorphic Hilbert modular form of weight & and level K by

f(Ta gf) = f("q'g(’r),mcana Lc, ﬁga 27T’Ld2),
where dz is the differential form in (2.2)). By GAGA principle, this gives rise to an isomorphism My (K, C) =
M, (K, C). As discussed in [Kat78, §1.7], the evaluation f(T'ate, y,,wcan) is independent of the auxiliary choice
of .# in the construction of the Tate object. Moreover, we have the following important identity which bridges
holomorphic modular forms and geometric modular forms.

f|(u,b)(‘1) = f(mu@awcan) € C[[(Nilab)zo]]-
By g-expansion principle, if B is W-algebra in C, then My (K, B) = My (K, B).

2.5.5. p-adic modular forms. Let B be a p-adic ring in C,,. Let V (K, B) be the space of Katz p-adic modular
forms over B defined by

‘/(I(7 B) = Y&H@HO(IK,n/B/mea OIK.n)'

In other words, Katz p-adic modular forms are formal functions on Igusa towers.

Let C be a B/p™ B-algebra. For each C-point [(4, j)] € hgm ]&nn Ik n(C), the level p™-structure j induces
an isomorphism j, : O* ®z Lie(G,, /o) = O @z C = Lie(A). Let dt/t be the canonical invariant differential
form of G,,. Then j*dt/t := dt/to j. is a generator of H?(A,Q,) as a O ®z C-module. We thus have a natural
injection

My(K,B) < V(K, B)

(2.5) ~ .
[ f(A,§) = f(A, j.dt/t)

~

which preserves the g-expansions in the sense that ﬂ(ayb)(q) = f(Tate, y, ng,can) = fl(a,6)(q). We will call f
the p-adic avatar of f.
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2.6. Hecke action. Let h € G(A(]?)f) and let ;, K := hKh~'. We define a morphism |h : 55’2 = Sl(f) by
A=(ANu,qP) = Alh = (AN 0, hg™).

Then |h induces an W-isomorphism S h(;()) 58 hgz, and |h thus acts on spaces of modular forms. In particular,
for F € V(K,W), we define F|h € V(, K, W) by

Flh(4) = F(Ah).
Let Ko(I) :={g € K | e2g € O*ez (mod [.Z)}. Define the Ui-operator on V(Ko (l), W) by
Fluy= Y F| [zg[ 11‘] .
uwe0* /10~

Using the description of complex points of Shg?)(C) in ! it is not difficult to verify by definition that
for (1,9) € XTxG(AF,s) two pairs (Ay(7) |h,w) and (A (7T),w) of C-quadruples and invariant differential
forms are Z,)-isogenous, so we have the isomorphism:

26) M, (K,C) 5 My (, K, C)
’ f — f|h(r,g) = (7, gh).

3. CM POINTS

3.1. In this section, we give an adelic description of CM points in Hilbert modular varieties. Fix a prime-to-p
integral ideal € of R such that (pl,&Dx,z) = 1. Write € = €*€~, where €~ = JR, J (resp. R) is a product of
inert (resp. ramified) primes in £/F and €+ = §F, is a product of split primes in /F such that (§,3.) =1
and § C §¢. Recall that we have assumed and in the introduction. Let X be a p-ordinary CM
type of K and identify 3’ with a by the restriction to F. We choose 9 € K such that

(d1) ¥¢ = —v and Imo () > 0 for all o € X,
(d2) ¢(R) :== D' (219D,€}F) is prime to pDj, F1€E°.

Let 9% = (0(9))oex € X*. Let D = —0% € Fy and define p: K — My (F) by

plad +b) = {z f“} .

Consider the isomorphism gy : K = F2 = V defined by gg(ad) + b) = ae; + bes. It is clear that (0,1)p(a) =
q9() and gy(za) = qy(x)p() for a,z € K. Let C(X) be the K-module whose underlying space is C*
with the K-action given a(z,) = (0(a)z,). Then we have a canonical isomorphism £ ®q R = C(X), and
Dy = qgl :V@qR > K®q R =C(X) is the period map associated to 9.

3.2. A good level structure.

3.2.1. For each v|pFF°, we decompose v = ww into two places w and w of K with w|§FX,. Here w|§FX, means
w|§ or w € Xp. Let e, (resp. em) be the idempotent associated to w (resp. w). Then {e,,ew} gives an
O,-basis of R,. Let 9,, € F, such that ¥ = —9,ex + Fpew.

For inert or ramified place v and w the place of K above v, we fix a O,-basis {1,0,} such that 0, is a
uniformizer if v is ramified and 8 = —0 if v 12. Let §, := 6, — 0, be a fixed generator of the relative different
Dk, /7,

Fix a finite idele dr = (dz,) € Ar s such that ilz(dr) = Dr. By (d2), we may choose dr, = 295, if
v|Di 7T (vesp. dr, = =20, if w|FL,).

3.2.2.  We shall choose a basis {e1,,,€e2,} of R ®p O, for each finite place v # [ of F. If v { pl€C®, we
choose {e1 4,624} in R ® O, such that R ®p O, = Oye1, @ Ofes,. It is clear that {ej,,ea2,} can be
taken to be {1J,1} except for finitely many v. If v|pFF°, let {e1,v,e2.} = {ew dr, - €w} with w|FE,. If v
is inert or ramified, let {e1 4, €24} = {0v,dr, - 1}. For every integer n > 0, we let R,, = O + ["R, and let

{egﬁ), egf[)} :={—1, —dF @0} be a basis of R,, ®0c O.



NON-VANISHING OF HECKE L-VALUES MODULO p 9

For v € h, let ¢, (resp. §[(n)) be the element in GLg(F,) such that e;s; 1 = gy(e;.) (resp. el(q( ))

" g(ﬂ) (1)} Define ¢V = [T, € GL2(ASTI)) and ¢(") = g(‘)xgl(") <

GL2(Ar). Let ¢ and g}n) be the finite components of ¢ and ¢("™ respectively. By the definition of ¢(™, we
have

qﬁ(egﬁ))). Forv =0 € a, let ¢, = [

(¥ Rz 2) . (§](cn))71 =g (IT"R, ®z 2)

The matrix representation of ¢, according to the basis {e1, ez} for v|plDy /€€ is given as follows:

[d -2, —
Sy = ‘g” d71 :| , by = 01} + 91} if ’U|DK/]:3,
L Fo
dr,  _1 —9 _1
(3.1) Gy = d;u _12 = [ 1“’ _12] if v|pFF° and w|FX,
| 20, 20w 204

ay 0

C[(n) = b 1:| |:d]:[w[ 0:| (0[ = a + b[, ap € O[X,b[ S O[)

3.3. For every a € A,é’f, we let

An(a)/c = ‘Ap(a)q(") (192) = (‘Ap(g)d") (ﬁz)vmcanv Lcanvn( )) € Shi(C)

be the C-quadruple associated to (ﬁz,p(a)gj(cn)) as in Then A, (a),c is an abelian variety with CM by
K. Let W be the p-adic completion of the maximal unramified extension of Z, in C,. By the general theory
of CM abelian varieties, the C-quadruple A, (a),c descends to a W-quadruple A, (a). Moreover, since K is
p-ordinary, A, (a) ®w F,, is an ordinary abelian variety, hence the level p>-structure n(a), over C descends to
a level p>-structure over W. Thus we obtain a map z,, : Ag g lim Ik m(W) C Ik oo(W), which factors
through Cx := Ag ;/K* the idele class group of K. The collection of pomts Cl™ =152 12, (Cx) in Ik 0o (W)
is called CM pomts in Hilbert modular varieties.

3.4. Polarization ideal. The alternating pairing (, ) : KxK :— F defined by (x y) = (c(z)y — zc(y)) /29

induces an isomorphism R Ao R = ¢(R)™'D3" for the fractional ideal ¢(R) = (QﬁDK}f) Then ¢(R) is

the polarization of CM points xo(1). From the equation
D' det(sp) = N2ZLs; ' = AR = ¢(R)"'DZ,

we find that ¢(R) = (det(s)). Moreover, for a € A, the polarization ideal of zq(a) is ¢(a) := ¢(R)Ni,#(a),
a= i[)c(a).

3.5. Measures associated to U-eigenforms.

3.5.1.  We briefly recall Hida’s construction of the measure associated to an U-eigenform in [Hid04a), §3].
Define the compact subgroup U, = (C1)¥x(R, ® Z)* in A = (CX)ZXA,é’f, where Cj is the unit circle

in C*. Let Cl, = K*AX\AZ /U, and let [], : A¢ — Cl,, be the quotient map. Let Clo, = lim Cl,. For
a € Ag, welet [a] := I&nn[ a]n € Cls be the holomorphic image in Cly,. Henceforth, every v € X will be

regarded implicitly as a p-adic character of Cly, by geometrically normalized reciprocity law.
Let € € V(Ky(l),0) for some finite extension O of Z, and let X be the p-adic avatar of x. Assuming the
following:
(i) € is a Ur-eigenform with the eigenvalue a((€) € Z:;
(i) E(zn(ta)) =X"H(a)€(zn(t), a € Un A%,
Hida in [Hid04a, (3.9)] associates a Z,-valued measure @g on Cls, to the Up-eigenform € such that for a
function ¢ : Cl,, = Z,, we have

(3-2) ¢doe = ai(&)" Y E(xa(®)R(OG([t]n)-

Cloo [t]n€CL,
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3.5.2. Let A be the torsion subgroup of Cly. Let CI*8 be the subgroup of Cl,, generated by [a] for
a€ (A;C[))X and A*& = C[*& N A. We choose a set of representatives B = {b} of A/A*8 in A and a set of
representatives R = {r} of A% in (A}(gf})x_ Thus A = B[R] = {b[r]} ;5 ,er- For a € (Aggl})x, we define

lla] := Elpc(a), pola) =<' pla)s € G(AL]).
By definition, &|[a](x,(t)) = E(zn(ta)). Following Hida (c¢f. [Hid0T, (4.4) p.25]), we put
(3.3) ER =" R(r)E][r].
reER
In [Hid0O4al, Hida reduces the non-vanishing of L-values to the non-vanishing of Eisenstein series by proving

the following theorem.

Theorem 3.1 (Theorem 3.2 and Theorem 3.3 [Hid04a]). Suppose the following conditions in addition to (unr)

and (ord):

(H) Write the order of the Sylow (-subgroup of F[x]* as "), Then there exists a strict ideal class ¢ € Clr
such that ¢ = c(a) for some R-ideal a and for every u € O prime to I, we can find B = umod (") with
ag(ER,c) # 0 (mod m,),

where ag(ER, ¢) is the B-th Fourier coefficient of E® at the cusp (O,c¢'). Then

/ vd€ # 0 (mod my,) for almost all v € X .
Cloo

Remark. As pointed by the referee, if [ has degree one over Q, the above theorem is Theorem 3.2 [Hid04a]. In
general, the theorem holds under the assumption (h) in Theorem 3.3 loc.cit. , which is slightly weaker than
(H) (See the discussion [Hid04al, p.778]).

4. CONSTRUCTION OF THE EISENSTEIN SERIES

4.1. Let x be a Hecke character of K£* with infinity type kX + (1 — ¢), where k > 1 is an integer and
Kk =Y Koo € Z[X], ko > 0. Let ¢(x) be the conductor of y. We assume that € = ¢(x)&, where & is only
divisible by primes split in £/F and (¢(x)l, &) = 1. Put

1

X" =Xl"lag and x4 = x[5x-

Let K2, :=[],ca SO(2,R) be a maximal compact subgroup of G(F ®q R). For s € C, we let I(s, x4) denote
the space consisting of smooth and K9 -finite functions ¢ : G(A ) — C such that
a b | g S
g do=c@|3l oo,

Conventionally, functions in I(s, x4 ) are called sections. Let B be the upper triangular subgroup of G. The
adelic Eisenstein series associated to a section ¢ € I(s, x4 ) is defined by

Ealg.0)= Y, 619

YEB(FI\G(F)

The series Ea (g, ¢) is absolutely convergent for Re s > 0.

0 -1
1 0
be the local constitute of I(s, x4) at v. For ¢, € I,,(s,x+) and 8 € F,, we recall that the S-th local Whittaker
integral Ws(¢y,, gv) is defined by

4.2. Fourier coefficients of Eisenstein series. Put w = [ } . Let v be a place of F and let I,,(s, x+)

1 =z,
Wﬁ(¢v7gv) :/ ¢U(W 0 1 gv)ﬂ)(—»@%)d%,
Fou L i
and the intertwining operator My, is defined by
o]
My do(go) :/ bu (W 0 1 Go)d,.
Fo L J
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By definition, My ¢,(gy) is the 0-th local Whittaker integral. It is well known that local Whittaker integrals
converge absolutely for Re s > 0, and have meromorphic continuation to all s € C.

If ¢ = ®,¢, is a decomposable section, then it is well known that Ea(g,¢) has the following Fourier
expansion:

Ea(g,0) = ¢(g9) + Mwo(g) + Z Ws(Ea,g), where
BEF

I Mwto(90)s Wa(Ba, g)

1 1
— = — W vy Ju ).
VIDFIlg VIDFlg ]‘:[ p(f:90)

The sum ¢(g) + Mw¢(g) is called the constant term of Ea (g, ¢).

(4.1)
My o(g)

4.3. The choice of local sections and Fourier coefficients. In this subsection, we will choose for each
place v a good local section ¢, s, in I,(s, x4 ) and calculate its local 8-th Fourier coefficient for 8 € F*.

4.3.1.  We first introduce some notation and definitions. Let S° = {v ehjlvt [QﬁQfCD,C/f}. Let v be a place
of F. Let L/F, be a finite extension and let d; be a generator of the absolute different Dy, of L. Let
Yp =1 oTr,7 . Given a character p : L* — C, we recall that the epsilon factor €(s, y,¢r) in [Tat79] is
defined by

i) = [ @i (o= dmi®).
¢ L
Here djx is the Haar measure on L self-dual with respect to ¥y,. If ¢ is a Bruhat-Schwartz function on L, the
zeta integral Z(s, u, p) is given by

Z6s.m) = [ el el e (s€0).

The local root number W () is defined by
1
W(M) = 6(57 122 1/}L)
(cf. IMSO0Q, p.281 (3.8)]). It is well known that |W(u)|q = 1 if p is unitary.

To simplify the notation, we let F' = F, (resp. F =K ®x F,) and let dp = dx, be the fixed generator of
the absolute different Dp in §3.2.1) Write x (resp. X4, x*) for xu (resp. X+, X5). If v € h, we let O, = Op
(resp. R, = R®p O,) and let w = w, be a uniformizer of F. For a set Y, denote by Iy the characteristic
function of Y.

4.3.2. v is archimedean. Let v =0 € X and F = R. For g € G(F) = GL2(R), we put
-1

d(g) = |det(g)| - |/ (g,7)J(g,1)

Define the section ¢, € I,(s, x4) of weight k by

(4.2) P50 (9) = T(g,0) " 8(g)".
The intertwining operator My ¢y s, is given by
oo D(k+2s—1) i B _
4. My =i*Q2n) ——— det k8(g)t—s.
( 3) gbk,s,rr(g) ¢ ( 7T) F(k—l—s)l"(s) J(g7l) € (g) (g)
For (z,y) € RxR, and 8 € R, it is well known that
T 2mi)k _ ) )
(14) Woldhoo |8 5 ])lco = B-0(0) explemio@)(e + ) - (o9).
Define the section ¢};;Z&7870 € I(s,x+) of weight k + 2k, by
(4.5) Rt o l9) = T(g,0) 7 0 T(g.0) 7 8(g)".

Let V. be the weight raising differential operator in [JL70l p.165] given by

1 1 . .
Vy = {0 _OJ 1+ [(1) 0} ®1 € Lie(GL2(R)) ®r C.
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Denote by V[ the operator (V)" acting on I,(s, x+). By [JL70, Lemma 5.6 (iii)], we have

25Tk + Ko + 25)
4.6 Voo h _
( ) + k,s,o F(k+ 28)

d)n.h.
k,ko,8,0°

4.3.3. v € S°. In this case, x is unramified. Define ¢, . (g) to be the spherical Godement section in I, (s, x ).
To be precise, put

Dx.s,0(9) =fa,(9) = \detgls/ ,((0,)g)x+ (t) |¢[** d*t, where
FX
P, = ]IOUEBO:-

It is well known that the local Whittaker integral is

Cy 1 — x*(w)vBen)+1 -
(17) Waldrnms | 3 leco = -3 D5 o ().
and the intertwining operator is given by
Cy s —
(43) Myt )= L2 = 1) e 33 e

4.3.4. v|§Fe. If v|FFC is split in I, write v = ww with w|F and x, = (Xw, Xw). Then a(xw) > alxw). We
shall define our local section at v to be the Godement section associated to certain Bruhat-Schwartz functions.
We first introduce some Bruhat-Schwartz functions. For a character p: F* — C*, we define

ou(@) = Tox (@)u(z) (x € F),
Define ¢, = ¢y, and

w

e if xw is ramified,
e Io, if xw is unramified.

Let @, (z,y) = ¢w(x)Pw(y), where o, is the Fourier transform of ¢,, defined by

Buly) = /F o () () dz.

Define ¢X,s,v S Iv(57X+) by

(4.9) Py,s,0(9) = fo,(9) = Idetgls/Fx ., ((0,£)g)x 1 (1) [¢** d*t.

A straightforward calculation shows that the local Whittaker integral is
Waldyom 1) = [ eale)fu(=B) s (o) o~ d"o

(4.10) = [ en@en(Be) - Del ™ xi (o) ol %

= x+(8)ew(B) 18" - |Dx| 7",

and the intertwining operator is given by
(4.11) My ¢y, s,0(1) = 0.

4.3.5. v =1 Let ¢y s € I,(s, x+) be the unique N (O, )-invariant section supported in the big cell B(F)wN (O})
and ¢y, (W) = 1. One checks easily that ¢, ,,|U; given by

w u
¢x,s,v|U[(g) = Z ¢x,s,v(g |:0 1})
u€0x /10

is also supported in the big cell and is invariant by N(O}). In particular, ¢, s, is an Ui-eigenform, and the
eigenvalue is x ' ().
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The local S-th Whittaker integral is given by

1 =z

c [
W v,8) s=0 — v.s(W —Bx)dx o=
(4.12) 8(Pxr, [ 1}” 0 /F‘% s { 1] [ J ) (=Br)dx]s=o
= HOH (6(:)7
and the intertwining operator is given by My ¢y, s,v( [g (1)] )s=0 = 1.

4.3.6. v|Dx,7€. In this case, E is a field and G(F) = B(F)p(E*). Let w be the place of E above v
and let wg be a uniformizer of E. Let PR’ be the product of ramified primes where x is unramified, i.e.
R = Hq\Dm/f,qTG— q. Let ¢, 5, be the unique function on G(F') such that

a b _ als
(4.13) ¢X,s7v([0 d} p(2)sy) = L(s,x0) - x5 ' (d) ‘g -x"*(k),be B(F), z € E,
where L(s, x,) is the local Euler factor of x, defined by
1 if v|R7,

L(s,xv) = )
o {w(winwm if ol R
Then ¢, s, defines a smooth section in I, (s, x4 ).

To calculate the local 8-th Whittaker integral of ¢, ,,.,, we recall that in we have fixed 6 = 6, = 219(1;1
a generator of Dic/r and an O,-basis {1,0} = {1,0,} of R, so that § =20 if v{2 and § =0 — 0 if v[2. In
addition, @ is a uniformizer of R, if v is ramified. Let t = ¢, =20 —§ =0 + 0 € O,. Let ¢°(z) := ¢(—dp'x)
and xs = x|+|5 for s € C. For Res > 0, we have

1

L(s, xv)
1, -1 -1
— [t [y TR G )] st apparas

_1 =z _
:w(_g—lw)xs(dF)’d;?’./1F¢X787v([z2613 zZTD] [5{ D] gv)wo(—dglﬁx)dx

X

: WB (¢X75,va 1)

=y°(=27"8)xs(dp) |dp? - /F Xo (@ + 0)¢° (dp Ba)da

=y°(=271B) |dp'| - /F Xs (@ + 2710y (Br)de.
We put
(414) Apl) = [ x5 @+ 271002 (Bl
Making change of variable, we find that
Ag(xs) =0°(27'1B) - Ag(xs), where

(4.15) _ 3 )
Al = [ X+ )0 (B
F
In particular, the intertwining operator My, s,(1) = ‘d;l‘ - L(s, xv)Ao(xs). We investigate the analytic
behavior of Ag(xs). For € F and M > v(¢™), we have

N _ -1 o *) |8 3 1 ° —j
Bt = [ it (Ba)ta+ 33 | @ e

for Re s sufficiently large. This shows that A/g (xs) has meromorphic continuation to all s € C, and ﬁﬁ (xs) is

holomorphic at s = 0 except when 8 = 0, x, is unramified and x*(w) = 1. In particular, when & > 2, Ao(xs)
and the intertwining operator My, ¢y (1) are finite at s = 0.
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Now we have
(4.16) Wi (y.s0s Dls=o = |dz'| - L(s, xv) Ap(xs)|s=o0-

In what follows, we let § € F* and let /Tg(x) = /ng(xs)|5:o (resp. Ag(x) = Ap(xs)ls=0). Then Ag(x) =
¥°(2718) - Ag(x). On the other hand, by our choice of 6 it is clear that |z + 8|, > (0] for all z € @ MO,,.
Let Mg g = max{v(€™),v(€™) +v(B)}. Then for M > M¢ g, we have

L= [ e oA

=l="" 3 xTHE M+ 090 (B Ma),

IGOv/(w1+21W)

(4.17)

The following lemma shows the p-integrality of these local Whittaker integrals Wa(¢y. 5.0, 1)|s=0-

Lemma 4.1. Suppose that v|Di ;€. There exists a finite extension O of OF () such that for all B € F*

Wﬂ(¢x,s,v; 1)|s=0 € 0.
In addition, if v|€~, then

(4.18) W (x50 Dlsmo = 0°(=2718) |dzt |- As(x) = |dz'| - As(x).
If v|R and v(B) = —1, then
(4.19) Wi (x50 Dls—o = |dt | x71(8) |w] .

Proor. First note that it is not difficult to deduce from that gg(x) =0if v(B) < —1 — M¢ g, and
that Zg(x) belongs to the O (,)-algebra generated by the values of x and Y°(w=2(@)=1) for all B € F*.
Then the assertions are clear if v|€~. Suppose that v|9%’. Then v is ramified in F and x is unramified at v.
For s € C, let g := xs(@) || ~'. For Res > 0, we have

Ag(xs) = /Fx;l(wre)w"(ﬂx)

v(B)+1 _ _ _
= / Xs @+ 0) e (Bryde + Y || xa(=?) / 4 (Bw ) dx
@Oy §j=0 o

v(B)+1
=710 ° J. °(BwIz)dx — °(BwIz)dx).
X; ()/wovw(ﬂxw ;0 o (/va(ffw 2)dx /wov’“ﬁw 2)d)
If v(B) > 0, we find that
_ 1— Z(B)-‘rl
Ap(x:) =X (0) [w] + 7 (1 = [w]) — || a3+
1— g(ﬂ)-‘rQ
=(1 = x:(0)(1 + ], (0)) - ———

In addition, we have Ag(x,) = 0 if v(3) < —1 and
Ap(xs) = (1= x:(0)) - x5 (8) [w] if w(B) = ~1.
In any case, the assertions in the case v|9’ follow immediately from (4.16) and the formulas of /TB(XS). O

4.3.7. Calculation of g,g (x). We give an explicit calculation of the local integral A(y) under the assumption
w(€™) = 1. Introduce an auxiliary integral Z(53) for 5 € F defined by

(g) = /O X + 0)y° (Br)d.

The explicit formulas of ﬁg (x) are deduced from the following two lemmas.

Lemma 4.2. Suppose w(€™) < 1.
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(1) If v(B) = 0 and x|px # 1, then

Ap(x) =Z(0) + XM |(=dp"B) - e(1, x4 |- 7 00).
(2) If v(B) > 0 and x|px =1, then

_ 1
As(x +Zx @) - (1 - @) = x* (@O o (" = x]5%)-

(8) If v(B) < 0, then AB(X) =7Z(p).

PROOF. It is clear that under our assumption on the conductor of x, we have

As(x) = /F X~ + 0)4° (Bx)

v(f)+1 } Bz
—j _
+ 3 k= R
Then the lemma follows immediately. O

Lemma 4.3.
(1) If v(B) < —1, then Z(B) = 0.
(2) If v is ramified, then Z(0) = x*(0 _1)|w|%.
(3) If v is inert and x[px =1, then Z(0) = — |w].

PrOOF.  Note that if v is ramified, then x|, x # 1. (1) and (2) follows from the assumption on the conductor
of x and a simple calculation. (3) follows from the following equation:

0:/ Xfl(r)er/ da dbxfl(a+b0)+/ da/ dbx(a + b0)
RY O, or or wO

— (1- =) / xa +6)da + @] (1 - |w]). 0

v

We summarize the formulas of ﬁﬁ (x) in the following two propositions.

Proposition 4.4. Suppose that v|€~ is ramified such that w(€~) = 1. Then the formula of EB(X) is given
as follows.

(1) Ifv(B) = -1, then
~ _ 1 . _ -
Ap(x) = x"(07 1) [@]? + X" (=Bdp")e(1, x4 |-, 0).
(2) Ifv(B) < —1, then Ag(x) = 0.
(3) If v 2 and v(B) > —1, then
~ 1
Ap(0) = (X" (=207 "dp) + X" (27 B)W (X)) - x(—dz") [w]* .
PROOF. In this case, 0 is a uniformizer of R,,. It is straightforward to verify that if v(8) = —1, then
- . 1
Z(8) = X" (Bdp (L x|~ 0) + X" (07 ] -
Thus (1) and (2) follows from Lemma [4.2] and Lemma [4.3]
Suppose v { 2. Then § = 26, and (3) follows from (1) and the identity (J[Roh82, Prop.8|)
_1 _
W) = X" @)W |R) = Xx(2) ]2 (x| ). O

Proposition 4.5. Suppose that v|€~ is inert such that w(€~) = 1. Then the formula of Zg(x) is given as
follows.

(1) If v(B) = —1, then N
As() =@l > x'(a+60)¢°(Ba).

a€0,/(w)
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(2) If v(B) < —1, then Ag(x) = 0.
(3) If v(B) > 0 and x|px =1, then

v(B)
As(x) |w|+z>< (@) - (1= |@|) = x* (@) =] .
(4) Ifv(B) > 0 and x|px # 1, then

Ag(x) = Z(0) + x* (= Bdp"e(1, x4 |-| 1, 0).

PRrROOF. In this case, both ¢ and 0 are units of R}. It follows from the definition of Z(8) that if v(8) = —1
then

)

IB)=lwl- Y, x'(a+6))°(Ba).
a€0y /(=)
The proposition follows from Lemma, and Lemma immediately. ([l

4.4. Normalization of Eisenstein series.

Definition 4.6. For e = h or n.h., we put

(b;(,s = ® (bz,sp' ® ¢X75ﬂ)'

oca vEh
Define the adelic Eisenstein series EY by
(420) E;((g) = EA(ga d);(,s)‘S:O; = h,ﬂh
We define the holomorphic (resp. nearly holomorphic) Eisenstein series E’; (resp. E;h) by
I's(kX) .
E”(r, =" . E" (g, - J(goo, 1),
(T:95) NN (9005 95) + L(goos 1)
I's(kX k
EL (7, 97) = —a o) B (g g7) « (g ) (dot goo)

_ . g™
V |D.7-'|R(27Ti)k2 X
((T,gf) € X+XG(AJ:,f)7 Jo € G(f ¥qQ R)a gooi =T, i= (i)JGE)'

Choose N = N /q(€Dx /)™ for a sufficiently large integer m so that ¢, s, are invariant by U(N) for

every v|N, and put K := U(N). Then the section ¢, , is invariant by Ko(1).
Proposition 4.7. Let ¢ = (c,) € A% ; be a finite idele such that ¢, = 1 at v|pl€&°Dyx. Let ¢ = ilx(c).
Suppose either of the following conditions holds:

(1) k> 2,

(2) §#0,

(3) X+ =Tx/F||a, and Uis split in K.
Then IEZ € My (Ko(l),C). The q-expansion of EQ at the cusp (O,c~ 1) has no constant term and is given by

Efloen= Y  as(El0-¢" e 0[N ]

Be(N=temt)y
Jor some finite extension O of OF (,) in Z, where

1
aﬁ(E};’c) = m . N]—'/Q(ﬁ)k71 . H Wﬁ(¢x,s,va |:Cv 1:|)s_0~

vEh

PrROOF. Let ¢§<°§) = ®uehPy,s,v- First we claim that for goo = (go)oecx € G(F ®q R),

o =0

(4.21) Mays((go0, [ } o= ] quﬁkqa(gawaas;?([c

v=0€X



NON-VANISHING OF HECKE L-VALUES MODULO p 17

Indeed, if k& > 2, then ([.21)) follows from (#.3) together with the finiteness of L®®)(—1,x ), while if there
exists some place v[§, then we find (4.21)) in view of (4.11)) immediately. If x4 = 7ic/7|| o and [ splits in K,
then k = 1 and x is ramified at v|Dy 7. By (4.8), we find that

o)/l €
Mo (¢ |l = [ wtscnaleco £ 77 el

so (4.21]) follows from the fact that

L1990, 7/ 7) = L0, 7)) (1 — 71/ (1)) = 0.

This proves the claim. In addition, we have ¢§§§)({C J) = 0 since ¢,,,s is supported in the big cell.

Therefore, we derive the g-expansion of E from (4.1) and (4.4).
We study the p-integrality of ag(E”,c). It is well known that x takes value in a number field. By the

inspection of formulas in (£.7)), (£.10), (4.12), Lemma [1.1] (4.17), we find that
Cy
H Wﬁ((ﬁx,swa 1 )|s:0 €0

v{poo

for some finite extension O of Of (). Since x is unramified at p, we have ag (IEZ, 0)=0if 5 O®Z, by (4.7).
Note that v(x*(w,)) =1 — k and v'(x*(w,)) = 0 if v|p and v’ # v. Thus if 8 € O ® Z,, then

IDrlr Nz /q(B) ! [ Wa(by.sm Dls=o
vlp

=Nz/B)" " [[(+x" (@) + -+ x"(@,)"?) - |Dx|g" [DFlq, € O.

vlp

O

The following proposition is directly deduced from the construction of the section ¢, s and the description
of Hecke action (2.6). The details are omitted

Proposition 4.8. Set D¢ := II  KX. Under the assumptions in Proposition we have
’UlQ:fD)C/]:
(1) E% is an U[—eigen}{orm in My(Ko(l), 0) with the eigenvalue X7 ' (w),
_ 1
(2) Exllr] = x~ (r)Ey for r € De,
(3) Bl (zn(ta)) = x(a)EL (2,(1)) for a € DeAZU,.

4.5. For ¢ € a and an integer n, let
1 0 n

07 = —
" 27Ti( +

01, 2iy, )

be the Maass-Shimura’s differential operator. Put
01o7 1= 0f 0y, 0+ 0f 4o 00F and & = [ o5
oceXy
Then the weight raising differential operator V7 in §4.3.2|is the representation theoretic avatar of §;7 in

virtue of the following identity:

1
o = ———VE.
k (—8m)= T

We thus have

1 FE(]CE—FH)

(4.22) OREY = (—4m)r Te(kY)

n.h.
El,
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5. EVALUATION OF EISENSTEIN SERIES AT CM POINTS

5.1. Period integral. Let &, := E" be the p-adic avatar of E as in (2.5). Let {6(0)},.5 be the Dwork-
Katz p-adic differential operators on p-adic modular forms introduced in [Kat78 Cor.(2.6.25)] and let 6" =
[T,c5(0(0))" . We consider the Hida’s measure ¥ := @gr¢ attached to the Ui-eigenform %€, € V(Ko (1), Z,)
as in . Let v be a character on Cl,,. We have

(5.1) / vdey = x4 (w)" Z 0%y (xn, (8)) XV ().
Cloo [tlnECL,
Let (260,9p) € (CX)EX(ZZ)E be the complex and p-adic CM periods of (K, X) introduced in [HT93, (4.4
a,b) p.211] (cf. (Q,¢) in [Kat78, (5.1.46), (5.1.48)]). From [Kat78 (2.4.6), (2.6.8), (2.6.33)] we can deduce the
following important identity:
1 . (2mi)k&+2n
QkZT2n (07 Ex (1)) = QF>+2n

Therefore, it follows from (4.22)) and (| . ) that

(5.2) CSFER (2a(1) (t € (AR,

. N (2,”7/ k2+2/<a
PR S CE e D (o)
(5 3) ° [t]neCln
’ 7T 5 (kX + 2k) B ()™
_ n, . B t).
X+ (1) [Drlg Im(9)" . QkZ+2e Z xv(t)

[t] n€CI,

Here we choose t € (A(]['[J)c)X for a set of representatives [t],, € Cl,, (so X(t) = x(t))-

We shall relate (5.3)) to certain period integral of Eisenstein series. First we fix the choices of measures. For
each finite place v of _7-' let d*z, be the normalized Haar measure on K¢ so that vol(R),d*z,) = 1 and let
d*t, = d*z,/d*z, be the quotient measure on K} /F*. If v is archimedean, let d*¢, be the Haar measure
on KX /F) = C*/R* normalized so that vol(C*/R*,d*t,) = 1. Let d*t = [[ d*t, be a Haar measure
on AZ /A% and let d*¢ be the quotient measure of d*¢ on K*AZ\AE by the counting measure on £*. We
define the period integral of E;‘h' by

(B )= [ N S CCERIOTES
F

Then the last term in (|5.3)) can be expressed as the following period integral
' , 1
S B (s (t) = — I ().

i e, vol(U ,, d*t)

The rest of this section is devoted to the calculation of ;C(E;"h', v). For brevity, we write ¢, for ¢, s, if v € h
and for P in (4.5) if v = 0 € a. The first step is to decompose Z;C(E;"h',v) into a product of local

k,ko,S8,0

integrals lxc, (¢, V), where
e o) = [ oupOS ),
Since p : F*\K* — B(F)\G(F) is a bijection, we find that

I (B2 v) = Ealp(t)s™, ¢t ) xv(t)d* =0
KX AR\AL

:/ 2 i (o)) xw(8)d* E =0
KHXARNAL 1eG(F)/BF)

AZ\AL

= / S (p(t)s )X (t)dt]
= H/IC /]_—>< (n)) (tv)dxt'[}|$:0 = Hl}cv(¢v,y)|s:0
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Write E for K, and F for F,. In what follows, we suppress v from the notation and proceed to calculate
the local integral I (¢, V).

5.2. v € S° or v|§F°. In this case, § = fo, s is the Godement section associated to the Bruhat-Schwartz
function ®@,, defined in §4.3.4] We have

s (6,v) = /E o PO

:/ XV(t)Itl%dXt/ , (0, 2)p(t)e)x+ () a7 d*a
EX /FX FX

_ / / w(tz) [tz &, (0, 1)p(te)e)d” td* o
ExJFx JFx

= [ () 2l @(0, Vo))
:Zigxl/, dg),
where @ is defined by
@5(2) = B,((0, Dp(2)o).

Suppose v € S°. By definition, ®, = Ip, g0, and hence @i = g, is the characteristic function of R,. It is
clear that

Z<S7XV7 q)E) = L(S7XV)

Suppose v|FF is a split prime. We write E = Fegz @ Fe,, and ¥ = —Y,e5 + Ype, with w|F as in
Then by definition,

B2l = (0,000 |V 2 )= pnle)pul-50) (o= wem e

As 11 €, v = (v, ) is unramified at v. Therefore,

Z(s,xv,Pp) :xw(*ww)/ XwVw () XwVw (1) ow(2) Pw (y) |2y]” d* zd*y
E><

=Xuw(—20w)Z (8, XaVw: Pw) Z (8, XwVws Pw)-
By Tate’s local functional equation, we have
L(s, XwVw) * XwVw(—1)

Z(&wawu@w): J — 'Z(1_87X1;1Vz;1790w)'
6(57waw71/])L(1 - S, X'le'w1>

We find that
Z(s,xv, Pg)|s=0 = L(0,xv) - Les - C5,
where
w(20,) - v (d o)
(5.4) Le =[] B0 x; v )" and O = [ Xel20w) v (dre)

0, Xw,
e e €(0, Xw» ¥)

Note that Cz € Z: .

5.3. v is archimedean or v|Dx,z€ . Note that v is trivial on £* if v is inert or ramified because v is a
character of Gal(K .. /K). If v| D, 73, by the very definition of ¢ = ¢, ,, in (4.13)), we find that

lE(¢>V) = /EX/F>< ¢(p(t)§v)XV(t)dXt

1 "'U|Q:7,

= vol(E* /F*,d*t) -
vl ) {L(s,xv) SRR
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If v = oloo and ¢ = ¢P" s defined in (4.5), then

k,k,s,0

" Imo(v¥
o= [ attoton [0 e
EX [FX
= vol(C* /R*,d*t).
5.4. v=1I. A direct computation shows that
(n) _ —bdrw 1| * * _
pt)s = plz +y61) [a[dﬂw? o = |zdrora; yo| =TTV

We thus find that

p(t)s™ € B(F)YWN(0}) < te FX(1+wm6,0)).
Let R, = R, ®o O;. Then R;[ = O0*(1+ @'0,0y). Let 7w : EX — E*/F* be the quotient map. Thus we
have

s, = [ ol i

(@) [ o T 07 = () vl (A, 7).
Ex JFx

5.5. Evaluation formula. We summarize our local calculations in the following proposition.

Proposition 5.1. Suppose that either of the conditions (1-3) in Proposition holds. Then we have the
following evaluation formula:

1 / Jor 7T s (kX 4 x)LM (0, xv) 2" LsCy
I/ P .

QESF2 ' oL Px = QFZ 2w VDA g (m )~
where 1 is the number of prime factors of Dy, r.

Proor. We note that

1
S° B (o)D) (t) = — e I (B )
X e
[tln€CL, vol(U ,,, d*1)
1
——— A
vol(U,,, d*1) H o (Dx.0.0: 0)ls=0
= LU0, xv) - 2" LeCs - X4(@) ™.
The proposition follows from (5.3 immediately. 0

6. NON-VANISHING OF EISENSTEIN SERIES MODULO p

6.1. Throughout this section, we retain the assumptions (uni), and (pl, D;7€) = 1. Let x be a
Hecke character of * and take & to be a split prime q as in We remark that an auxiliary split prime
q is introduced to assure the assumption (2) in Proposition so the L-value in the evaluation formula
Proposition has an extra local factor Ly = L(1, Xglul;l)*l. However, this is harmless to (N'V) property
since the closed subgroup generated by associated Frobenious Frobg in Gal(K; /) is non-trivial, and hence
the set {v € X; | L(1, vy'xg") ™t = 0(mod m)} is a proper closed subset of X; .

To establish (N'V) property for (x,[), by Hida’s non-vanishing criterion of a p-adic measure associated
to eigenforms (Theorem and the evaluation formula of our Eisenstein measure dy¥ (Proposition , it

suffices to show the non-vanishing modulo p of some Fourier coefficient of (§%€,)* = 9”8;} at some cusp
(O, ¢(a)~).
Lemma 6.1. Put (E?)? =% - E"|[r]. Then we have
h\R _ al h
(Ex)™ = #A%e - EL.

PrROOF. It can be shown that A, is generated by ramified primes, so R can chosen from elements in
Hle)C/]-" K. The lemma follows form Proposition (2). O
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Remark 6.2. Since SZ? is the p-adic avatar of (]EZ)R and #A,g is a power of 2, from the above lemma and
the following identity (cf. [HT93] (1.23)])
ag(0"€y,c) = Brag(EL, ),
we conclude that (N'V) property for (x,[) holds if the following hypothesis (H') is verified:
(H')  For every u € O and a positive integer r, there exist 8 € Og;) and ¢ = c(a) such that 8 = u (mod I")
and
ag(IEZ, ¢) # 0 (mod m).

6.2. Let X be the reduction modulo m of the p-adic avatar of x and let X, = X|A;. Let wr : AZ/F* = pp—1

be the Teichmiiller character regarded as a Hecke character of F* via geometrically normalized reciprocity
law. We first treat the case x is not residually self-dual, namely

X4 # Tk Fwr (mod m).
The following proposition is due to Hida [Hid04a].

Proposition 6.3 (Hida). Suppose that x is not residually self-dual. Then (N'V) holds for (x,\) if for every
v|€~ there exists n, € F,° such that

v

(6.1) Ay, (xv) # 0 (mod m).

ProOOF. We have to verify the hypothesis (H') in Remark Given u € Oy and a positive integer r, we
extend 7g- = (1)y)yje- to an idele n = (1,) in A% by taking 7, = 1 for v { [€Dx,;r or v|FF°, n = v and

Ny = w, ! as in {1.19) if v|R’. Let b~ := [Tge- qMs, My = max {v4(€7),v4(€7) — vq(n,)} and put
U= {@m,xf) e RV Y% (0 ®22)* | 25 =1 (mod D,C/f[%—)}.

Let ¢ = c(a) and ¢ be the associated idele as in Proposition 4.7 and consider the idele class [cn~!] :== F*en~1U
in A%. For each idele a € O ®z Z in the class [cn~!] such that each local component a, = 1 at v|pDic /€L,
we can write a = fen~lu for B € OXp and u € U, and from the explicit formula of ag (E';(, ¢) (Proposition

combined with Lemma (@7, [@.10) and (£.12)), we find that

1— X*(wv)v(a“)—H
aB(EZ, ¢)=Cs - H ” X+ (cy), where
veSe 1- X (wv)
6.2) Cs =|D7lg"  Nrjq(8)F - ]_£X+(6)<Pw(6) D7 - lel 7, - E/xlm = D5 .
x I An O) - [PF 5, 00 (=271 08).
v|€—

By our choices of n and a, Cg # 0 (mod m).

Suppose that ag(EL,¢) = 0 (mod m) for all § € Oé)) such that 8 = u(mod I"). In particular, for every
uniformizer w, € [cn~!] at v { pc€€°Dyc,r, we deduce from that x*(w,) = X,wx (@y) = —1 (mod m)
Moreover, the argument in [Hid04al, p.780| shows that +w}1 is a quadratic character of level U and takes
value —1 on [cn~!]. Moving ¢ = ¢(a) among prime-to-pC Dy /7 ideals a of R, we conclude that X+w;1 =
T/ (mod m), which is a contradiction. O

Lemma 6.4. Let v|€~ and w be the place of K above v. Suppose that p,(x,) = 0. Then there exists n, € F
such that

A, (xv) # 0 (mod m).
Moreover, if v is inert and Xo|zx = T, /7, then n, can be further chosen so that v(n,) = —w(€™).

PROOF. First we make some observations. Notation is as in We let F = F, and E = K,. Let
w = w, be a uniformizer of F' and @ = 6,. Recall that u,(x,) = inf,cpx vp,(xu(x) — 1), so the assumption
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tp(Xv) = 0 is equivalent to x|gx # 1 (mod m). Since Ag(x) = wo(tﬂ)gg(x), it is equivalent to showing the
lemma for Ag(x). For an integer m and a € F', we put

em(a) = /O X a4+ @™z + 0)dx.

v

By (4.17)), for n € w0} and every sufficiently large positive integer M (depending on m) we have
A00=[ ek o))

w-MQ,
Thus for each a € F we find that

~ °(_na _ 1 " " o v
/w—mOff Ay (X)¥° (—na)dn /w_Movx (z + 0)d / ¥° (n( ))dn

w—mOx
(6.3) _ -1 m _ -1 m—1
= X (a+ @z 4+ 0)dx X (a+@" x4+ 0)dx
O, O,

=cp(a) — cm-1(a).

Now we prove the first assertion by contradiction. Suppose that /Nln(x) = 0(mod m) for all n € F*.
The equation implies that for every a € F, ¢p,(a) (mod m) is a constant independent of m. Taking a
sufficiently large mg, we find that ¢,,(a) = cm,(a) = x '(a + 8) (mod m) for every integer m and a € F.
On the other hand, it is clear that ¢,,(a) = ¢;n(a’) whenever a,a’ € w™O,,, so we conclude that the function
a+— x t(a+80) (mod m) is the constant function x~1(8) on F', and hence x(1+af) = 1 (mod m) for all a € F.
This implies that x, = 1 (mod m), which is a contradiction.

We proceed to prove the second assertion. Suppose that v is inert and x,|r = 7g/p. Note that in this

case fip(xy) = 0 is equivalent to Xv|o§ # 1(mod m). Let m = w(€™) > 1. If /In(x) = 0(mod m) for all
n € w0, then it follows from that

X a4+ 8) =cnla) = cp_1(0) (mod m) for a € @™ 10,.
Therefore, a — x~!(a + 0) (mod m) is the constant function x~!(6) on @™ 10,, and hence x(1 + af) =

1 (mod m) for all @ € @™ 10,. If m = w(€~) > 1, this is impossible, and if m = 1, this contradicts to the
assumption that X|(9§ # 1 (mod m). O

The following corollary is an immediate consequence of Proposition [6.3] and Lemma [6.4] which gives a
partial generalization of Hida's theorem.

Corollary 6.5. Suppose that the following conditions hold:

(L) 1ip(x0) = 0 for cvery vle—,
(N) x is not residually self-dual.

Then (N'V) holds for (x,1).

6.3. We consider the self-dual case. First we recall the following lemma on local root numbers of self-dual
characters.

Lemma 6.6 (Prop. 3.7 [MSQ0]). Let x be a self-dual character, i.e. X|ar = Tc)F||a,- Then
(1) Wixy) = £x;,(20).
(2) If v is split, W (x;) = x;(29).

(3) If v is inert, W(x%) = (—1)20) vy (29) (¢(R) = D}1(219D,E}]_.)).

*

Proposition 6.7. Let x be a self-dual character of the global root number W(x*) = +1 (x* = XH;i)

Suppose that | splits in K and that there exists n, € FX for each v|€~ such that
(i) Ay, (xv) Z 0(mod m),
(i) W) 7(ne) = x5 (20).

Then (N'V) holds for (x,1).

PROOF. We need to verify the hypothesis (H') in Remark Given u € Oy and a positive integer r, we
extend (7)), to an idele n = (n,) in A% such that
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e ny=umod [" and 1, = 1 for every split prime v # [,
o W(x;)mc/7(nw) = x;(20) for every v|h.
By Lemma 6.6} this is possible since [ splits in K. On the other hand, it is well known that W (x%) = i?#= 1 =
X5 (9) since x%(z2) = ER (£)fe for 0 € X (cf. [Tat79, p.13]). From the assumption on the global root number
W(x*) =1L, W(x;) = 1, we deduce that
[Twee) =11 ).
veh vEh

This implies that 7, 7(n) = 1, so we can write

n=pNg,r(a), B € Fi,a € Ag.

Moreover by the approximation theorem, the idele a can be further chosen so that a = 1mod p¢"&" for any
sufficiently large N. Note that

W),/ 7,(B) = WOG) e 7 () = x3(29).
For every sufficiently small €, we have thus constructed § € F N OE; 359) such that

e S=wu(mod ["),
o |B—nu|z, <eforall v|p&ee,
o Wx)x:(B) = x:(20) for all v € h.

Here we let € be sufficiently small so that Ag(x,) = A,, (xv) for v|€". Recall that v(c¢(R)) = 0 for v|p€ee
by our choice of ¥. By Lemma (3), we find that v(8) = v(c¢(R)) (mod 2) for every inert place v { €. It
follows that there exists a fractional a of R such that

IT 4 = B)e(RNe 2@ = (B)e(a).

qle-
Define c € A% ; as follows: ¢, = B~Lif vt pleee, ¢, = 1 if v|p€€e. Then ilx(c) = c(a) by the choice of 3 and
¢(a). From Proposition (@7, (@.10), (£.12) and (£.18), we find that the 5-th Fourier coefficient ag(E”, c)
of E’; at the cusp (O, ¢ 1) is given by

1 c
h _ . I I W v
aﬁ(]EXVC) _|D_F|R ﬁ(QSX,S,’Ua [ 1:|)S—O

vEh

=[1xw® - I 4s(x0) - D52, v° (=27 1 ).

w|F v|e-
It is clear that the non-vanishing of ag(E”, ¢) (mod m) is equivalent to
Ag(xv) = Ay, (xv) #Z 0 (mod m) for every v|€™. O
Now we are ready to prove our main result.

Theorem 6.8. Suppose that | splits in KC. Let x be a self-dual Hecke character such that

(L) pp(xo) = 0 for every v]e™,
(R) The global root number W (x*) =1,
(C) R is square-free.

Then (N'V) holds for (x, ).

ProOOF. It suffices to verify that for each v|€~ there exists n, € F,¢ which satisfies (i) and (ii) in Propo-

v

sition For v|R, we take 1, € F, such that W(x;) = 7x/#(1,)x;(29). Note that the assumption (C)

v

implies that v { 2. By Proposition (3) we find that
An, () =0 (=26, dr,) + X527 )W (X)) - xo(—271dR") [w]?
=05 () + X ()Xo (=27 ") |w]? (20 = dF,,)
=2 (9)xo(—2dpY) [w]? # 0 (mod m).
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For v|J, we choose 7, to be as in Lemma so Ay, (Xv) #Z 0 (mod m) and

v(m) = w(€7) = alx;) + v(e(R)).

It follows from Lemma [6.6] (3) that W (x}) = 7ic/7(1:) X} (20). O
Remark 6.9. We give a few remarks on Theorem

(1)
(2)

[Fin06)]
[Hid04al
[Hid04b]
[Hid07]

[Hid10]
[Hsill]

[Hsi14]
[HT3|
[JL70]
[Kat78]
[Kot92]
[MS00]
[Roh8&2]
[SCGA64]
[Shios]

[Tat79]

The assumption (C) has been removed in view of [Hsil4, Prop. 6.3].

Let x1 be a self-dual character and v be a finite order character such that v has prime-to-p conductor
and v = 1 (mod m). As pointed out by the referee, one can prove Theorem for x := x1v, keeping
(L) and (C) but replacing (R) by the condition (Rm): W(x*) = 1 (mod m), which implies the condition
(R) for x1. Indeed, as v must have square-free conductor, (C) holds for 1, and (L) obviously holds for
x1 as well. Thus x; satisfies the hypothese in Theorem[6.8] and for every u € Oy and r, we can choose
B € F, as in the proof of Proposition 6.7 such that ag(E” ,¢) # 0 (mod m). By the condition (L) the
supports of the conductors of x and x; only differ by split primes, we find that ag (EQ, ¢) #Z 0 (mod m).
From the expression of Ag(x) in (£.17), it is not difficult to deduce that if 11,(x.) > 0 for some place
v|€~, then Ag(xv) = 0(mod m) for all 5 € F1, and hence E’; = 0 (mod m) by g-expansion principle
(¢f. [Hsildl Prop.6.2] for the self-dual case). In addition, in the self-dual case, we can deduce from
|[Hsildl Lemma 6.1] that if W(x*) = —1, then ag(E’;, ¢) =0 for all 8. It follows that IE]Z|c =0.

The assumption that [ splits in K is only used in Proposition to assure the local root number
W(x;) for all u € O and r satisfies certain epsilon dichotomy W(x{ )7k, /7 (1,) = x{(20) whenever
7y = w(mod ["). This is false for nonsplit I. For example, when [ is inert, this dichotomy holds
precisely when v((n,) = vi(c(R)) (mod 2). To treat nonsplit [, it seems that one has to refine Theorem
3.2 in [Hid04a] (at least when [ has degree one over Q).
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