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A new approach to the Lennard-Jones potential and a new
model: PNP-steric equations

Tai-Chia Lin *and Bob Eisenberg

Abstract

A class of approximate Lennard-Jones (LJ) potentials with a small parameter is found
whose Fourier transforms have a simple asymptotic behavior as the parameter goes to zero.
When the LJ potential is replaced by the approximate LJ potential, the total energy functional
becomes simple and exactly the same as replacing the LJ potential by a delta function. Such
a simple energy functional can be used to derive the Poisson-Nernst-Planck equations with
steric effects (PNP-steric equations), a new mathematical model for the LJ interaction in
ionic solutions. Using formal asymptotic analysis, stability and instability conditions for the
1D PNP-steric equations with the Dirichlet boundary conditions for one anionic and cationic
species are expressed by the valences, diffusion constants, ionic radii and coupling constants.
This is the first step to study the dynamics of solutions of the PNP-steric equations.

1 Introduction

The Lennard-Jones (LJ) potential, a well-known mathematical model for the interaction be-
tween a pair of ions, has important applications in many fields of biology, chemistry and physics
(cf. [46]). Such a capable model can be represented by

Cl 02 d

\I/(l‘):ﬁ—{r? fOI' T:|x‘>07 xGR,
where C1,Cy are positive constants related to finite ion size, and d < 3 is the spatial dimension
(cf. [36]). The inverse twelfth-power term is the repulsive term of ¥ and the inverse sixth-power
term is the attractive term of W. The LJ potential ¥ can be extended to an [ — m LJ potential

given as follows:
C;  Cs
ml’m(x):ﬁ_ﬁ for r=|z|>0, xcR?,

where [ and m are any positive constants with m > [ > d. All the mathematical arguments of the
LJ potential ¥ here can easily be generalized to the [ —m LJ potential for m > 1 > d, C; > 0, and
Cy > 0.

To compute the energy of ions interacting by the LJ potential, the following energy functional
is considered:

Bufecc)= [ Wa—pe@e ) oy, (11)

for nonnegative functions ¢; and ¢; which denote the distribution (concentration) functions of the
ith and jth ion species (cf. [29]). Similar energy functionals for Coulomb interactions can be found
in [9]. Note that the energy functional Ey ; is for two ion species if i # j, but for only one ion
species if ¢ = j. Because the LJ potential ¥ is singular at the origin, the functional Fp; is a
singular integral defined by

o—0

Erjlci,cj] = lim //Rdxﬂ{d Uy, (x —y) ¢ (x) ¢ (y) dedy, (1.2)
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for ¢;,¢c; € Lf_ (Rd) = {f e L? (Rd)  f> O}, where X, = X0 (2) is the characteristic function of
the exterior ball {z € R?: |z| > o}. In [16, 17, 18, 28], the energy functional E; with Co = 0 is
used, but here both Cy = 0 and C5 > 0 are considered.

Conventionally, the system of Poisson-Nernst-Planck (PNP) equations, a model of ion transport,
plays a crucial role in the study of many physical and biological phenomena (cf. [2, 3, 6, 7, 10, 12, 14,
15, 30, 32, 40, 41, 42, 45, 48, 52, 53, 59, 60]). However, when ions are crowded in a narrow channel,
the PNP equations become unreliable because the ion-size effect becomes important, but the PNP
equations represent ions as point particles without size (cf. [1, 4, 8, 11, 18, 21, 22, 26, 33, 37, 38,
50, 51, 56, 58, 61]). Hence the PNP equations need to be modified in order to describe solutions
where the ion-size effect is important. Biological solutions are mixtures containing divalents in
which ion size effects are always important (cf. [17, 19, 20]).

To modify the PNP equations, many efforts have been made to combine the energy functional
of the PNP equations with the other exclusion terms which may come from liquid state theory
and density functional theory [5, 23, 34, 38, 40, 47]. Being related to liquid state theory, the
Lennard-Jones (LJ) potential is often used as an approximate model of the van der Waals force
(cf. [29, 46]). However, it seems that no one had ever used the LJ potential to modify the PNP
equations before the pioneering works of Eisenberg and Liu who derived the PNP equations with
size effects i.e. equations (2.6)-(2.8) by combining the repulsive term of the LJ potential and the
energy functional of the PNP equations (cf. [16, 28]).

Equations (2.6)-(2.8) importantly generalize the PNP equations and numerically simulate the
selectivity of ion channels which can not be obtained by solving the PNP equations alone (cf. [62,
63, 64, 65, 66]). Nevertheless, due to imposing the LJ potential, equations (2.6)-(2.8) become a
complicated system of differential-integral equations having no numerical efficiency (cf. [17, 28])
and allowing no theoretical result either. The goal of this paper is to approximate the LJ potential
and simplify equations (2.6)-(2.8) into the PNP-steric equations, a new mathematical model for
the LJ interaction in ionic solutions. Instead of singular integrals of equations (2.6)-(2.8), the PNP-
steric equations are composed of the PNP equations and nonlinear differential terms with coupling
constants. Numerical simulations of the PNP-steric equations are presented in [25], which shows
the numerical efficiency to simulate the selectivity of ion channels previously studied in Monte
Carlo simulations with results comparable to a wide range of experiments.

The main difficulty of numerical simulation of the PNP-steric equations is how to choose cou-
pling constants suitably. This motivates us to study a simple case (one anion and one cation
species) of the PNP-steric equations with the Dirichlet boundary conditions using suitable asymp-
totic expansions to see the effect of coupling constants g;;’s. The formal asymptotic analysis gives
the stability and instability conditions represented by g;;’s which can be regarded as the first step
in a series of analyses. (see Section 4 and 5). More theoretical results will be done soon which may
be useful for the choice of coupling constants in order to do further numerical simulations on ion
channels.

This paper has two major parts: one is the approximation of the LJ potential using band-limited
functions and the other is the stability and instability conditions for the PNP-steric equations with
the Dirichlet boundary conditions using asymptotic expansions. The approximate LJ potentials
are introduced in Section 2.1 and the detailed mathematical arguments are stated in Section 3.
The PNP-steric equations are derived in Section 2.2 and the stability and instability conditions for
the PNP-steric equations are proved in Section 4 and 5, respectively.

2 Preliminaries

2.1 The approach to Lennard-Jones potential

Because the LJ potential ¥ does not have a Fourier transform, it is difficult to study the
energy functional Ey; directly. When the spatial frequency variable £ is bounded, the Fourier
transform Wy, (£) tends to infinity as o goes to zero, but by the Riemann-Lebesgue Lemma,

lim \ITE, (&) =0 for all o > 0. Hence the asymptotic behavior of the Fourier transform \IT)Z; €3

€[00

is dominated at bounded spatial frequencies and negligible at high spatial frequencies. This gives
a reason to cut off high spatial frequencies in order to see the asymptotic behavior of the Fourier
transform Uy, (£). From a physical and biological point of view, it seems obvious that particularly



small spatial features cannot be used by evolution to produce biological function and so should
be absent in analysis. The high spatial frequency cut-off function ¢, is a band-limited function
defined by

Yo () = (1= X0 (€)", (2.1)

for z, ¢ € R, where v denotes the inverse Fourier transform. Obviously,

el =1-x©@={ o i fS0 22)

for ¢ € R%, where hat denotes the Fourier transform, 0 < v < 1 is a constant independent of o
and €.

Generically, band-limited functions can handle spatial information locally in frequency domains
and play important roles in Fourier analysis of mathematics and have many applications to en-
gineering, physics and statistics (cf. [31, 35, 55]). Physically, it is obvious that the band-limited
approximation is reasonable if not inevitable. After all, derivations of PNP replace Maxwell’s
equations with Poisson’s equation, and neglect ’capacitance to ground’ (capacitive coupling be-
tween ionic solutions and nearby ground planes) always present in experiments. These and many
other effects at high frequencies are better attenuated to zero than approximated irrationally (i.e.,
without known error bounds) as they are in treatments with unlimited bandwidth. Here a new ap-
proach to the LJ potential ¥ uses the spatially band-limited function ¢, to define the approximate
potential ¥ as follows:

U,(2) = (Uxo) *po(z) for zeRY, (2.3)

where the asterisk is the standard convolution, ¢, is the spatially band-limited function defined in
(2.1) and x, is the characteristic function of the exterior ball {z € R? : |z| > o}. Note that y, (2)
and 1 — x,—- (§) are the characteristic functions of {z € R?: |z| > ¢} and {{ e R?: |¢| <077},
respectively, and both of them extend to the entire space R? as the small parameter o goes to zero.
As o goes to zero, xo ~ 1,1 — xo—+ ~ 1, and

U, (€)= Uxo () F5 (6) = Uy () [1 — Xon ()] ~ T (€) .

which implies ¥, ~ ¥. Hence formally,

/ ¢ (2) (Yo xcj) (x) da ~ / ¢ (2) (¥ *c¢j) (z) de = Ery e, cj)
Rd ]Rd
This shows how we approximate the energy functional Ep ;.

The approximate energy functional Ey, ;. is defined by

Buadlenel= [ Wn@-ne@ e t)dudy = [ @) @, « o) @)

As o goes to zero, the functional Er ;, tends to the functional Ey ; if the following hypothesis
holds:
(1) D [ fo Txo (€)1~ o O EOG O — fou T (OFEOG(E)de] = 0.

o—0+

(see Proposition 3.1). Here the meaning of ‘approximate’ is different from that of conventional
approximation theory. Note that the characteristic function 1—y,-~ truncates the high frequencies
|€| > 077, but still preserves the spatial frequencies of order |[¢| ~ ¢~ (for all 0 < 6 < ) tending

to infinity as o goes to zero. By standard theorems of Fourier analysis (cf. [54]), the functional
EL ;o satisfies Epj, [ci;\cj] = Joa G (&) Wo xc; (§)dE = [pa G (€) Uo (€) & (€) d€ On the other hand,
(2.2) and (2.3) imply ¥, () ~ C1 7245 09712 as o goes to zero, where wy is the surface area of d
dimensional unit ball (see the proof of Proposition 3.2). Hence

W

Erjolci,ci] ~ d—12/ /; ~ _ Wd d—12/ ; ] )
Lo [Ciy ] ~ Cy T Rdc (&)¢; (&) dE = Ch 2—a° Rdc (x)e; (z) dz

This shows that the functional Ey, s, is asymptotically close to another functional E 7,0 as follows:

ELJ7O' [Ci,Cj] ~ ENVLJ’O— [Ci, Cj] = Cl So— /d C; (iL‘)Cj (.’E) dm, (24)
R



where S, = 5% 09712 Thus the functional F, J,o can be regarded as an approximate energy

functional to Fp ;. Note that the constant Cy comes from the repulsive term of the LJ potential,
but the constant Cy (for the attractive term of the LJ potential) does not affect the leading term

of the asymptotic behavior of \f/; This may support the work of [16, 17, 18, 28] which only use
the repulsive term of the LJ potential to describe ionic interactions. However, the effects of the
attractive terms remain to be investigated. They may have been selected by evolution to produce
qualitative behavior of importance to biology. Note that the functional Er J,0 is much simpler than
the functional Er,; and it can be expressed as

ELJ,O’ ¢, Cj] = // C1 S5 00 (x —y)ci () Cj (y) dzdy
R4 x R4

being the same as replacing the LJ potential ¥ by a delta function C1.5,6g in the energy functional
Ery, where 6o(-) is the standard delta function concentrating at the origin. Such a simple energy
functional Fr 5, can be used to derive the PNP-steric equations as a new model of ionic solutions.

2.2 PNP-steric equations

The Poisson-Nernst-Planck (PNP) equations consist of the Nernst-Planck equations coupled
with the Poisson equation being expressed as follows:

Bci — Di . . 6Epnp ; A
ot = woT Y (szigci , t=1,--- N,

N
-V (5V¢) = Po -+ Z Zi€C; ,
i=1

where Fp,, is the energy functional of the PNP equations given by

N N
Epnpler, - en, @) = [pa [kBT Zlci logc; + % (po + leieci> ¢] dx

1= 1=
Here N is the number of ion species, ¢; is the distribution function, D; is the diffusion constant,
and z; is the valence of the ith ion species, respectively. Besides, ¢ is the electrostatic potential,
e is the dielectric constant, po is the permanent (fixed) charge density of the system, kp is the
Boltzmann constant, 7" is the absolute temperature and e is the elementary charge. More precisely,
the PNP equations are denoted as

% = DiV- (Ve + 25eV0), =1, N,
. (2.5)
-V (quS) =po+ Z Zi€C;

=1
To include the hard sphere repulsion of ions, the energy functional F,,, is modified by adding
N
the energy functional ) Epj[c;,c;] with the constants Cp = %eij (a; + aj)'? and Cy = 0, where
ij=1
¢; and ¢; are the distribution (concentration) functions of the ith and jth ion species with the radii
a; and a;, respectively. Then the modified energy functional E,,;,, becomes

N N

1
Erpnpler, -+ ,en, ) ::/ (kBT E ciloge; + 2 (po + Zziea) (b) dx

“ =1 i=1
N 12
1 E : €j(a; + aj)

2 ———ci () ¢j (y) dwdy,

+2 //]RdX]Rd ‘m_y|12 C (I)C] (y) xay

ij=1

Using energy variational analysis (cf. [16, 28]), the modified PNP equations are the following
equations

dc; __ D; . 9 Empnp S 1
5 = kBTV (czvi&i , 1=1, , N,



i.e.
dc;
act+v-Ji=0, i=1,---,N, (2.6)
coupled with the Poisson equation
N
—V - (eVe) = po + Z z;ec; (2.7)
i=1
where flux J; is
D;c; D; Dic; e” a; + aj 12
Ji=—-D;V¢; — kBTziquS - Z y ¢ (y)dy. (2.8)

However, equations (2.6)-(2.8) are difficult to investigate theoretically because they are partial
differential-integral equations with singular integrals. Moreover, due to the effect of high (Fourier)
frequencies, the numerical computations of equations (2.6)-(2.8) may lose accuracy and become
inefficient (cf. [28]).

Instead of equations (2.6)-(2.8), a simple model can be derived by replacing the energy func-

v ),
tional Y Epr;[ci, ¢;] (with C1 = Je;5(ai+a;)'? and Cy = 0) by the approximate energy functional
ig=1
S 1
Z Erjelcicj] = 36 (a; + aj)IQSg /d ¢ (x)cj (x) da
Q=1 R

defined in (2.4). Then the energy functional E,,,,, can be approximated by

E,lc1, -+ ,en, @) = /]Rd (kBTZCz logc; + (po +Zzleci> )

i=1
| X
+ 3 Z €ij(a; + aj)lea/ ¢ (x) ¢j (x)dx,
2 i,j=1 R4

which is much simpler than the energy functional E,pyp. Using energy variational analysis (cf. [16
28]), a new model called the PNP-steric equations is expressed by

dci . _D; IE, S 1 ..
at — ksT (Clvéc,',)’ i=1--,N,

ie.
3ci
o J = 2.
o +V.-J, =0, (2.9)
coupled with the Poisson equation
N
-V - (eVe) = po + Z zi€ec; (2.10)
i=1
where flux J; is
chi D; iCi
Ji=—DiVe; = =7 zeVo — S, Ze” a; +a;)Ve; . (2.11)

Here the symmetry €;; = €;; has been assumed for notation convenience. The PNP-steric equations
are of convection-diffusion type with the following energy dissipation law:

d D;c;
%Ea[cla"' ,CN, /]Rdz |v kBTIOng"‘Zze(b"i_Mz)‘ da



N

where p; = Z ELJO— [cj, ekl = S D €j(a; + aj)12cj is the chemical potential. On the other

=1 j=1

hand, the PNP sterlc equations have more nonlinear differential terms than the PNP equations

so they can simulate the selectivity of ion channels efficiently (cf. [25]). Note that the selectivity

of ion channels can not be found by using the PNP equations. This shows that the PNP-steric

equations are more capable than the PNP equations and much simpler than equations (2.6)-(2.8).

For the case of two species ions (i.e. N = 2) with one anionic and cationic species, the index

j =1,2is replaced by j = n, p for notation convenience and the PNP-steric equations (2.9)-(2.11)
are presented as

8 n n Y

en =D, |V-|Ve, + “n¢ Vo | + 55V - (gnncnVen + gnpenVep) | (2.12)

ot kT

0 _

% =D, {V . (ch p Tch(;S) + 55V - (gppcpVep + gnpchcn)] , (2.13)
=V - (V) =po + znecy, + zpec,, (2.14)

for x € R4, ¢t > 0, where the function ¢, is for anion concentration, cp is for cation concentration,
S, = kBLTSJ, Gnp = €12(a1 + a~2)127 gnn = €11(2a1)*? and g,, = €22(2a2)'?. Due to the spatial
dimension d < 3, the constant S, ~ 09712 becomes a large quantity tending to infinity as o goes
to zero. Let & = 58T, 6=1/S,, 7 =1/, p(x,7) = o ®(@,t) and ¢j(z, 7) = ¢j(, ) for j =n,p.
Then the equations (2 12)-(2.14) are transformed into

1 0¢, 5 L~ R I
D or =5V - (Vcn + znch(JS) + V  (gnn€nVén + gnptnVép) , (2.15)
1 o¢ ~ . L~ . S
D—pa—: =0V - (ch + zpch¢) + V- (9pppVép + gnpCpVeén) , (2.16)
—~V - (EV@) =po + 2nCn + 2pCp (2.17)

for z € R%, 7 > 0, where pg = 2. Note that 80’ =4t % for j = n,p, and 7 ~ 1 is equivalent to

t~d=1 / S, being a small tnne scale. For notation convenience, removing tilde and replacing 7
by t, the equations (2.15)-(2.17) become

1 Oec,

D, ot =0V - (Ven, + 20,en V) + V - (guncnVen + gnpenVep) (2.18)
10
D—% =0V - (Vep + 2,V ) + V- (gpppVep + gnpcpVen) (2.19)
P
=V - (eV®) =po + zncn + 2pcp (2.20)

for z € R%, ¢ > 0.
Instead of the entire space R?, here the spatial domain is considered as an one-dimensional
(d = 1) interval (—1, 1), and then the equations (2.18)-(2.20) are changed as the following equations:

1 dc, 0 ey, oo} dey, Ocp

— T “n < f ~1,1

D ot 68;5 (ax+zncna )+8 (gnncna +gnpcnam>7 orx € (—1,1),t>0,

1 Oc a (0c ¢ 0 Jc acy,

Dpatp:éax(ap—i— g >+3 (gppcpa —i—gnppa ) forz e (-1,1),t >0,
2

—e-— =p0 + ZnCn + ZpCp, forx € (—-1,1),t>0.

Oz?



Setting € = 1 and py = 0, these equations become

1
1 Ocp =§— o (Bcn + zpC n8¢> +8 <g,mcna —l—gnpcnac ) , forze(-1,1),t>0,
x

D, 0Ot Ox \ 0 Ox Or Ox
(2.21)
1 Oc 0 (0c 0¢ Jc dcy,
D, ot o <ap R ) o (g”p g Iy ) o free L0,
p
(2.22)
¢
—om =2nCn + ZpCp forx € (-1,1),t >0,
X
(2.23)

where ¢ is a small parameter tending to zero. For simplicity, we consider the following Dirichlet
boundary conditions:

cn:—%, cp:%, ¢=DBs as x=1,
(2.24)
cn:—%, cp:%, ¢=By as x=-1,
where By, k = 1,---,4 are constants. Here we only focus on the equations (2.21)-(2.23) with the

boundary condition (2.24) but not (2.18)-(2.20) on the entire space. Using the formal asymptotic
analysis, we may get the stability and instability conditions of the equations (2.21)-(2.23) with the
boundary condition (2.24) which show the effect of coupling constants g;;’s.
To see the solution of the equations (2.21)-(2.23), the following asymptotic expansions are used:
Cn = Cn,O + 5Cn,1 + 520n,2 + - )
cp =Cpot+0cp1+ 5201772 +oey
¢ =do+0¢1 +0hy + -

Then the zeroth order solution (¢, 0, ¢p,0, Po) satisfies

1 Oc,o 0 Jcn.o Ocp.0
LMo 2 0 2.2
D, ot Oz (gnncno Oz + GnpCn,0 Oz ) s ( 5)
1 dcpo O dcp o dcn o
D, o o (gwcpﬁa T Iw0 g, ) | (2:26)
9*¢o
Tz - Anln0 T Zpp0, (2.27)

for z € (—1,1) and ¢t > 0. As g, = 0, both (2.25) and (2.26) become the standard porous medium
equations (cf. [57]) hence for g,, # 0, the equations (2.25) and (2.26) can be regarded as a coupled
system of porous medium equations.

The steady state equations of (2.25) and (2.26) are denoted as

(2.28)

(gnncn,OC/n,O + gnpcn,OC;;,O)/ (l‘) 0,
0, (2.29)

!
(gppcp,OC;,o + GnpCp.0Ch o) ()

for x € (—1,1), where a prime mark (/) is denoted as differentiation to the spatial variable z.
Electroneutrality (which means the charge of anions is equal to that of cations) holds in most
biological systems (cf. [67]). A particular assumption called pointwise electroneutrality which
means the charge of anions is everywhere equal to that of cations appears in the zeroth order
equation [24] as a pleasingly natural physical approximation. To find solutions of (2.28)-(2.29)
with pointwise electroneutrality, it is natural to assume that ¢, o and ¢, o have the following form

cno() = zpw(x), cpolx) =—zpw(z) for =ze(-1,1), (2.30)

so the total charge of ¢, 0 and ¢, becomes zero i.e. z, ¢, 0(x) + 2p cpo(x) = 0 for € (—1,1).
Note that z, and z, are the associated valences, the charge on an individual ion. To solve the



equations (2.28) and (2.29), the function w = w(x) must satisfy (w 2)N( ) =0 for xz € (—1,1),

and hence w = w(z) = VK7 + Ko, where Ky and K are constants determined by the Dirichlet
boundary conditions as follows:

—zZncno(l) =2pcpo(l) =B1, —zncno(—1)=2pcpo(—1) =By, (2.31)

and By and Bs are the positive constants for the Dirichlet boundary conditions in (2.24). Because
w(r) = VKix + Ko for x € [—1,1], then by (2.30) and (2.31), it is obvious that /K; + Ko =
w(l) = _lep and VKo — K; = w(—1) = — o

B} — B3 B} + B3
177 gnd Kg= 412
222 22 an 0 222 22

Ky =

Hence

V(B} — B3)z + Bf + B3
\/§|Zn Zp|

being non-constant if By # Bs. Combining (2.27) and (2.30), the electric potential ¢g satisfies the
following equation:

w(z) = >0 for xze[-1,1], (2.32)

—¢g(x) =0 for ze(-1,1). (2.33)
The equation (2.33) is a standard differential equation solved as follows:
¢po(x) =apr+by for =ze(-1,1), (2.34)

where ap and by are constants determined by the boundary conditions of ¢¢ given in (2.24). The
first order solution (cn.1,¢p1,¢1) = (cn1(x,t), cpa(z,t), p1(x,t)) satisfies

1 8Cn)1 o 0 80,,)0 8(;50 0 8(0»@)0 Cn,l) 601770 acp)
D, ot oz < or 0y ) T ag |9 ar 9w Tap T 0y,
(2.35)
1 acpyl . 8 8cp,0 8¢0 8 8(0,,,0 Cp)l) acnyo aCn 1
D, ot oz ( or TP ) T |9 ar 9w\ T Pt T
(2 36)
0%¢,
T ogz | el + 2pCp,1 s (2.37)
for x € (—1,1),t > 0. By (2.30), the equations (2.35) and (2.36) become
1 Ocpa ;0 O(wen,1) dcpa
Fn It = Zp (wl + an¢£)) + % |:gnnzpax + Gnp _an/cn,l + ZpWw 62‘ ’ (238)
1 Ocpa ;0 Awepn) Ocn, 1
D—p 812 = —z, (W' + zwey) + 31 [zngppaxp + Gnp | 2pw'cp1 — 2w 50 . (2.39)

for x € (—1,1),¢t > 0.

Let ¥ = zpcn1 + 2pCp1 and @ = —2pCp 1 + 2pCp1 1€ Cpp = i(w —¢)and ¢,1 = i@# + ).
Then after some algebraic calculations, the equations (2.38) and (2.39) can be transformed into
the equations for ¥ and ¢ as follows:

% = (Dn = Dy) zn2p 0" (2) + 2n2p (D 20 = Dy 2) [w(w) ¢ () (2.40)
= DT (6150 L @] + 5 ) {wugﬂ ,
and
%f == (Du + Dp) 2n2p w" (&) = 2n2p (D 20 + Dp 2) [w() 85 () (2.41)

+ (Gnp + 9)

2lw(z - ~ - -
W -|-(dnp—d)2 w ﬁ [w(x)&q ,



where gy, dnp, § and d are constants defined as follows:

Gnp = %gnp (Dpzp — Dpzn)
an = %gnp (Dpr + Dnzn) 5
(2.42)
g = % (Dnngnn - Dpzngpp) ,

S
I

% (Dnzpgnn + Dpzngpp) -

The equations (2.40) and (2.41) depend on valences z;, diffusion constants D; and coefficients
gij ~ (a; +a;)*? (i, j = n,p) related to ionic radii. In particular, these equations can represent the
difference between NaCl, KCI and CaCls.

For notational convenience, the equations (2.40) and (2.41) can be expressed as

(4 fi (4
% = + ( é” é” ) : (2.43)
f 21 Lo 0
where f; and fo are external force functions given by
f1(x) = (D = Dp) 2nzp 0" () + 2n2p (D 20 — Dy 2p) [w() ()], (2.44)
fo(x) = — (Dn + Dp) 2n2pw" (x) = 2n2p (Dn 20 + Dy 2p) [w(x)¢6(m)]' ) (2.45)
and L;;,7,j = 1,2 are differential operators defined by
a9 __ .0 0
L = @+ )y W@+ - gy [0 52 (2.46)
;5 0%w()y]
LlQQO = (dnp — d)T 5 (247)
~ ~Jd ., ~ ~ 0 0
Lowp = (dnp— d)% W' (z)y] — (dnp + d)% [w(x)(;f;} , (2.48)
82
g = (G +p 204 o)

When § > §pp, the asymptotic stability of system (2.43) (i.e. the equations (2.40) and (2.41))
is proved in Corollary 4.2 (see Section 4). Thus the equations (2.38) and (2.39) have asymptotic
stability if the condition g > g, holds. However, if g,n = gpp = gnp = 0, then system (2.43)
becomes 1), = f1 and ¢y = fp which imply (v, ¢) = (Yo + tf1, @0 + tf2) for t > 0, where 19 = 9|,_,
and o = ¢|,_, are initial conditions of ¢» and ¢, respectively. Hence the asymptotic stability of
system (2.43) is gone. This shows that the effect of coupling constants g;;’s changes the asymptotic
stability of system (2.43).

Note that the operator < Lin Lz > = < L 0 > becomes diagonal if dnp —d =

Ly Lo 0 Lo "

dpp+d=0ie.d,, =d=0. By (2.42), the condition d,,, = d = 0 is equivalent to Dpz,+ Dy, =0
and Dy, 2pGnn + Dpzngpp = 0 being fulfilled if D, = D,,, 2z, = —2, and gnn = gpp. In Section 5, the
case of Dy =D, =D >0, 2z, = —2z, = 2 > 0 and gpn = gpp = g > 0 (i.e. symmetry electrolytes)
is considered in order to get the instability condition g < gp,.

3 The approximate LJ potential

In this section, we study the approximation of the functional Ey ; defined in (1.2) and written as
follows:

o—0

Buslency) =t [[ (e~ e) ol (0= ) s (@) 5 () dandy, (3.1)
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for ¢;,c; € Lﬁ_ (Rd) = {f e L? (Rd) > 0}. Here W15(2) = C |2|712 is the repulsion term and
U6(2) = Co |2|7% is the attraction term of the LJ potential, and x, = X, (2) is the characteristic
function of the exterior ball {z eRY: 2] > a} satisfying

1 if |z| >0,

Xo(2) =
0 if |z| <o

The main idea here is to approximate \Il/m;(é“ ) (m = 6,12) the Fourier transform of the kernel

U, Xs by m@a (¢) in the frequency space, where hat denotes Fourier transform and ¢, is a
band-limited function satisfying

Po(6) =1—x,-(§) for E€R”. (3.2)
Here 1 — x,-~ is defined by

1 if ¢ <o,

17X<7*7(€):
0 if |¢{>077,

where o > 0 is a small parameter tending to zero, and 0 < 7 < 1 is a constant independent of £
and . Note that 1 — x,-~ denotes the characteristic function of the ball {¢ € R : |¢| < 077}
expanding the entire space R? as o goes to zero.

By the standard formulas of Fourier analysis, it is obvious that

o — o —

Vi Xo (§) @0 (§) = [(Vinxo) * pol(§) 5 (3.3)

for ¢ € R%, where the asterisk denotes convolution. The approximate kernel of ¥,, is given as
follows:
Kimo(2) = (UmXo) % 0o(2) for zeRY, m=6,12, (3.4)

and the approximate energy functional Ey, ;. given by
Erjolci,c) = // (Ki2,6 — Ko,0) (x — y)ci(2)c;(y)dady, (3.5)
R4 xR

for ¢;,¢; € L% (R?). By standard theorems of Fourier analysis (cf. [54]), it is easy to check that
the functions ¥, x, and ¢, are of L2(R?) N L>(R%) which implies K,, , € L?(R%) N L>(R?). The
following proposition is for the approximation of Er ;. to Er ;.

Proposition 3.1. Assume c;,c; € Li(Rd) satisfy the following hypothesis:
() m | foa Do) [L = X0 O GG — fra Txo (9 (5()de] =0,
where 0 < v < 1 is a constant independent of o and §. Then

Jm ABLyq (e ¢j] = Erslei ¢} = 0. (3.6)

Note that the hypothesis (H) is achievable at least for functions ¢;’s satisfying ¢;(§) = 0 for
|¢] > o7 and i = 1,---, N, which means all the high frequencies of ¢;’s have been cut off. Due
to the strong singularity of ¥, \17)?0(5) has no asymptotic behavior like the right side of (3.12) as
o goes to zero, especially for |[¢| ~ 071 (see Remark 3.3). This motivates us to replace \17)27(5) by
\IT)Z,(E) [1 — xo-~(&)] which is a kind of truncation on the £ variable and has a simple asymptotic
formula (3.12). The truncation may lose the effect of high frequencies || > 77 (0 < v < 1), but
still involve a large part of the steric effects because it keeps the effect of frequencies like || ~ o7¢
for 0 < a <  tending to infinity as o goes to zero. Please note that the main goal of our works is
to simplify the model of Liu and Eisenberg [16, 28]. Here we present a simplified model which is
easy to study and useful to understand the selectivity of ion channels [25].
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For the proof of Proposition 3.1, we use Fourier transform to calculate the integral

//MW Ui Xo (|2 — yl) ci(@) c;(y) dady,

and get
//RdXRd\I'mXo(|x—y\)ci(m) () dody = /R (Toro) # 05] (2) cx(z)da
- [ [ *cj} (©)a(e)d
- [ T @@ e,
ie. /AdXRdmeU(|x—yl)ci( dzdyff U, X0 (6)G(€)E (€)dE . (3.7)

On the other hand, (3.2)-(3.4) may give

// Koo (2 — y)es(z)e; (y) dady = / T (©) [ — xo - (©1EOG(©de.  (3.8)
R4 xR R

Here Parseval’s formula and convolution theorem to Fourier transform (cf. [39]) have been used
because ¢;,c; € L2 (R?). Thus the hypothesis (H), (3.7) and (3.8) imply that

i, [ I et pe@edsds = [[ o= yhetore s dy} —0, (39)

and K, » can be regarded as an approximation of the kernel ¥, for m = 6,12. Combining (3.1),
(3.5), and (3.9), it is obvious that

lim (ELJO- —ELJ)

o—0+

_ lim [// Kol = )ei(wes ) dody — [ [ |x—y|>cz<>-<y>dxdy]
e 612 o0+ Ré x R4 R xRd

=0,

so (3.6) holds and the proof of Proposition 3.1 is complete.
As o goes to zero, the asymptotic behavior of the functional Ey,;, is stated as follows:

Proposition 3.2. Under the same hypotheses of Proposition 3.1,

Erje i cj) =C —— 12 d o712 (1 4 0,(1)) /Rd ¢ (z) ¢ (z) dz, (3.10)

where wq is the surface area of d dimensional unit ball and 0,(1) is a small quantity tending to
zero as o goes to zero.
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Proof. Using the definition of the Fourier transform, the function m(&) 1 —xo-+(§)] can be
expressed by

—

VinXo(§) [1 = Xo= ()] = am/l N exp{v/'—1z - x|~ dz [1 = xo- (6)]

for m = 6,12, where a,,, = Cy if m =125 o, = C3 if m = 6. Let E=07¢and Z = 0 7z. Then
|€] < 077 is equivalent to €| < 1; || > o is equivalent to |Z| > o077, Besides, |z|™™ = o =™ |z|™™,
dr = 0¥d# and hence

—

VinXo(§) [1 = Xo-+(O)] = am [1 = X0 (&) / exp{V/~1z - £}|z|""da

|z|>0

=y ol [1 “ (g)] / exp{vV—1% - £}|3|"™d7
|Z|>ct—>
Note that 0 < v < 1, 1 — y1 (g) —0if €] > 1, and 1 — xy (5) = 1if || < 1. Then

1= ()] /i|> L eplVoTE G = e T (Lo, (1) (311)

i.e.

TinX 0 () [1 =X o+ (8)] = 7245 097 (L + 0 ,4(1)), (3.12)
where wq is the surface area of d dimensional unit ball and o,(1) is a small quantity tending to
zero as o goes to zero. Thus (3.8), (3.12) and Parseval’s formula to Fourier transform (cf. [39])
imply

// Kooz — p)ei(@)e;(y) dedy = am =245 0% (14 0,(1)) / GH€)G(€)de
R4 xRd

Rd

= Qg o™ (14 0,(1)) / ¢i(x) ¢j(z) de,
Rd

for m = 6,12. Therefore, the proof of (3.10) is complete. O

Remark 3.3. Supposey = 1. Then the asymptotic behaviors (3.11) may fail. Hence the condition
0 <y <1 can not be generalized to v = 1.

Combining Proposition 3.1, (3.6) and (3.10), we have the following obvious theorem:

Theorem 3.4. Under the same hypotheses of Proposition 3.1, the energy functional Er; satisfies

Epjlci,c] = C17240" 2 (1 + 0,(1)) /Rd ci(z) ¢j(z) dz, (3.13)

as o goes to zero, where wy is the surface area of d dimensional unit ball and o,(1) is a small
quantity tending to zero as o goes to zero.

4  Stability conditions

Let (1, ¢) be a smooth solution of the system (2.43) with the zero Dirichlet boundary condition
Y = ¢ = 0 at * = £1. Note that the function ¢y is a smooth function. We take the L2-inner

product of (2.43) and ( :ﬁ ), and then we may use (2.46)-(2.49) and integration by parts to get

d 1

| (WP +¢?) de=T+11+1I1, (4.1)
-1
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where ¢ = %}’ P = %i, ()e = %, and
1
I = / (fid + f29) do, (4.2)
—1
1 1 1
II - 7(5_7 + gn[)) [1 w’(x)wd}?" dI - (g - gnp) [1 Uﬂ/ﬁ dI - (§np + §) [1 (’wgp)w O dgg7
- . ort ~ ! i o
= 7(dnp - d) / (TUQD);C e dz — (d"p o d) / w/(x)'l/)QDx dx + (dnp + d) / Wy pz d .
_1 4 »

Using integration by parts and the zero Dirichlet boundary conditions ¢ = 0 at x = +1, it is
obvious that

1 1 1
/_1 w'(z)Pr), dr = /_1 %wl(x) (v?), do = —% /_1 W' (z)y? dz

Similarly, due to ¢ =0 at z = +1,

1 1
1
/ w'(z)pp, dr = **/ w” (x)” da
1 2/
and then

1 1 1
/ (wcp)xcpxdz:/ w\gpz|2da§+/ w'(z) o, do

-1 1 -1
1 1 /1
:/ w\goz|2dx—f/ w” (z)p? da .
. 2/,

Hence I1 becomes

1 1 1
wyp? da + i(g + Gnp) / w' (z)y? dx (4.3)
1 —1

1 1
_ _ 1
G +7) [ [ wierar-1 | u//(x)@wx] .

-1

1= ~(g-g.,)

By (2.32), the solution w satisfies

(B} — B3)z + B} + B}

B> w(x) = >b>0 for xe[-1,1], (4.4)
V2|20 2|
and w”(z) < 0 for x € (—1,1), where b = % and B = %’;‘m} are positive constants.
Suppose § > Gnp- Then (4.3) and (4.4) imply
1 1
1< -Ug=gm) [ [0aPdo—bgay+9) [ leaf da, (45)
-1 -1

Here we have used the fact that g and g, are positive constants. By the Holder inequality, it is
obvious that

1 1/2

I1<Cy [/ (v? + %) dx] : (4.6)
—1

where C is a positive constant depending on f; and fs. On the other hand, both ¢ and ¢ satisfy

the Sobolev inequalities

1 1
/ 2 dx < Oy / | |* daz (4.7)
-1 -1

and

1 1
/ g02 dr < Cq / \gpz|2dx, (4.8)
1 1
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where C5 is a positive constant independent of ¢ and . Hence by (4.4), (4.7), (4.8) and the Holder
inequality, we get

1
1

11T < (Idyp) + 1)) 03/_ (192 + lpal?) da, (4.9)

where Cj is a positive constant independent of d, CZ,L,,, 1 and ¢. Suppose both |d~\ and |an\ are
sufficiently small such that (\an| + \cﬂ) C3 < b(g — Gnp). Then (4.5) and (4.9) give

1
IT+1II< —9/ ([2] + |@al?) de, (4.10)
-1

where § = b(g— Gnp) — (|an| + |J|) (3 is a positive constant. Consequently, (4.7), (4.8) and (4.10)

imply
1

II+IIT < —6, / (¥ + ¢?) dz, (4.11)
-1
1
where 0y = C% is a positive constant. Let M (t) = / (w2 + 502) dzx for t > 0. Then combining

-1
(4.1), (4.6) and (4.11), we have
dd—]fgClvaﬁoM for ¢t>0. (4.12)

Notice that as M > (Cy/8,)°, the right side of (4.12) becomes negative and 4M < 0. This implies
that sup,.q M(t) < oo and the result can be summarized as follows:

Theorem 4.1. Let (¢, @) be a smooth solution of the system (2.43) with the zero Dirichlet boundary

condition ¢ = ¢ = 0 at x = 1. Suppose § > Gnp, where both § and G,p are defined in (2.42).

Assume both |d| and |d,,| are sufficiently small such that <|an| + |c§|) C3 < b(§ — Gnp), where b
1

and Cs are given in (4.4) and (4.9), respectively. Then the function M(t) = / (wQ + g02) dz is
-1

uniformly bounded int > 0 i.e. sup,.o M(t) < oc.

Now we want to show that the condition § > gy, gives the asymptotic stability of the solution
of the system (2.43) with the zero Dirichlet boundary condition ¢ = ¢ = 0 at = £1. Here the
asymptotic stability means that sup,.q || z2 + [[¢llzz < oo and [|¢ — YeolL2 + | — Peollzz — 0
as t — 0o, whenever (1, ) is a (weak) solution of the system (2.43) with the zero Dirichlet
boundary condition ) = ¢ = 0 at x = £1 and various initial conditions (¢, ¢)|t=0 = (o, ¥0),
where (Yoo, Poo) 18 the steady state of the system (2.43) satisfying

(Ln L12> (¢m)_<fl)
Lo1 Lo Vo) \—f2)

Note that the uniform boundedness of ||¢)[|z2 + [[¢[|z2 has been obtained by Theorem 4.1. To get
the asymptotic stability, it is sufficient to show that [|t) — Yoo|lz2 + [l — ¢oollLz — 0 as t — oc.
Let U =% — 9o and ® = p — poo, where (¥, @) is the solution of the system (2.43) with the zero
Dirichlet boundary condition 1) = ¢ = 0 at = £1 and the initial condition (¢, ¢)|i=0 = (o, o).
Then (2.43) implies that (¥, ®) satisfies

v v
9 _ Ly Lo (4.13)
ot La1 Lo ’ '

P 0]

with the zero Dirichlet boundary condition ¥ = ® = 0 at x = +1 and the initial condition
(U, ®)]t=0 = (W0, P0) , Vo=%0— Yoo, Po=¥0— ¥oo-
Then as for (4.12), we may use (4.13) i.e. (2.43) with f; = fo =0 to derive

%S—QOM for t>0,
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where M = f_ll U2 + @2 dz. Consequently, M(t) < M(0)e=%? for + > 0, and then M(t) — 0
as t — oo. This shows the asymptotic stability of the solution of the system (2.43) with the zero
Dirichlet boundary condition 1 = ¢ = 0 at = £1. Therefore, we may conclude that

Corollary 4.2. Suppose § > Gnp, where both § and Gn, are defined in (2.42). Assume both |d|
and |dpy| are sufficiently small such that <|dnp| + |CZ\) C3 < b(g — Gnp), where b and C3 are given

in (4.4) and (4.9), respectively. Then the system (2.43) with the zero Dirichlet boundary condition
becomes asymptotically stable.

5 Instability conditions

Assume z, = —z, = z > 0 (i.e. symmetry electrolytes), D,, = D, = D > 0 and gnn = gpp =
g > 0. Then the coefficients gy, dnp, § and d (defined in (2.42)) become

gnp = DZgnpa
g=Dzyg, (5.1)
dpp=d=0

Hence the conditions of Corollary 4.2 can be fulfilled and the system (2.43) with the zero Dirichlet
boundary condition becomes asymptotically stable if g > gy, holds. Nevertheless, one may not
know whether the opposite condition g < g, changes the stability or not. In the rest of the
section, it is proved that under the condition g < gyp, the system (2.43) with the zero Dirichlet
boundary condition becomes unstable for some specific initial data. Instability is of great interest
because it may be related to the spontaneous gating phenomena seen whenever currents through
single ion channels are measured [13, 43, 44, 49].
By (2.34), the electric potential ¢y has the following simple form:

po(x) =apx+by for xe€(-1,1), (5.2)
where ag and by are constants. By (5.1), the system (2.43) can be transformed into
a <¢> _ <223D(w¢0’)/> . (zD (9+ Gup) 7= (W) + 2D (g = gup) 75 (w?ﬁ))
- 2 " 2 )
ot \¢ 2z°Dw +D (g—i—gnp)%(w(p)

and also may be decomposed into two independent equations as follows:

L0 222(wsy) D )t g — gug) 2 (w2
Dar = 27 o) + (94 gnp) 5o (W) + (9= 9np) 5 (w5 ) s (5.3)
and ) -
1o, ra
Dot = 220" 4+ (g + gnp) 922 (wy) , (5.4)

for x € (—1,1) and ¢ > 0. Note that both (5.3) and (5.4) are non-homogeneous parabolic partial
differential equations. To simplify the form of (5.3), let

G, t) = e "Dp(at)  de Pla,t) = " P(x,t), (5.5)
for x € (—1,1) and ¢t > 0, where h(z) = aplnw(z) and oy = ;’i%z > 0 because gnp > g > 0. Note

that w(xz) > 0 for x € (—1,1) so the function h is well-defined. Moreover, because the function w
has positive upper and lower bounds defined in (4.4), the function e"(*) = w(z)® also has positive
upper and lower bounds as follows:

0<By <e"® < By, for ze(-1,1), (5.6)
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where By and Bs are positive constants. Thus by(5.5) and o = % > 0, the equation (5.3) can
np
be transformed into

1,00 0 o
D ehﬁ =222 (wep) + (g — gnp)% (wehax> for ze(-1,1),t£>0. (5.7)
Note that h = aglnw implies wh' = agw’.
The equation (5.7) also can be written as
1 hal; 2 /\/ 7
— h 2 =9 —9)L .
D € ot 22 (wey) + (gnp — 9) L), (5.8)
where L is a linear differential operator defined by
Lu=—2 (wer ) for w= (z) € H*((—1,1)) N Hy((—1,1)) (5.9)
u=——(we'— or u=u(z , o ,1)). .

It is obvious that the operator L is self-adjoint. Because w is a positive function, then integration

by parts gives
1 1
d d
/ uLud:z::f/ U— <wehu>d:c
1 _1 dzx dx

1 2
d
:/ weh(u) dr >0
1 dx
for u 2 0 and u € H?((—1,1)) N H}((—1,1)), and hence the operator L is positive. To solve the
equation (5.8), the following weighted eigenvalue problem is considered:

L¢ = Xe"¢ in (=1,1),
(5.10)
((£1)=0

where ) is the eigenvalue and ( is the corresponding eigenfunction. Because the operator L is self-
adjoint and positive, it is well-known that the eigenvalue problem (5.10) has eigenvalues {\;}52,
and the associated eigenfunctions {(;}72, such that

O< A <A< A<,

and {¢;}52, forms an orthonormal basis of the following weighted L? function space defined by

W= {c € L*((-1,1)): /1 @ 2 (z)dx < oo} :

-1
and the inner product given as follows:
1
(o) = [ O f@g@)de o fgew. (5.11)
-1
The principal eigenvalue A; is defined by the minimization problem

Al = min {/_11 w(z) ") (' (2))* da : ¢ € Hy((=1,1)) ,/1

-1

@) 2 (x) dx = 1} ,
and the other eigenvalues A\;,7 = 2,3,--- are determined by

{ JH w(@)eh@ (¢ (@) de < ¢ € HY((—1,1)),  [1, @) (2)de = 1, }
(LG k=11 f°

A; = min

where ¢ L ¢ means the orthogonality of the inner product (-,-) defined by (5.11). Consequently,

¢ L ¢ if and only if (¢, () = f_ll e"(¢ydx = 0. Because w and e are positive and smooth
functions, these eigenvalues \;’s are positive and the associated eigenfunctions ¢;’s are well-defined.
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To solve the equation (5.7) being same as the equation (5.8), Galerkin’s method is used by
setting the solution ¢ with the following form:

bz, t) = Z a;(t) ¢(z)

where (; is the jth eigenfunction of the operator L with the associated eigenvalues {); } 2 1 satis-
fying the weighted eigenvalue problem (5.10). Then

i da] (t) CJ (37) _ 2228—h(m) (’LU¢)0/)/(JI gnp Z A CJ (512)

Fix j € N arbitrarily. Taking the inner product (defined in (5.11)) of (5.12) and (;, the equation
of a; is obtained as follows:
1 da;
ETZ(t) =fi+ (gnp — 9)Aj a;(t) for t>0, (5.13)
where f;’s are constants given by

fi = (2227 (wp)', ) - (5.14)

Note that {(;}52, is orthonormal to the inner product (5.11). Moreover, the Schwartz inequality
can be applied to (5.14) and implies

Ifi] < 222 efh(quo’)/ || = 222 e h/2 (quOI)I

13 EKQ, (515)

where K5 is a positive constant independent of j, and the norm || - || comes from the inner product
(-,-) and is defined by [|v|| = (v,v)1/2 = ||e"/?v]| 2 for v € L?((—1,1)). Notice that each (; satisfies
I¢;l = 1. On the other hand, the equation (5.13) can be solved and the explicit form of a; is
obtained as follows:

fj } D( —g)\;t f .
a;i(t) = la;(0) + —TI | e#Plom—oNt _ i g 450, j=1,2,---. (516
i(®) {j() (gnp — 9) Aj (Gnp — 9) N ! (5.16)

Consequently, the solution 7 has the following explicit form:

M =Y {Jaso+ im} Dm0t _ fg)} G, (a7

(gnp (gnP

for x € (—1,1) and ¢t > 0. Moreover, by (5.16), the assumption g,, > g implies that |a;(t)| may
tend to infinity exponentially as ¢ goes to infinity, provided that the initial data a;(0) satisfies

a;(0) + (gnp]iijg)xj # 0. Precisely speaking,

I

lim |a =00 if a;(0)+ —r——
| J( )| J( ) (gnp_g)A]

t—o0 # 0.
Note that each eigenvalue \; is positive. Because t(z,t) = Zjoil a;j(t)¢i(z) and {(;}52, is or-
thonormal to the inner product (-,-) defined in (5.11), then a;(0) = (o, ¢;), where 9y = 9]¢ is
the initial data of ¢. Thus

lim/ wdx—hmzmj(” =oco i (0. () + ( L

+——4 40 for somej €N,
t—00 Gnp — 9) Aj

which implies that

1 1 1
lim / Y2dz = lim e?hip?dx > By? lim e = o0, (5.18)
—1

t—o00 t—o00 1 t—o00 1
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if (o, ¢j) + (gpffjgm # 0 for some j € N. Here (5.5) and (5.6) have been used to derive

1)[}2 — th,&Q Z B121Z;2 .
To solve the equation (5.4), let ¢ (z,t) = w (z) ¢ (x,t) and transform the equation (5.4) into
1 9¢ 0%¢
T — 9w -
zDw 0Ot 2w+ (94 gnp) 0z

As for solving the equation (5.7), we may also apply the Galerkin method by setting ¢(z,t) =

S by () (2) and get
=1

for x € (—-1,1),t > 0. (5.19)

— (ww’ 7?71 2z (ww",m) —2D(g+gnp) it
@ (z,t) )+ {bl ———|m(x)e grgnp)it (5.20)
g+gnp; Z (9 + gnp) tu

for x € (—1,1) and t > 0, where y; and 7, are the Ith eigenvalue and eigenfunction of the following
weighted eigenvalue problem:

-’ (x) = w’(;)n(x) for x € (—1,1),

(5.21)
n(£l) =0,

As for the weighted eigenvalue problem (5.10), the problem (5.21) also has positive eigenvalues
{m};2, and eigenfunctions {n;}7°; such that 0 < 3 < pg < --- and {n;};°; forms an orthonormal
basis of the following function space

H—{77€L2(1,1):/1 ! nz(x)dx<oo}

_pw(x)

with the inner product (-,-) defined by

|
(u,v) = /_1 mu(m)v(m)dm for w,ve H. (5.22)

Furthermore, each (ug, ;) satisfies

for x € (—1,1),
m(£1) =0, 1=1,2,3,---.

=
—
|
=
&
=
—
=

(ww”,m )

o0
For the convergence of the series *—_

=1
p1 > 0 for I € N are used to derive the following inequalities:

5!

=1

n (z), the Bessel inequality and the fact that p; >

ww’ ,771

72 ww'”, )’ <7llww”H

%51

which implies that the series Z wm is convergent in the space H. Consequently,
=1

2z - (ww”ﬂ?l)
g + gnp =1 22

lim  (2,1) = @) = fo (@) forze(-L1)
— 00

ie. ~

Poo (2)
w (x)

Combining (5.18) and (5.23), the instability of the system (2.43) with the zero Dirichlet boundary
condition is proved. On the other hand, z, = =2, =2 >0, D, =D;, =D >0, gnp < gnn = Gpp =
g also satisfies the condition of Corollary 4.2 which gives the asymptotic stability. Therefore, these
results are summarized as follows:

tlim o (z,t) = for x € (—1,1) . (5.23)
—00

Theorem 5.1. Suppose z, = —z, = 2 >0, D, = Dy, = D > 0 and gnn = gpp = g. Then
the system (2.43) with the zero Dirichlet boundary condition becomes unstable if gnp > g, but
asymptotically stable if gnp < g.



- 19 -

6

Acknowledgements

The research of Lin is supported by NSC grant 100-2115-M-002-007-MY3 of Taiwan and Taida
Institute of Mathematical Sciences (TIMS). The research of Eisenberg is supported by the Bard
Endowed Chair of Rush University. The authors also want to express their particular thanks to
Chun Liu and Tzyy-Leng Horng for many useful discussions.

References

(1]

ABBAS, Z., M. GUNNARSSON, E. AHLBERG, AND S. NORDHOLM, Corrected DebyeHuckel
Theory of Salt Solutions: Size Asymmetry and Effective Diameters. The Journal of Physical
Chemistry B, 2002. 106(6): p. 1403-1420.

V. BARCILON, D.-P. CHEN, R. S. EISENBERG, J. W. JEROME, Qualitative Properties of
Steady-State Poisson-Nernst-Planck Systems: Perturbation and Simulation Study, STAM J.
Appl. Math., 57(3), pp.631-648, 1997.

M. Z. BAazaNT, K. THORNTON, AND A. AJDARI, Diffuse-charge dynamics in electrochemical
systems, Physical Review E, 70, pp.021506-1-24, 2004.

BazanT, M.Z., B.D. STOREY, AND A.A. KORNYSHEV, Double layer in ionic liquids: over-
screening versus crowding. Physical Review Letters, 2011. 106(4): p. 046102.

1. BOrRUKHOV, D. ANDELMAN AND H. ORLAND Steric Effects in FElectrolytes: A Modified
Poisson-Boltzmann Equation., Phys. Rev. Lett. 79, 435 (1997).

F. BrEzz1, L. D. MARINI, S. MICHELETTI, P. PIETRA, R. SACCO, AND S. WANG, Finite el-
ement and finite volume discretizations of Drift-Diffusion type fluid models for semiconductors,
Centre National de la Recherche Scientifique Paris, France, Technical Report, pp.2002-1302,
(2002).

M. BURGER, Inverse problems in ion channel modelling. Inverse Problems 27:083001, (2011).

CHE, J., J. DzuBIELLA, B. LI, AND J.A. McCAMMON, FElectrostatic free energy and its
variations in implicit solvent models. J Phys Chem B, 2008. 112(10): p. 3058-3069.

CHEN, Y.G. AND J.D. WEEKS, Local molecular field theory for effective attractions between
like charged objects in systems with strong Coulomb interactions, PNAS, 2006. 103(20): p.
7560-7565.

CoaLsoN, R. D. AND M. G. KURNIKOVA, Poisson-Nernst-Planck theory approach to the

calculation of current through biological ion channels. IEEE transactions on nanobioscience,
2005. 4:81-93.

DanN, B.-Y., D. ANDELMAN, D. HARRIES, AND R. PODGORNIK, Beyond standard Poisson-

Boltzmann theory: ion-specific interactions in aqueous solutions. Journal of Physics: Con-
densed Matter, 2009. 21(42): p. 424106.

R. EISENBERG, AND D. CHEN, Poisson-Nernst-Planck (PNP) theory of an open ionic channel,
Biophysical J., 64:A22, 1993.

EI1SENBERG, R. S. Atomic Biology, Electrostatics and Ionic Channels. New Developments and
Theoretical Studies of Proteins. R. Elber. Philadelphia, World Scientific. 7: 269-357, (1996).
Published in the Physics ArXiv as arXiv:0807.0715.

B. EISENBERG AND W. Liu, Poisson-Nernst-Planck Systems for Ion Channels with Perma-
nent Charges, STAM J. Math. Anal., 38(6), pp.1932-1966, 2007.

B. EISENBERG, Living Transistors: a Physicist’s View of Ion Channels. Version 2.,
http://arxiv.org/abs/q-bio/0506016v2 , pp.1-24, 2008.



- 90 -

[16]

B. EISENBERG, Y. HYON AND C. L1U Energy variational analysis of ions in water and
channels: Field theory for primitive models of complex ionic fluids., J. Chem. Phys, 133,
104104-1 (2010).

B. EISENBERG, Mass action in ionic solutions, Chemical Physics Letters, 511 (2011) 1-6.

B. E1SENBERG, Crowded Charges in lon Channels, Advances in Chemical Physics, John Wiley
and Sons, Inc., (2011) pp. 77-223.

B. EI1SENBERG, A Leading Role for Mathematics in the Study of Tonic Solutions. SIAM News
(2012) 45:11-12.

B. EISENBERG, Life’s Solutions. A Mathematical Challenge. Available on arXiv as
http://arxiv.org/abs/1207.4737.

FRAENKEL, D., Simplified electrostatic model for the thermodynamic excess potentials of bi-
nary strong electrolyte solutions with size-dissimilar ions. Molecular Physics, 2010. 108(11):
p. 1485 - 1466.

FRAENKEL, D., Monoprotic Mineral Acids Analyzed by the Smaller-Ion Shell Model of Strong
Electrolyte Solutions. The Journal of Physical Chemistry B, 2010. 115(3): p. 557-568.

D. GLLESPIE, W. NONNER AND R.S. EISENBERG, Coupling PoissonVNernstVPlanck and
density functional theory to calculate ion fluz, J. Phys.: Condens. Matter 14 (2002) 12129-
12145.

B. HILLE, Ion Channels of Excitable Membranes 3rd edn Sunderland, MA: Sinauer Associates,
Inc. (2001).

T.L. HorNG, T.C. LiN, C. Liu AND B. EISENBERG, PNP equations with steric effects: a
Model of Ion Flow through Channels, J. Phys Chem B, 2012. 116(37), p. 11422-11441.

HOWwWARD, J.J., J.S. PERKYNS, AND B.M. PETTITT, The behavior of ions near a charged wall-

dependence on ion size, concentration, and surface charge. The journal of physical chemistry.
B, 2010. 114(18): p. 6074-6083.

R.J. HUNTER Foundations of Colloid Science, Oxford University, New York, 1989.

Y. HyoN, B. EISENBERG AND C. Liu A Mathematical model for the hard sphere repulsion
in ionic solutions., Commun. Math. Sci., 9(2), pp.459-475 (2011).

J.N. IsRAELACHVILIIntermolecular and Surface Forces, Academic, London, 1990, 2nd ed.

J. W. JEROME, Analysis of Charge Transport. Mathematical Theory and Approximation of
Semiconductor Models, Springer-Verlag, New York, 1995.

A.J. JERRI The Shannon sampling theory—its various extensions and applications: A tutorial
review, Proceeding of the IEEE, 65 (1977) 1565-1596.

B. JOHANNESSON, Development of a Generalized Version of the Poisson- Nernst-Planck Equa-
tions Using the Hybrid Mixture Theory: Presentation of 2D Numerical Examples. Transport
in Porous Media 85:565-592, (2010).

KALCHER, I., J.C.F. SCcHULZ, AND J. DZUBIELLA, Ion-Specific Ezxcluded-Volume Correla-
tions and Solvation Forces. Physical Review Letters, 2010. 104(9): p. 097802.

M.S. Kiuic, M.Z. BAZANT AND A. AJDARI Steric effects in the dynamics of electrolytes at
large applied voltages. 1. Modified Poisson-Nernst-Planck equations, Phys. Rev. E 75, 021503
(2007).

H. J. LANDAU AND H. O. POLLAK, Prolate spheroidal wave functions, Fourier analysis and
uncertainty IT, Bell System Tech. J., 40:65-84 (1961).



- 21 -

[36]

[37]

[38]

[39]

[40]

J. E. LENNARD-JONES AND A. F. DEVONSHIRE, Critical and Co-Operative Phenomena. I11.
A Theory of Melting and the Structure of Liquids, Proc. R. Soc. Lond. A, 169, 317-338 (1939).

B. L1 Minimization of electrostatic free energy and the Poisson-Boltzmann equation for molec-
ular solvation with implicit solvent., SIAM J. Math. Anal.; 40, pp. 2536-2566 (2009).

B. L1 Continuum electrostatics for ionic solutions with nonuniform ionic sizes., Nonlinearity,

22, pp. 811-833 (2009).

E. H. LiEB AND M. Loss Analysis, 2nd Edit., Amer. Math. Soci., Providence, Rhode Island
(2001).

B. Lu AND Y.C. ZHOU Poisson-Nernst-Planck FEquations for Simulating Biomolecular
Diffusion-Reaction Processes II: Size effects on lonic Distributions and Diffusion-reaction
Rates, Biophysical Journal 100(10): 2475-85.

P. A. MARKOWICH, The Stationary Seminconductor Device FEquations, Springer-Verlag, Vi-
enna, 1986.

P. A. MArRkowICH, C. A. RINGHOFER, AND C. SCHMEISER, Semiconductor Equations,
Springer-Verlag, New York, 1990.

NEHER, E., Ion channels for communication between and within cells Nobel Lecture, December
9, 1991 Nobel Lectures, Physiology or Medicine 1991-1995. N. Ringertz. Singapore, World
Scientific Publishing Co: 10-25, (1997).

NEHER, E. AND B. SAKMANN, ”Single channel currents recorded from the membrane of
denervated muscle fibers.” Nature 260: 799-802, (1976).

J. H. PARK AND J. W. JEROME, Qualitative properties of steady-state Poisson-Nernst-Planck
systems: mathematical study, STAM J. APPL. MATH. Vol.57, No.3, pp.609-630, 1997.

V. A. PARSEGIAN, Van der Waals Forces: A Handbook for Biologists, Chemists, Engineers,
and Physicists, Cambridge University Press (2006).

ROSENFELD, Y., M. ScaMIDT, H. LOWEN, AND P. TARAZONA, Fundamental measure free-
energy density functional for hard spheres: dimensional crossover and freezing, Phys. Rev. E

55:4245-4263.

I. RUBINSTEIN, Electro-Diffusion of Ions (Studies in Applied and Numerical Mathematics),
SIAM, Philadelphia, PA, 1990.

SAKMANN, B. AND E. NEHER, Single Channel Recording. New York, Plenum (1995).

ScHUsS, Z., NADLER, B., AND EISENBERG, R. S., Derivation of PNP equations in bath and
channel from a molecular model, Phys. Rev. E 64 (2-3) 036116 (2001).

B. NADLER, Z. SCHUSS, A. SINGER, AND R.S. EISENBERG, lonic diffusion through confined

geometries: from Langevin equations to partial differential equations, J. Phys.: Condens.
Matter 16 (2004) S2153-S2165.

S. SELBERHERR, Analysis and Simulation of Semiconductor Devices, Springer-Verlag, New
York, 1984.

A. SINGER AND J. NORBURY, A Poisson-Nernst-Planck Model for Biological Ion Chan-
nels?An Asymptotic Analysis in a Three-Dimensional Narrow Funnel, STAM J. Appl. Math.,
70(3), pp.949-968, 2009.

E. STEIN AND G. WEISS Introduction to Fourier Analysis on Fuclidean Spaces, Princeton
University Press (1971).

G.C. TEMES, V. BARCILON AND F.C. MARSHALL, The optimization of bandlimited systems,
Proceedings of the IEEE, 61 (1973) 196-234.



- 9292 -

[56]

[57]
[58]

[63]

[64]

[65]

TORRIE, G.M. AND A. VALLEAU, Electrical Double Layers: 4. Limitations of the Gouy-
Chapman Theory. Journal of Physical Chemistry, 1982. 86: p. 3251-3257.

J.L. VAZQUEZ, The Porous Medium Equation, Oxford University Press Inc., New York, 2007.

VINCZE, J., M. VALISKO, AND D. BoDA, The nonmonotonic concentration dependence of the
mean activity coefficient of electrolytes is a result of a balance between solvation and ion-ion

correlations. J Chem Phys, 2010. 133(15): p. 154507-154506.

WEIL, G.W., Differential Geometry Based Multiscale Models Bul. Math Bio (2010) 72: 1562-
1622.

WEI, G., Q. ZHENG, Z. CHEN, AND K. XiaA, Variational Multiscale Models for Charge
Transport, SIAM Review (2012) 54:699-754.

X1A0, T. AND X. SONG, A molecular Debye-Huckel theory and its applications to electrolyte
solutions. J Chem Phys, 2011. 135(10): p. 104104-104114.

CHEN, D. P., 1997. Nonequilibrium thermodynamics of transports in ion channels. In Progress
of Cell Research: Towards Molecular Biophysics of Ton Channels. M. Sokabe, A. Auerbach,
and F. Sigworth, editors. Elsevier. Amsterdam. 269-277.

CHEN, D., L. Xu, B. EISENBERG, AND G. MEISSNER. 2003. Calcium Ion Permeation through
the Calcium Release Channel (Ryanodine Receptor) of Cardiac Muscle. J Physical Chemistry
107B:9139-9145.

CHEN, D., L. Xu, A. TripATHY, G. MEISSNER, AND R. EISENBERG. 1997. Permeation
through the calcium release channel of cardiac muscle. Biophys. J. 73:1337-1354.

CHEN, D., L. Xu, A. TRIPATHY, G. MEISSNER, AND B. EISENBERG. 1999. Selectivity and
Permeation in Calcium Release Channel of Cardiac Muscle: Alkali Metal Ions. Biophysical
Journal 76:1346-1366.

GILLESPIE, D.; 2008. Energetics of divalent selectivity in a calcium channel: the ryanodine
receptor case study. Biophys J 94:1169-1184.

SINGER, A., Z. SCHUSS, AND R. S. EISENBERG. 2005. Attenuation of the electric potential
and field in disordered systems, Journal of Statistical Physics 119:1397-1418.



