
8. (12%) A terminator (晨昏圈) is a circle that separates the illuminated day side and the dark night side of the Earth.
The terminator curve can be characterized by the function φ = tan−1(cotφ0 · sin θ) on the world map with spherical

coordinates (θ, φ) ∈ [−π, π) ×
[

−π

2
,
π

2

]

, where θ is the modified longitude (經度), φ is the latitude (緯度), and φ0 is

a constant called the declination (赤緯).

Now we focus on the time 4AM, GMT+0, December 2, then cotφ0 =
√
6 and the terminator curve will be

φ = f(θ) = tan−1
(√

6 sin θ
)

.

The curve is shown in Figure 2. The gray part is at night.
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Figure 2: The terminator curve φ = f(θ) = tan−1
(√

6 sin θ
)

at 4AM, GMT+0, December 2.

(a) City P is located at P
(π

4
,
π

3

)

. Find the equation of the tangent line L to the terminator curve at P .

(b) Compute f ′′(θ).

(c) City Q is located at Q

(

π

3
,

(√
3

48
+

1

3

)

π

)

. Does City Q lie above, or on, or below the tangent line L?

(d) Is City Q in the daytime or night-time at 4AM, GMT+0, December 2? Explain your answer.
(You may use the results of (a),(b), and (c).)

(e) Explain that there must be some place with 9-hours daytime on December 2.
(You may observe the regions near the North Pole and South Pole first.)

Solution:

(a)
dφ

dθ
=

√
6 cos θ

1 + 6 sin2 θ
dφ

dθ
|θ=π

4
=

√
3

4

The tangent line L is (φ− π

3
) =

√
3

4
(θ − π

4
) (3 pts)

(b)f ′′(θ) = (

√
6 cos θ

1 + 6 sin2 θ
)′ =

−
√
6 sin θ(1 + 6 sin2 θ)− (

√
6 cos θ)(12 sin θ cos θ)

(1 + 6 sin2 θ)2

=
−
√
6 sin θ − 6

√
6 sin3 θ − 12

√
6 sin θ cos2 θ

(1 + 6 sin2 θ)2
(3 pts)

(c)On L, let θ =
π

3
⇒ φ =

√
3

4
(
π

12
) +

π

3
=

√
3π

48
+

π

3
Thus Q is on L. (1 pts)

(d)Since sin θ > 0 on θ ∈ (0, π) (In particular, θ ∈ [
π

4
,
π

3
]) ⇒ f ′′ < 0 by (b)

f is concave downward in θ ∈ [
π

4
,
π

3
].(必須說明 f 在這區間凹向下) So point Q is at night time. (2 pts)

(e) Since North Pole has 0-hours daytime on December 2, while South Pole has 24-hours of daytime. And the
time of daytime change continuously, there must be a place on the segment joint North Pole and South Pole with
9-hours daytime by Intermediate value Theorem. (3 pts)
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