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1. (12%) Determine whether each of the following series is divergent, conditionally convergent, or absolutely convergent?

o (D" ad i ( 1 ) & !
4% —_— . b) (4 -1 — |- 4 )" .
) @%) & s () (4%) $ (1) sin (© @) 31T
Solution:
(a) To see whether the series is convergent absolutely, we consider i D" = i !
’ Zln(1+lnn)| Zn(l+lnn)
ad 1 1
Now if we use the integral test for ;an, Qy = m with a,, = f(n), f(x) = m, we examine
[Oo dx u=l+lnz f°° dﬂ
1 z(l+Inz) 1w
“duy . aduy o =
Here — = lim — = lim In |u|‘1 = lim Ina-0=oco (REILSES 1 D)
u a— 00 1 u a— 00 a—> 00

Thus, we conclude that series is not absolutely convergent, according to the integral test for series conver-
gence. Note that in order to use the integral test, we need to check the following conditions.

(i) f(=x) is continuous.

Here f(z) =

Lo . . . . 1
, ¢ > 1, which is continuous on its domain [1, c0) since both — and are.
x

z(l+1nz) l+nz

1
(ii) f(«) is positive, since — > 0 and
x l+nz

(iii) f(x) is decreasing, since f'(z) = (x(l-klhlx)

>0 for z € [1, 00).
), = (-1 (z(1+Inz))?-(1+(1+Inz)) <0.

(BERE=BEFHERES 2 D)

Now we use the alternating series test to see whether series is convergent conditionally. That is, we perform
(i) an>0,Yn>1

Here a,, = since n > 1 and 1+1nn > 1, it follows that a, >0

n(1+Inn)’

(ii) aps1 <an Vn 21
1 1

(n+ )(1+In(n+1))  n(l+Inn)

Here a1 = =a, sincen+1>nand In(n+1)>Inn Yn> 1.

(iii) lim a, =0

1
Here lim —————— =0 since lim n(1+1nn) = co.
n—con(1+1nn) n—oo

Thus it is convergent conditionally.
(BERE=BEHMHREE 4 2, HP#E—ENEMDE 1 2)

oo

1 ad 1
(b) To see whether the series is convergent absolutely, we consider 21 (-1)"!sin (E) = lein (E)
n= n=
1 1
Now let a,, = sin(ﬁ) and take b, = ek n>1
(1
sin (-5
Then we consider lim “2 = lim (1”2 =1
n—>o0o n n—oo -

n

Thus by the limit comparison test (5¥: BIEERE M EXEEER the limit comparison test T{ 3 3), we

know that the series Z an converges, because Z by, converges (which is a p-series with p=2> 1), and it is
n=1 n=1

convergent absolutely.(52: FHE®E 4 D)

NOTE: Apply test for alternations series only (43 if it is correct)

(c) By ratio test,

. Gn41 . m(n+1) . T
lim |= lim |[————5—|= lim | ———|=—.
nseol an - noee (p+1)(1+ ) noee (14+)7 e

0
Since — > 1, the original series diverges by ratio test.
e

Grading policy:
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Use ratio test. The student can get this point by just writing down the key word “ratio test”. (1pt)

oil) (1pt)

Attempt to compute the limit lim |
n—o0 an

Compute the limit T correctly. (1pt)
e

T
Use ratio test with — to conclude it diverges. (1pt)
e

Other than the solution above, some other situation may happen. The grader may decide how many partial
credits an answer worth. The following are some guidelines:

e Use other test. Basically, only “Test for divergence”, “Root test” may lead to partial credits. “Integral
test”, “(Limit) Comparison test”, “Alternating series” worth 0 points basically. However, the student
may still written some valuable argument down.

e Use Sterling formula. If the student can state the formula correctly, it is possible to get full credit from
“Test for divergence”, “Root test”, “Limit comparison test”.
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2. (16%) For each of the following power series, find the interval of convergence and the function represented by it.

e}

(a) (8%) X (-

n=1

(b) (8%) io ",

1
1) —(z - 8)™
) (e -8)

(Hint: You can use the fact

n=0
Solution:
—1)»
(a) Let ay, = %(m -8)". Then
n
T [ e A 1\ac—8|
noo| @, | n-co (n+1)8"*1 |z —-8* 8 '

By the ratio test (1%), this series converges absolutely when g\x -8<lorfor0<z<16. (1%)
( 1)" T .
When z = 0, we have Z ~——(-8)" = > = which is divergent by the p-series for p=1. (1%)
n= n=11

-1
When z = 16, we have Z u
n=1 N

n

_1)»
8)" = Z (b which is convergent by the Alternating Series Test. (1%)
n=1 n
Hence, the interval of convergence is (0, 16].

(1%)
Since In(1+ ) = Z( nH"" 17t , (1%)

n=1

ad 1
2 (1) —(x-8)" = Z( " (1%)
= n8n
-8
=-In(1 + 2 ) (1%)
(b) The radius of convergence R =1, since
2
lim — =
noo (n+ 1)
S 2 _

Both x = -1 and x = 1 yield the series Z n“, which diverges since lim n

n=0
the interval of convergence is (-1,1).

Compute by term-by-term differentiation

= oo (or does not exist). Hence

n—o0

1 d
(B (e ROt W
(1 x)2 %nx (2)
1+x d
(1—x>3_dx(<1 x)?) nzlm )
r(lvx) & 5,
W_Eon x". (4)
Thus f(:r):m

Grading Suggestion..
e Get 1/8 by showing the radius of convergence R =1.

Get 1/8 by showing that the series diverges at x = —1.

Get 1/8 by showing that the series diverges at x = 1.

Get 1/8 by showing that the interval of convergence is (-1,1).
Get 1/8 by obtaining each of (1-4).

1
Remark: Students are allowed to obtain (4) by different methods, say by operating the identity (1—)" =
-

o8}

Y n(n-1

n=2

Yz 2. In such cases, the grading TAs can decide the allocation of 3/8 from obtaining (1-3).
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dt.

3. (14%) Let f(x /
(1450) Let 1) = [T
(a) (6%) Write down the Maclaurin series for f(z) and find its radius of convergence.

1
(b) (8%) Approximate f(§) correct to within 0.01.

Solution:

(a)

\ =

1 9 2_°°
V1+t2 =1+ _Z(

flz)= = 2ndt = Z % £2dt = Z % ——2® for [t?] <1 (2 pts)
\/_ = - 2n+1

)t2" for [t?] <1 (2 pt)
n

Radius of convergence is 1. (2 pts)

1

(1) - The binomial series Z ( ) ™ has radius of convergence 1.
n=0

. The integral of the power series still has radius of convergence 1.

1

-3 ;IQ(n+1)+l n+ 1
5 2n+1
(2) By Ratio Test, (n+1)21(n+1i+1 = i . 2n |z|* > |z|* as n - oco.
( 2)2n+1x2n+1 n+ n+3

Hence the power series converges if |z| < 1 and the power series diverges if || > 1. Therefore the radius
of convergence is 1.

L o1 18 1-3~--(2n—1) 1
®) 1 )'Z( )2n+1(2)2 ) nzl 27 . nl(2n + 1) 220+

1 1-3-5-(2n-1) Ly_
Let by = =, by, = forn>1. f(5) =2 (-=1)"bn.
et bg 9 23n+1.n!(2n+1) orm f(2) 7;)( )
(2 pts) « {One1 _ 2041 antl 1y

by 2-(n+l) 2n+3 4
{b,} is decreasing and lim b, =0

n—oo

1 k
(2 pts) « Hence f(i) = > (-1)"by| < bgs1 by the alternating series estimation theorem.
n=0
1-3 3

(2 pts) « With direct computation, we have by = 272 = 1250 <0.01

1 1 11 23
H imat —)byby-b1==-—-==—=— (2 pt
ence we can approxima ef(2) Yy 0o — b1 5 68 43 (2 pts)
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4. (16%) Let S be a toroidal shell (not a solid torus!) obtained by rotating about the z-axis the circle C' in the plane
y =0 of radius a centred at (b,0,0), where 0 <a <b. It can be parametrized by

r(0,a) =((b+acosa)cosf, (b+acosa)sinf, asine) , 0< 0, < 2.

Suppose that the temperature at each point of the surface is proportional to its distance from the plane z =0, i.e.,
the temperature T'(z,y, z) for every point (x,y, z) € S is given by T(z,y, z) = A|z| for some constant A > 0.

i

JoT ds
Jolds

(b) (10%) Find the area of S, A(S). Then evaluate the average temperature of the toroidal shell S which is

(a) (6%) Find the average temperature along the circle C' which is

J<T dS
A(S)

Solution:

Step-by-step solution:

In part (a) we need two things, / T ds and f 1 ds.
c c
First we parametrize C. The circle lies on the toroidal shell and it corresponds to the 6 = 0.

ro(t) =r(0,t) = (b+acost,0,asint) , 0 <t < 2m.

The orientation of C doesn’t matter because we are evaluating scalar line integrals.

Evaluate / 1 ds. (it is the arc length, so we could also just use circumference.)

C
27 2 27
fc1 ds:fo |r'c(t)|dt:f0 V(Casint)2+ 0+ (acost)? dt:fo la| dt = 27a
Evaluate / T ds.
C

/CT ds:fo%T(rc(t)) Il (1)] dt:fo%()\|asint|)(a) dt:Aa2[02”|sint| dt

We pause the evaluation to deal with the absolute value sign. Formally we should split the integral into
pieces where sint is positive and sint is negative.

Aa® fo% |sint| dt = Aa® (foﬂsint dt + f%(—sint) dt) = \a? ([ —cost];r + [cost]iﬂ) = 4\a?

Alternatively by symmetry we could have used

27 T /2
f |sint] dt:2f [sint]| dt:4f |sint| dt
0 0 0

2
Combine our results. The average temperature along the circle C' is equal to —a. That concludes 4(a).
0

In part (b) we also need to evaluate two surface integrals, ffs T dS and /[S 1dS.

First we parametrize S. The parametrization is given in the problem.

r(0,a) =((b+acosa)cosf, (b+acosa)sinf,asina) , 0< 0, < 2.
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The orientation of the surface S doesn’t matter because we are evaluating scalar surface integrals.
Before we evaluate m 1 dS, this time we evaluate dS first.
dS =|rg x 1| df da
The two partial derivatives are
rg(0,a) = (-(b+acosa)sinb, (b+acosa)cosb,0)

and
ro(6,a) = ((—asina) cosf, (—asina) sin§, a cos a).

The cross product is

rg xr, = {a(b+acosa)cosfcosa,a(b+acosa)sinbcosa,a(b+ acosa)sina)

Simplify before we find |rg x rg|.
[rg x ro| = a(b+ acosa)|{cosb cosa,sinf cos a, sin a)| = a(b + acos &)

Note that 0 < a < b is used to guarantee a(b+acosa) > 0.

Evaluate the surface area of S.

2 2 2 27
[/ldS:f f [ro xro| d da:/ [ a(b+acosa) df do = 4abr?
s o Jo o Jo
Evaluate /]S T dS.

T((0.0)ds= [ [ (Nasi b a6 dov = 2m3a® [ (b inal d
f/s (r(0, ) _fo fo (Masinal)(a(b+acosa)) o =21 a fo (b+acosa)|sinal da

Similar to part (a), we divide the integral into pieces.

2m ™ 2m
21 \a’ f (b+acosa)|sina| da = 2w a® (/ (b+acosa)sina da — f (b+acosa)sina da) = 87Aa’b
0 0 ™

2X
Combine our results to get the average temperature on S: 229 This concludes 4(b).
s

Points distribution.

(2%) Parametrize C' and the formula ds = |r'(t)| dt.
(2%) The formula dS = |rg x ro| df da.

(1%) Compute [r'(t)|. No work needed.

(3%) Compute |rg x 1.

(1%) The circumference fc 1 ds. No work needed.

(2%) Evaluate f T ds. 1 point for dealing with the absolute value.
c

(2%) Evaluate f/:ql ds.

(3%) Evaluate [f T dS. 1 point for dealing with the absolute value.
s

Examples.

If they just show fc T ds, /]S 1dS, f/; T dS, then check to see if they show steps that imply understandings

of the formula.
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If student does not use the formula at all and integrated without |r'(¢)| or |rg x r,|, then the most they can
get is 8 points. (more if they decided to compute those but didn’t use them in integrals)

Forgetting the absolute value in the function 7' will cause the student to lose 2 points, 1 in (a) and 1 in
(b). They lose more points if they just write "zero by symmetry” since we wouldn’t be able to give them
points for knowing how to integrate correctly.

A mistake in |rp x r,| may result in very complicated integrals. A mistake in evaluating that and not
finishing the integrals will cause them to lose at least 3 points (1 calculation mistake and 2 unfinished
integrals) and they lose more if they didn’t deal with |z| correctly or integrate as far as they can.

No point value is assigned to the final answer. If they did everything except stating the final average
temperature, then they lose 1 point (even if they forgot in both (a) and (b)).

If an integral is set up the wrong way, the grader can decide whether it counts as a mistake in formula or
a mistake in evaluating the integral. For example, a vector line integral would be correct parametrization
of C' but wrong formula, no magnitude, and wrong setup, at least 3 points off.

Similarly if a vector surface integral is used, they lose a lot of points.

No points will be given for (a) or for (b) by using symmetry to state that they would have the same average.
The problem is stated in the sense that the students need to verify this fact. (Unless they prove a formal
theorem that covers general surfaces of revolutions and general functions.)
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5. (14%) Consider the vector field F(z,y) = P(z,y)i+ Q(x,y)j =

r+3y . -3x+y.

21y xR
(a) (4%) Show that F is conservative on the half plane D = {(x,y)|x < 0}.

(b) (5%) Compute f F-dr, where Cj is the unit circle 2 + y* = 1 oriented counterclockwise. Is F conservative on
Co
R\ {(0,0)}7
2

(¢) (5%) Compute fc F-dr, where C is a piecewise smooth path consisting of the ellipse % +7% = 1 and the triangle
formed by the lines x = -3, x + y = -2, and y — x = 2. The orientation of C' is shown in the figure.

b
=

3 7 X

Solution:
oP 0
(a) (Method 1) Compute — and 9Q
y ox
OP 322 -2xy-3y®> 0Q 3x?-2xy-3y> ) L
8731 = W, aix = W (1 pt fOI' eaCh partlal derlvatlve)

D ={(z,y)|z <0} is open and simply-connected. (1 pt)
Because P, @ have continuous first-order partial derivatives on D and Py(z,y) = Qu(z,y) on D,
F = Pi+ Qj is conservative on D. (1 pt)

(Method 2)
1
flx,y) = 3 In(z? +y%) - 3tan_1(£) has continuous first-order partial derivatives on D.
x

0 _T+3y 0 _ 3x+y_
And %f(‘ray)_ 1’2+y2 _P(xay)a 8yf($7y) IE2+ 2 Q(Jj y)

Hence Vf = F(z,y) on D which shows that F is conservative on D.

(b) Parametrize Cy as r(6) = (cosf,sinf), 0< 6 <27 (1 pt)

[ F e fo F(r(0))-r'(0)d (1 pt)

2m
= / (cosf + 3sinf, -3 cosf +sinf) - (—sinb, cosd)db
0

27
- f ~3d0 = 67
0

Cy is a closed curve in R*\{(0,0)} but fc F.dr=-67 #0.
0

(2 pts)

Hence we conclude that F is not conservative on R*\{(0,0)}. (1 pt)
NOTE:
1. B#EEHA Green’s Theorem EEIBEIRERE 0 pt.
2. RE#&# 7F is not conservative on R?\{(0,0)}”, R BIERKIBH, FHEEARD 1 pt.
(c) Let C' =CyuCCy, where (1 is the ellipse and Cs is the triangle.
Because (5 is a closed path in D and F is conservative on D, we know that /; F-dr=0. (2 pt)
2

Apply Green’s Theorem on the region 2 which is inside C; and outside the unit circle Cjy.
o0 = Cl U (—C()).

P(z,y) and Q(x,y) have continuous partial derivatives on €.

Hence f F.dr- ff Q. - PydA = ff 0dA =0 (3 pts)

Therefore f F- dr—f F- dr—f F-dr=0

:der—der——G

fF dr_f F. dr+[ F-dr=—-67+0=—67

NOTE: IR ERHEEN=AEN2 AN EEURBOERSE, LEY,
1 pt.

[
il
s

REERED, RIEBEIANRS

i
i
i
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6. (12%) Let f(x,y,2) =x +xy+yz + 2z, and g(z,y,2) = x + 2y + 3z.

(a) (5%) Show by direct calculation that curl (f Vg) = Vf x Vg.

(b) (7%) Find /]s (Vf x Vg)-ndS where S is the surface z = \/4 — 22 — y2, and n is the unit normal on S pointing
upwards.

Solution:

(a) Vf=1+y+z,z+2z,z+y), Vg = (1,2,3) =
VfxVg=(r-2y+32,2-2y-32-3, z+2y—-x+2) (2%)

curl(ng) =V x [f(ac,y,z)(l, 2, 3)] = (3fy_2fz> Jz=3fz, wa_fy)
=(x-2y+32z,2-2y-32-3,2+2y-x+2) = Vf x Vg (3%)

b) ffs(vf x Vg) -ndS = [fs curl(fVg) - ndS = j(Ig(ng) - dr

where C is the circle 2 + y* = 4 traced counterclockwise (2%)
= j{c(Qng) -dr = ?gc z(1+y)(dz +2dy) (2%)
=4 f (1+2sinf) cosO(—sinb +2cos0)dl (2%)

0

27

=8 [ cos?0db = 8w (1%)

0

(Method 2)
For those employing direct surface integral:

[fS(foVg)~ndS:

[fz 4(Vf><Vg)-($7Ty7Z)\/1+z§,+z§dxdy (1%)
x2+y2<

2 2 2
- - - _3
[/‘ €T 2y + 2z :Ey+2$Z Yz y+2z l{l?ly (1%)
J,+y<4 Z

f f2ﬂ|:r2(cos 0 - 2sin® 9) 2+\/m:| rdrdf (2%)

—7‘2

:W/(; [(4+ZM)—

2
ﬂ \/m] rdr (1%)
:877]02 [(1+cosf)sin26 —sin® 0] do = 87 (2%)
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7. (16%) Consider the unit disk

Sl:{(xvyvz)€R3|l‘2+y2§17Z:O}

and the half cone
ng{(x,y,z)e]RS‘Qz=1— 2+ 92, 220} ,

and let S = S; U Sy be the closed surface of a cone with the positive (outward) orientation. Both S; and Ss are
endowed with the induced orientation from S.

(a) (6%) Let F=(0,y*, 2-2yz). Find [/SF~dS.

T Y z

(b) (10%) Let G =F +E, where E = (( ) defined on R*\{(0, 0, 0)}.

x2+y2+z2)% ’ (x2+g/2+,22)2 (1:2+y +22)
Find f G -dS. (Note that the integral is only over S5.)
Sa

Solution:

(a) Let E be the solid cone bounded by S. As F is of class ¢* on a neighbourhood of E, we can apply the
Divergence theorem to obtain

/]F-dSsz/dideV=/] (2y+1-2y) dV
S E E
o 1 ploz 2 .37
:V(E):/ f f rdzdrdo=n| - | =T,
0 o Jo 2 3], 6

(correct application of the divergence theorem: 3 points)
(computation of divF: 1 point)
(V(E): 2 points)

Alternative method The integral can be computed directly. First, we have
ffs F~dS:[fS F.(-k) dA=0 (since (F-K)[g =0) . (1 point)

To compute f/:g F - dS, take the parametrisation of Sy given by
2

1-
r(r,0):= (rcos@, rsinf , TT> ,0<r<1,0<0<2m, (1 point)
which yields
rcosf rsinf :
r, XTry= < , , r> . (1 point)
2 2
Therefore,
2m 1
f[F-dS:f f F-r, xrg dr df (1 point)
Sy 0 0
2 1 iné 1-
= / / ( r2s1112 0)(TS12H )+ TT(1+2rsin9)7") dr df
2w 1 ’I" ) 2 .
f f — sin’ 9+ (1-7)sinf | drdf
=73 Joso (1—cos 9)dcos€+g+0—% (1 point)
As a result,

ffF-ds:ff F~dS+/ F.dS=0+2=". (1 point)
s S1 So 6 6

(b) Since ffs F.dS= g by the result of (a) and

fSQF~dS:[fSF-dS—f[SlF-dS:%—O:%,
(fsz:/]S—ffSl:onints)
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(value of /fs F-dS: 1 point)
1

it remains to compute [/ E-dS
Sa

Note that divE =0 on R*~ {(0,0,0)}. Let
H = {(x,y,z) 6R3|z2+y2+22:1, 220}
be the upper unit hemisphere centred at the origin endowed with the upward orientation. Notice that H

and Sy bounded a solid region R with its positively (outwardly) oriented boundary surface OR given by
H - S, up to orientation, and E is €' on a neighbourhood of R. The Divergence theorem can thus be

applied to obtain
f/E-dS—ff E~dS:ff E~dS:ff divEdV =0,
H Sy H-S, R
which infers that
ff E.dS = ff E.dS
Sa
2

(z2+y? +22-1) is
[[ |V(x2+y +22-1)]
:f/;q (x,y, 2)(z,y, 2)dS (Since (x2+y2+z2)‘H:1)

:[ 1dS = 2r .
H

(computation of /fs E - dS (choice of H + use of the Divergence thm.): 3+3 points)
2

1
/] G-dS:ﬂ F-dS+f E~dS:E+27r:ﬁ. (linearity: 1 point)
S2 Sz S2 6 6

Alternative computation of /] E-dS. The integral can be computed directly with the parametrisa-

As a result,

Sa
tion of Sy given in the solution to Question (a).
(r and r, xrg: 141 points)

27 1
ffSEdS:f f E-r,. xrgdrdf (1 point)
2

o 1 r2 COb 9 r2sin? 6 n r(1-r)
f f 2 2 drdf
l—r 2\ 2
+(55))

2w
app
0 0 §7’—l 2+ 2

tan ¢= 2( tang + = )gsec2¢

Indeed,

st e o
tan ¢=—1 (sec2 ¢)?
2 réorE (1
= ﬁw [d)o (2sin ¢ + cos @) dg (qbo = tan (—5))
= %7‘(‘[ QCOS¢+SIH¢]¢O 2
=21 [ ~cos(d - do) 157 =2m (3 points)

2
and cos ¢g = — are used.

V5

in which the facts sin ¢y = —

€
V5
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