CONSISTENCY OF THE BAYES METHOD FOR THE INVERSE
SCATTERING PROBLEM WITH RANDOMLY TRUNCATED GAUSSIAN
PRIORS
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ABSTRACT. In this work, we consider the inverse scattering problem of determining an
unknown refractive index from the far-field measurements using the nonparametric Bayesian
approach. This paper is a continuation of our previous work [FKW24] in which we consider
Gaussian priors and Gaussian sieve priors. In this work, we will extend the result to randomly
truncated Gaussian sieve priors. Our aim is to establish the consistency of the posterior
distribution with an explicit contraction rate in terms of the sample size.
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1. INTRODUCTION

In this work, we apply the Bayes approach to study the inverse medium scattering problem.
The main purpose is to prove the consistency property of the posterior distribution. This
paper is a continuation of our previous work [FKW24| in which we consider Gaussian priors
and Gaussian sieve priors. Here we use the same setup and notations in [FKW24]. Let n > 0
and 1 — n be a compactly supported function in R® with supp (1 — n) C D, where D is an
open bounded smooth domain, and having suitable regularity, which will be specified later.
Let u, = u™ + u*® satisfy

(1.1) Au, + k*nu, =0 in R?
and
ausca
1.2 lim |z N jkut? | = 0.
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Assume that ™ is the plane incident field, i.e. u™¢ = e with § € S?. Then the scattered
field u;* possesses the asymptotic behavior
ik|z|

|z]
where 6’ = z/|z|. The inverse scattering problem is to determine the medium perturbation
1 — n from the knowledge of the scattering amplitude uS° (', 0) for all .6 € S* at one fixed
energy k*. It was known that the scattering amplitude u>°(¢’,6) uniquely determines the
refractive index n. We will not review the detailed development of the theoretical results for
this problem. We only mention a log-type stability estimate derived in [HHO01]| which is used
in this paper.

We consider the Bayesian approach to the inverse medium scattering problem here. The
following measurement model was given in [FKW24|. Let u be the uniform distribution on
S? x §?, i.e., p = dw/|S??, where dw is the product measure on S? x S§?, that is, f82X§2 dw =
|S?|>. We also write p = d§ and hence [, ,d{ = 1. Consider the iid random variables
X;i~p,i=1,2,--- N with N € N.

Denote the forward map by

e

(1.3) uy(z, 0) = u(@,0)+o(r ) as |z| = oo,

(149) G ) = (e ),

where (0',0) is a realization of X;. The observation of the scattering amplitude G(n)(X;)
is polluted by the measurement noise which is assumed to be a Gaussian random variable.
Consequently, the statistical model of the scattering problem is given as

(1.5) Y; = G(n)(X;) + oW, Wi ¥ N(0,L), i=1,---,N,

where ¢ > 0 is the noise level, I, is the 2 x 2 unit matrix. We also assume that W& .=
{W Y and X := {X;}¥ | are independent.

The aim here is to consider the inference of n from the observational data (Y V), X (V)
with YV) = {V;}X | using the Bayes method. We are interested in the asymptotic behavior
of the posterior distribution induced from randomly truncated Gaussian sieve priors on n
as N — oco. We would like to establish the statistical consistency theory of recovering n in
(1.3) with an explicit convergence rate as the number of measurements N increases, i.e. the
contraction rate of the posterior distribution to the “ground truth” ny when the observation
data is indeed generated by ny.

We extend the consistency results proved in [FKW24] where Gaussian process priors and
Gaussian sieve priors are treated to randomly truncated Gaussian sieve priors. The setting
of the problem considered in this paper is closely related to the ones studied in [GN20| and
[Kek22]. In [GN20], Gaussian process priors were used in the Bayesian approach to study
the recovery of the diffusion coefficient in the elliptic equation by measuring the solution at
randomly chosen interior points with uniform distribution. It was shown that the posterior
distribution concentrates around the true parameter at a rate N~ for some A > 0 as N — oo,
where N is the number of measurements (or sample size). Based on the method in [GN20],
similar results were proved in [Kek22] for the parabolic equation where the aim is to recover
the absorption coefficient by the interior measurements of the solution.

The case of randomly truncated Gaussian sieve priors was already considered in [GN20].
However, we want to point out that we cannot directly apply the argument in there to our
problem in this paper. This is due to the fact that the stability estimate for the inverse
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medium scattering problem is of logarithmic type. Moreover, we have to use a different link
function from the one used in [GN20|. A major modification is needed in order to establish
the consistency theorem with randomly truncated Gaussian sieve priors.

Both the inverse problem considered here and the one in [GN20] are reduced to the same
statistical model (2.3b) through suitable link functions. Using randomly truncated sieve
priors, (2.3b) gives rise to an estimate showing that the set of the unknown F' with a poly-
nomially increasing bound has a large posterior probability, see [GN20, (21) in Theorem §].
Taking advantage of the Lipschitz stability estimate for the inverse problem considered in
[GN20], such polynomial bound can be improved to a fixed constant bound [GN20, Lemma
12|, which in turn leads to a polynomial contraction rate. Unfortunately, for the inverse scat-
tering problem here, the improvement from a polynomial bound to a fixed constant bound
cannot be proved due to the log-type stability estimate. We therefore take a step back to
show a logarithmic contraction rate “conditioned” on a logarithmically increasing large set.
To achieve this, we need to refine the stability estimate obtained in [HHO1]. The refinement
is to derive the explicit dependence of the constant in the stability estimate on the norm of
the unknown refractive index.

This paper is organized as follows. In Section 2, we will describe the general statistical
model which can be applied to the inverse medium scattering problem. In Section 3, we state
the main results and their proofs are given in Section 4. In Appendix A, we present some
theoretical results of the inverse scattering problem. Finally, we construct an example of the
link function in Appendix B.

2. THE STATISTICAL MODEL

In order to make the paper self-contained, here we recall some notations and function
spaces which used in our previous work [FKW24|. Throughout this paper, we shall use the
symbol < and 2 for inequalities holding up to a universal constant. For two real sequences
(an) and by, we say that ~ if both ay < by and by < ay for all sufficiently large N. For a
sequence of random variables Zy and a real sequence (ay), we write Zy = Op,(ay) if for all
e > 0 there exists M. < oo such that for all V large enough, Pr(|Zy| > M.ay) < e. Denote
L(Z) the law of a random variable Z. Let C%(O) with integer ¢ > 0 denote the Holder space
of order t with compact supports in the bounded smooth domain O.

Let D be a bounded smooth domain in R?. For each integer s > 0, we denote H*(D) the
standard L?(D)-based Hilbert spaces, and we extend for real s > 0 by using interpolation
[LM72]. Tt is known that the restriction operator to D is a continuous linear map of H*(R3)
to H*(D) [LM72, (8.6)]. We denote H(D) the completion of C°(D) in H*(D). For each
compact subset £ C R3 we denote H = {f € H*(R?) : supp(f) C K}. For s > 1/2
with s # Z + 1/2, the zero extension of f € Hj(D) (extension of f by 0 outside of D) is a
continuous map Hg(D) — H*(R?) [LM72, Theorem 11.4]. In addition, Hf C H§(D) for all
s > 0 and equality (up to equivalent norms) holds when s ¢ Z + 1/2 [McL00, Theorem 3.29
and Theorem 3.33].

We now introduce the space of parameters. For integer s > 0 and M, > 1, let

dn

(2.1) Fuy = {nGHS(D) :0<n< My, nlopp =1, —
ol |,

=O,1§j§s—1}.

For n € Fy,, we extend n = 1 in R®\ D, stilled denoted by n. Then it is clear that
supp (1 —n) C D. Note that for n € Fjy, we only put the restriction on the size of n,
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but not on the H*(D)-norm of u. As in [NvdGW20, FKW24, GN20, AN19, Kek22|, we will
consider a re-parametrization of F),, by using an appropriate link function.

Definition 2.1. Let ® (link function) satisfy
(i) @ : (—00,00) = (0, M), ®(0) =1, ¢'(2) > 0 for all z;
(ii) for any k € N
sup  |®H)(2)] < 0.
—00<2z<00

(iii) There exists a > 1 such that ®'(¢) = |t|~* when |¢| is sufficiently large.

The existence of a link function satisfying the requirements above is given in Appendix B.
The condition @ > 1 in (iii) is necessary, since from the restriction 0 < ® < Mj, we must

have
S S

My > lim ®(s) — ®(t) = lim P'(r)dr 2 lim 7 %dr for all large ¢ > 1.

T 5=+ s—+oo J; s—+oo [,

Given any link function ®, by following from the same argument in [NvdGW20|, the param-
eter space can be realized as (this only requires assumption (i) and (ii))

(2.2) Fuy :={P®(F): F e Hyj(D)}.
We define the reparametrized forward map by
(2.3a) G(F)=G(®(F))
and the statistical model (1.3) is actually a special case of the following general model:
(2.3b) Y = G(F)(X:) + oWi, W; X N(0,L), i=1,---,N.
Assume that G satisfies
(2.3¢) sup  |[|G(F)|| peo(s2xs?y = S1 < 00,
FelL?(D)
and
(2.3d) |G(F1) — G(Fy)||r2(s2xs2y < Sal|[Fy — Fal|p2py  for all Fy, F, € L*(D)

for some constant Sy > 0.

Remark 2.2. The assumptions (2.3¢)—(2.3d) are different to those in [FKW24]. If we choose
the forward map (1.4), from (A.8), we see that (2.3c) is satisfies with Sy = S1(D, k, M). On
the other hand, from (A.9), we have

(2.4) 1G(F1) — G(F)| L2 (s2xs2y < Csl|P(F1) — @(F)]| 2 (py-

The link function ® is (global) Lipschitz continuous (Assumption (ii) of the link function),
which yields that

(2.5) () = na(z)| = [®(Fi(z)) — B(F(2)] S [Fi(z) — Fa(x)].
Combining (2.4) and (2.5), we see that (2.3d) satisfies with Sy = So(D, k, My).

Let P% be the laws of the iid random vectors (Y;, X;), with expectation E%.. It turns out
the Radon-Nikodym derivative of IP% is given by

dPi 1 o w-ote)

(26) pF(Z/?f) = dy > df = 271'0'26 i
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By slightly abusing the notation, we define P¥ = @Y ,P%, the joint law of the random vectors
(Y;, X;)N,, with expectation EY.

In the Bayesian approach, let II be a Borel probability measure on the parameter space Hj
supported in the Banach space C'(D). From the continuity property of (F, (y,&)) — pr(y,§),
the posterior distribution II(-|Y ™), X)) of F|(Y), X(M) is given by

LN (F)
(2.7) (Bly ™, XMy = Jpe' I
’ Jopy e dII(F)

for any Borel set B C C'(D), where the log-likelihood function is written as
1N

(2.8) (N(F) = =55 > (Y = G(F)(X.)" (Y = G(F)(X,).

202 4
=1

3. MAIN RESULTS

In this work we are interested in the frequentist property of the posterior distribution (2.7)
in the sense that the observation data (Y V), X(")) are generated through the model (1.3)
of law IP’Q; with a ground truth ny. The aim here is to show that the posterior distribution
arising from randomly truncated Gaussian sieve priors concentrates near sufficiently regular
ground truth ny and to derive a bound on the rate of contraction. A similar result for the
inverse scattering problem with Gaussian process priors and high-dimensional Gaussian sieve
priors was established in [FKW24|.

From computational perspective, it is useful to consider sieve priors that are finite-
dimensional approximations of the function space supporting the prior. Here we will use
a randomly truncated Karhunen-Loéve type expansion in terms of Daubechies wavelets con-
sidered in [GN20, Appendix B| or |[GN21, Chapter 4]. Let {¥, : ¢ > —1,r € Z3} be
the (3-dimensional) compactly supported Daubechies wavelets', which forms an orthonor-
mal basis of L?(R3). Let K be a compact set in D and for each integer ¢ > —1, let
R, = {7“ € 74 : supp (¥y) NK # @}. Let K’ be another compact subset in D such that
K € K, and let x € C(D) be a cut-off function with x = 1 on K'. For any real ¢t > 3/2,
we consider the prior (which introduced in [GN20, Section 2.2.3 and Remark 26])

Il; = L(xFy), Fj= E Z_ZtFér\PEM Fyy ~ (0,1),
—1<e<j
reERy

where j € N is a truncation level. According to [GN21, Exercise 2.6.5|, for each j € N,
the prior II; above defines a centered Gaussian probability measure supported on the finite
dimensional subspace

H; =span {x¥; : =1 <l < j,r € R},

with RKHS norm given in [GN20, (B2)].

Assuming that the observation data (Y ), X(V)) are generated through the model (1.3)
of law IP’,]X]. The main theme of this paper is to show that the posterior distribution arising
from the statistical inverse scattering model (1.5) contracts around the “ground truth” ng in

IThis can be easily constructed from the 1-dimensional Daubechies wavelets as in [GN21, Theorem 4.2.10],
and the scaling functions (in the sense of [GN21, Definition 4.2.1]) is interpreted as the ‘first’ wavelet due to
the wavelet series expansion [GN21, (4.32)].
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the L?-risk when J is a random truncation level (rather than the deterministic truncation
point considered in [FKW24]), independently of the random coefficients Fy,, satisfying

Pr(J > j) = e 2719827 forall j > 1,

Pr(J=j) 2 e 2% a5 j — oo,

see |[GN20, Example 28| for an example. In other words, we define II as the law of random
(conditional Gaussian) sum

(3.2) M=LF), F= Y 2%V, F,<N(01),
—1<e<
reRy
where J is a random truncation level satisfying (3.1).
In light of the link function, we define the push-forward posterior on the refractive index
n by
-[y™, XWN) .= £(n) with n=®0 F: F ~TI(:[Y™ X)),
We now ready to prove our first main result by using some ideas from [GN20, MNP21].

Theorem 3.1. For each t > 3/2, 5 >t and N € N, let £ := N~%/(2+3) Jog N. Suppose that
the random variable J satisfies (3.1) and II is the corresponding prior defined in (3.1). Assume
that Fy € Hg(D) for some s >t and the observation (Y™ X(V)) to be generated through
model (2.3a)-(2.3d) with the choice (1.4) of law P}, where the link function ® in (2.3a)
satisfies (i)-(iii). Let II(-]Y ™) X)) be the posterior distribution given by (2.7). Let 0 <
€ < —. Then for any K > 0, there exist constants L > 0 (depending on o, K t, s, k, ng, M)

43"
and ¢ > 0 (depending on D, t, k,€) such that

~ ||TL — nO”L2(D) > |10g(L£N)‘_%
II{n: -
11 = nllap)y < cllog(LEn)| ™

no

Yy, X(N)) — Opn (e NEN),

as N — oo, where a = ;5 — € > 0 and P} is the push-forward of P3.

To obtain an estimator of the unknown coefficient n, in view of the link function ®, it is
often convenient to derive an estimator of F'. We can also prove a contraction rate for the
convergence for a suitable estimator of F' to Fy.

Theorem 3.2. Assume that the hypotheses of Theorem 3.1 hold. There exists a constant
> 0 (depending on ®, D, t,s,k, €, 0, Fy, K) such that the (Bochner) estimator

y ) X(N)l

1 e
||F||Ht(D>§Clt [log(L&N )| T0F ‘ ’

Fy :=E"! {Fﬂ

satisfies
(3.3) PY (|Fn — FoZn r2py > C'|log(Lén)|72075)) -0 as N — oo
provided the addition condition 1 < a < 5 assumed in (iii), where

Zy =T (1Pl < & og(Lew)| [y ), X)

and the constant C’ depends on D, a,t,k, €.
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Roughly speaking, F'y can be regarded as the expectation of the posterior distribu-

tion TT (-[Y"N, XN) “conditioned” on ||F||gp) < ¢t |log(L&x)|r. Denote the set Ay :=

{F € H{(D) : || F||utp) < c’%|log(L§N)|ﬁ} and Ay the push forward of Ay by the link

function ®. Moreover, let Zy = II </~1N|Y(N), X(N)> be the posterior measure of A. It is easy
to observe that Fyy, \ Ax 1 0as N — co.

Corollary 3.3. Under the hypotheses of Theorem 3.2, we have
P (ch o Fy —noZn||2py > C|1og(L§N)|*%<1*%>) —0 as N — oo.

Corollary 3.3 shows that doF y is an efficient estimator of ng conditioned on the sufficiently
“large” set Ap.

4. PROOF OF THEOREMS

We will need the following proposition concerning the general contraction rate, without
referring to the composition operator (2.3a).

Proposition 4.1 (|[GN20, Theorem 19]). Suppose that the hypotheses of Theorem 3.1
are satisfied. Then given any K > 0, there exist sufficiently large constants L > 0
(depending on o, Fy, K, t, 51, S2) such that

[(F : [|G(F) = G(Fo)llr22xszy > LEN|Y ), X)) = Opy (e KN

Fo

as N — oo.

We now prove Theorem 3.1 by considering the form of the forward map (2.3a) in Propo-
sition 4.1.

Proof of Theorem 3.1. For each M > 0 satisfies ||1 — n||g¢p) V ||1 — nollut(py < M, one
has the stability estimate of G~! in Theorem A.5:

(41) Hn - nOHLQ(D) < C’Mﬂlog“G(n) - G(n0>HL2(S2XS2)‘7Q.

where o = t—&—LS —e>0and C=C(D, My,t,k,e), both independent of the parameter M. In

view of (4.1) and Proposition 4.1, given any K > 0, there exist a large constant L (which is
independent of M) such that

fI (n . Hn - n0||L2(D) > |10g(L§N)|_%, ||1 — nHHt(D) S M|Y(N)7X(N))
<II (n: log(LEn)| ™2 < CM°[log||G(n) — G(no)’|L2(g2xg2)’_a’Y(N),X(N))
=TI (F : |log(Lén)| "2 < OMP|log||G(F) — G(Fo) |l r2(s2xszy| Y™, X M) .
We now set M > 0 satisfying CM° = |log(L&y)|2. From the inequality above, it yields
1:[ n - Hn_nUHLz(D) > |10g(L€N)|_% Y(N),X(N)
(4.2)

I = nllmp) < cllog(Lén)|
<I(F : |G(F) = G(Fy)llzaexsz) > LYY, X)) = Opy (e7FVEK),
0

which concludes the theorem with ¢ = C'~°. Note that £y — 0 as N — co. OJ
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Having proved Theorem 3.1, we then establish Theorem 3.2 using the contraction rate in
Theorem 3.1 and the link function ®, by following the same ideas as in [GN20, Theorem 6].
However, here we need to keep track of the dependence of || F'|| g (py carefully.

Proof of Theorem 3.2. Let ¢ > 0 be a number to be determined later and we aim
to estimate E! [HF— Follr2(my1 ]Y(N),X(N)]. Since n = ® o F and

11|t ) ¢ llog( L) 157
ng = ® o Fy, by the property (i) of Definition 2.1, the mean-value theorem and inverse
function theorems, there exists 7 lying between ng(z) and n(x) such that

1
il |n(x) —ng(x)| forall x € D.

|F(x) — Fo(z)| = @1 ()]

If || F||poomy < ¢Flog(LEn)| 0 and ||Fy||zoe(py S ¢F [log(Léw)|T57, by (i) and (iii) of Defini-
tion 2.1, we have

F(z) — Fo(x)| < !

3 !
(4.3) M g L) 187, ogzew) 7] 2 (2)
< 't |log(Lén)| 10 In(x) — no()].

[n() = no()]

In deriving (4.3), we note that ®’(z) > 0 for all z and the minimum of ®'(z) on any compact
interval [—r,r] decays at the rate of |r|~® (see (iii) of Definition 2.1). On the other hand, it
follows from [NvdGW20, Lemma 29| that

11 = nllae oy = [12(0) = ®(F)[aep) < Co(l + [ Flle (),
where Cy = Cy(D, ®,t). For N large, we can see that if | F||g¢(p) < ¢t [log(Léy)| 17, then
||1 — nHHt(D) S 2006,|10g(L§N)|1%.

Therefore, by choosing ¢ = (2C;) !¢, where ¢ is the constant derived in Theorem 3.1, we

obtain
| F" — Follz2(py 1

1 e
1Pl ey <t [log(Lén)| 10

< Cllog(Léw) |1t | — noll 2y 1 &

1=l gty <ellog(Len)| 0

where C' depends on D, a,t, k,e. Consequently, we can show that

O log(Lew) B I ~ Filloyt v, x]

1 e
1Pl e 1y < [log(Len )| 10 Y

<E [lln = nollz2o) L. Y, X

a
||1_n||Ht(D)§C‘IOg(L§N)‘ 10

_a

< |log(L&n)| 2

_al o
In=noll 2 py>[log(LEN)|™ 2 ||1—n||Ht(D)SC\10g(L§N)\10|

< |log(LéEn)| 2 + \/Eﬁ [||n — n0||%2(D)’ Y(N),X(N)} X

_a
’2

K
10

. ( ln = nol|z2(py > [log(Lén)
II | n:
||1 — n”Ht(D) S C‘lOg(LfN)

Yy, X(N)) ,
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Let 0 < B < K be any fixed constant, then

P (EH [HF — Follz2m1

1 e
1E gty <’ T log(Lén)| 157 |

YN x M) >20\log(L§N)\3(1§t))

=Py (Cluog(LgN)H&EH {HF - F0||L2(D) Yy x ()

> 2rlog<L£N>|%)

|F||Ht <C t ‘lOg(LfN”T |

—1 ~ T g _ Ly (v -4
. C Mlog(Léy )| 10r R {HF Follz2(py1 1Pl ey < llog(Len)| T|Y XM S 20log(Léy) |72,
=Py |
T [l = nollZpy | Y, X BV > Jlog(Lew)|
p Clog(Léy )|~ o EX [HF_F“"LQ(D)]1||F||Ht(D><c'%|1og(LgN)|1%n‘ M) XM > 9)log(LEy)| ™2,
+ Pg, -

BT [l — o 32| Y, XO] BN < Jlog(Lew)|~

<P (BT [l = o300 | Y, XN] 7BV > Jlog(Lew) =)

\/Eﬁ [Hn - n0||%2(D)‘ Y(N),X(N)]

N . — > |log(L
+ PN w (. I = nollr2(p) > [log(L&n)
|1 — n||mepy < cllog(Lén)

B [l = o 32| Y, XO] €PN < Jlog(Le)|

&
2

o
10

,Xuv)) > [log(Léx) 3

<P (BT [l = o3 | Y, XN] PV > Jlog(Lew) =)

wpy (11 [ 17 ol > MBS By ion) 5 oo
I =l < )

=P, (EH [HF = Foll 72| Y, X e “BNE > Jlog(Lén)| a) + o(1),

where we have used (4.4) and then (4.2). Likewise, we can show that the first probability
on the right hand side above vanishes as N — oo by proceeding as in the proof of [GN20,
Theorem 6, page 14| (there, replacing [GN20, Lemma 16| by [GN20, Lemma 20]). Note that
for IT the random series prior given in (3.2), it also holds that E"||F||2, ) < 00, see [GN20,
page 17]. In other words, we can obtain that

P, (EH {HF— Follz2py1 Y(N),X(N)} > ZCllog(LiN)lg(lgt)) — 0.

1 e
1F ey <c'T llog(Len) | 167 |

Finally, by the definition of F 5 and Minkowski’s inequality, we see that
IFn — FoZn||r2(m)

9 1/2
_ n g o YD, X
(L [t v

(V) x (N)

il
<E {HF - F0||L2(D)1||F||Ht(D)§c Hlog(Lew)| 15 Y, } ,
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which concludes our result. O

APPENDIX A. INVERSE SCATTERING PROBLEM

A.1. Forward problem. In what follows, instead of (2.1), we only assume that
(A.1) n € L*(D), supp(l —n) C D, 0<n < M, for some M, > 0.
We want to show the existence and uniqueness of ui* by refining the ideas in [FKW24,

Appendix A]. It is known that w := ui™ satisfies the following boundary value problem:

{ — Aw — E*nw = kK*(n — 1)u™® in Bg,

A2
( ) 8w/8r:SR(w|aBR) on 8BR,

where By is a ball of radius R such that D C Bg. Here Sg : H'/?(0Bgr) — H~'/?(0Bg) is
the Dirichlet-to-Neumann map, defined for g € HY2(0Bg) by Sgg = (9u,/0r)|ss, , where
ugy is the solution of the Helmholtz equation satisfying the Sommerfeld radiation condition
in R*\ By and the Dirichlet condition uy, = g on OBpg. It has been shown that

(A.3) Re(Sp(v),v) <0 and Im(Sk(v),v) >0, V ve HY?(OBg),

where (-, -) denotes the duality pairing between H~'/2(0Bg) and H'/?(0Bg), see, for example,
[CCH23, Definition 1.36 and (1.50)].
Let us replace the right-hand side of the first equation in (A.2) by a general source term

f with supp(f) C Bg, i.e.,
(A4) { — Aw —k’nw = f in Bp,

Ow/0r = Sg(w|gp,) on OBg,

In view of the integration by parts, (A.4) is equivalent to the following variational formulation:
find w € H'(Bg) such that for all v € H'(Bg),

ar(w,v) + az(w,v) = F(v),

where

al(w,v):/ Vw-V@dx—kz/ nw@dx+k2(Mo+1)/ wovdz — (Sg(w), v),
Br Br B

R

ag(w,v) = —k*(My + 1)/ wv dz,

Bgr
and

F(v) = /BRfvdx.

By using (A.3), we can see that a;(-,-) is strictly coercive in the sense of

Re a;(w,w) = / (|Vw]* + k*(Mo + 1 — n)|w|?) dz > C(k)||w||fq1(BR).
Br

We now define the bounded linear operator A : H'(Bg) — (H'(Bg))*, where (H'(Bg))* is

the dual space of H'(Bg), by

(Aw,v) := ai(w,v) for all v € H'(Bg),
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where (-, ) is the (H'(Bg))* x H'(Bg) duality pair. We remind the readers that
(H'(BR))" # (Hy(Br))* = H ' (Bg).

By using the Lax-Milgram theorem, one sees that the operator A : H'(Bg) — (H'(Bg))* is
invertible. Since bounded linear operator B : H'(Bg) — (H'(Bgr))* given by

(Bw,v) := ay(w,v) for all v € H'(Bg)

is compact, then A + B is a Fredholm operator. By the Fredholm alternative, A + B :
HY(Bg) — (H'(Bg))* is bounded invertible provided the kernel of A + B is trivial, which

follows the uniqueness of the scattered solution?. In addition, there exists a constant C' =
C(D, k, My) > 0 such that

(A.5) lwll sy < CNfll i Bry- < Cllfll2sr)-

We now choose f = k?(n — 1)u™® and w = v in (A.5) to obtain

sca

sup [luy (-, O) | 8y < Cilll — nl[z2(p)
0eS?

with Cy = Cy(D, k, My) > 0, which is independent of § € S?. Note that supp(f) C D C Bg.
By the interior estimate [GT01, Theorem 8.8] and the Sobolev embedding theorem, we reach

(A.6) sup [[uy (-, 0) [l ) < Csup ([ (-, )| m2(sr) < Colll — nllL2(p)
0es? 0es?
with C, = C(D, k, My) > 0, which is also independent of § € S%.
The scattering amplitude u2°(6',0) can be expressed explicitly by
k2 g
(A.7) up(0,0) = —— [ 71 —n)(y)u(y, ) dy,
A Jp
where u(y, 0) = u'"(y, 0) +u(y, 0) is the total field and u™(y, ) = e*¥? see |[CK19, (8.28)]
or [CCH23, (1.22)] or [Serl7, Page 232]. We combine (A.6) and (A.7) to obtain

(A-8) [ |z s2xsz) < Ca(l + Inll2p)) < S

for some constant Cy = Cy(D,k, My) and S = S(D,k, M), which implies the uniform
boundedness condition (2.3c).

Let nq, ng satisfy (A.12). We choose w = u
in (A.5), as well as using (A.6), to obtain

@ —use® and f = k*(ng—ny )i +k* (ng—nq Ju™

[y = i sy < € (L4 mall 2y + [In2llze()) Ina = nallzao)

for some constant C' = C(D, k, My) > 0. From (A.7) and the equation above it is not difficult
to see that

(Ag) ”U?ﬁ — UZZHLQ(SQXSQ) S 03 (1 + HanLQ(D) + Hn2HL2(D)) H?”Ll — n2HL2(D)

for some constant C5 = C3(D, k, My) > 0.

2The proof needs Rellich’s lemma [CCH23, page 6] and the unique continuation property [CCH23, page 11],
which is only required n € L?(D).
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A.2. Inverse problem. Next, we want to refine the stability estimate in [HHOI, Theo-
rem 1.2], which studies the determination of the potential from the knowledge of the scat-
tering amplitude. To do so, we first refine [Hih96, Lemma 5] in the following lemma. Even
though the proof is similar, here we still present the proof to make the paper self contained.

Lemma A.1. Let d > 2 and Ry > 0. Assume that B,, C R? is an open ball centered at
the origin with radius 7o < Ry. Let ¢ € L>®(R?) satisfy supp (¢) C B,, and k > 0 be fixed.
Given any ¢ € C? with ¢ -¢ = k? and |Im (¢)| > (Ro/m)|q|| g ®ay + 1, there exists a solution
u € H*(B,,) of (A+k*+ q(x))u =0 in B,, such that u(x) = ¢*(1 + w¢(x)) for all z € B,
with

d
2

lwellz2s,y) < (2Ro) (Ro/m)|ldll Lo @ay ((Ro/m)llqll Lo gy + 1) [Tm ¢

Proof. Let ( € C¢ be given in the lemma. Since Im( - Re¢ = 0, one can find an
orthogonal transform @ € R such that Q(Re() = (|Re(|,0,---,0)T and Q(Im(¢) =
(0,[Im¢],0,---,0)T. We choose

5 = (|Re€|al|ImC|707 U 70)Ta Cj(ZE) = Q(QTJZ) for x € Rd.
By |[H#h96, Theorem 1], given any f € L*((— Ry, Ry)?) one has the estimate

~ (RO/W)HQHLOO(W)
HG£<QJC)”L2((7RO,R0)CI) > |Im§\ HfHLQ((fRO,Ro)d)

(RO/W)HQHLOO(Rd)
(Ro/m)lqll oo (rey + 1
where G¢ : L?((—Ro, Ro)?) — H?*((—Ro, Ro)?) is the operator defined in [H&h96, Theorem 1.

By Banach’s fixed point theorem, we can find a unique solution to we € L*((—Ry, Ro)?) of
we = —G¢(qwe + ). Furthermore, we have we € H?((— Ry, Ro)?) and

<

HfHLQ((*RO,Ro)d%

”wEHLz((fRO,Ro)d) = HGﬁ@Uf + (j)HLQ((fRO,Ro)d)

(Ro/) ||Q||L°°(]Rd)
< 1
< Tm | lwe + 1| 2= Ry, Ro)?)

(RO/W)HC]HLOO(W)
~ (Ro/m)||q|l poe (may + 1

which implies

(Bo/m)]lql| oo e
|Im ¢ ’

[Sl[oH

llwe | L2((= o, Ro)t) + (2R0)

d
2

(Ro/m)llall oo (ray (Ro/m) gl oo ey + 1) [Tm ¢| 7

Finally, one can verify that u(z) := (1 + w¢(z)) for z € B,,, where w¢(z) := we(Qx), is
our desired solution. O

|well £2((= R, Royt) < (2Ro)

Let us introduce the point source u™(z) = Z(z,y) located at y € R with |y| > R as
incident fields, where
_ 1 6ik|x7y|
E(z,y) = EH
is the outgoing fundamental solution to the Helmholtz operator —(A + k?). Let wi®(-,y)
be the solution to (A.4) with u!" given above and denote the total field by w,(-, )
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E(,y) + wi®(-,y), which is the Green’s function of the corresponding scattering problem.
We now introduce the operator

(Sup)(z) = /8 uneg)pln)dsty). w € OB

see |HHO1, Lemma 2.1] for more details.
For each y € OBg, we choose f = k*(n — 1)Z(-,y) (note supp(f) € D C Bg) and
w = w*?*(- y) in (A.5) to derive

n

sup |lwn(-,y) = 2, 9)|lz2085) < sup |lwn(-y) — ¢y lar e < Co
y€OBR y€OBR

for some constant Cy = Co(D, k, My, R), where we have used the observation

[1rPas <k [ n- PGy s
(A.10) P b
< k(M + 1)2/ 1Z(z,y)|? dov < CK* (M + 1)?

Bar
with C' = C(R). This implies that
|wn — E|| 2(0BrxoBr) < Co

for some constant Cy = Co(D, k, My, R). Therefore, for ny, ny satisfying (A.1), we have

(A11> Hwnl - wn2HL2(aBR><aBR) S CO
with CO = C()(D, k, Mo, R)
Next we recall the following lemma from [HHO1].

Lemma A.2. [HHOI, Lemma 3.2] Let D C Bpg. Assume that ny,ny are refractive indices
with supp (1 —n;) C D for j = 1,2. Then there exists a positive constant C' = C(k, R) such
that

/(”1 —np)urty dz| < C|Sp, — Syl L20Bp)— 2208 U1 1| L2(Byr) |02l L2 (Bar)
D

for all solutions u; € H*(Bag) of (A + k*n;)u; = 0 in Bag.
Let t > % and nq, ny satisfy
(A.12) supp (1 —n;) C D and ||1 —nj|[m < M, j=1,2,

where M > M, and we assume M > 1. We have

(A-13) mi(x) = nafw) = (21)72 D (= na) (7)€",

~€EZ3

where f denotes the Fourier coefficients of a function f € L2((—m,7)?) with respect to the
orthonormal bases (27)~2¢"7% for x € (—m,7)® and ~ € Z*. Given any constant p > 2, it is
easy to see that

(A14) > l(m = ) < ¢ LS W) — e ) <

1 2
[v[>p T ) Iv|>p

CM?>
2
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and
Z |(n1 = na) (7)]
Iv[>p
(A.15) 3 3 .
1 M
< ) — oY ()2 S — < .
[v>p| Iv|>p

for some C' = C(t) > 0, see [HHO1, Page 675|. We now estimate the Fourier coefficients
(n1 —ng) (7) for |y] < p as in [HHO1, Lemma 3.3|.

Lemma A.3. Let ¢ > 2, p > 2 and ny, n, satisfy (A.12). Moreover, define 79 := /M} + k?
with M; = k*M + 1. Then there exists a constant C'= C'(k, R) > 0 such that

~ T 1
[(n1 — n2) ()] < CM° (64R( NSy = Sngll120Br)>1208R) + ;)

for all v € Z? with |y| < p and for all 7 > 7.

Proof. We choose unit vectors d;,d, € R? such that d; - dy = dy -y = dy - v = 0 and define
the complex vectors

1 . |7[? 3
CLT::_§’Y+I TQ—kJQ—l-le—f—TdQEC,

1 ]2 3
CQ,T::_é’y_i 7—2_]{72‘|‘Td1—7'd2€(c.

Then (i + Gr =—7vand G, -G r = Cor " Cor = k?. Since T > 79, we have
Im (¢ )| > My forall j =1,2.

Using Lemma A.1 with d = 3, ¢; = k*(n; — 1), and 79 = Ry = 2R, for j = 1,2, there exist
geometrical optics solutions

wjr () = €97 (1 +v;,(2)) for x € Bag,  ||vjr|lr2(ye) < CMPIm G|
for some C' = C(k, R') > 0. We can see that
Uy (2)ug - (2) = e (1 +pr(x), pr(z) = v1,(2) + vor(2) + 017 (2)00- ()
and
[1p-@lde < [ oa@ldet [ @l [ o @) @]d
D D D D

1 1
< D2 |[vrrll 2oy + | D)2 |Jvar |l 2oy + |17 ]| 20y [V, 22 ()
< CM*YIm ¢, |t < COM*r!
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with C' = C(k, R) > 0. Since || < p, from Lemma A.2, it follows that

/D (1 — na) (2)e—" da

|(n1 — na)(7)| = (21)"2

_ (Qﬂ)—%

[ = na)@yus (e ta) do = [ = ma)w)e 7, (o) do

D
< C“Sm - Snz||L2(8BR)—>L2(8BR)||U1,r||L2(BQR)||U2,T||L2(BQR) + C M1

1
< CM® <€4R(T+P)Hsm — SnzHLQ(aBR)HLQ(BBR) —+ ;)

for some C' = C(k, R) > 0, which leads to the lemma. O
We now prove the following stability estimate in terms of the total fields.

Theorem A.4. Let t > % and R > 0 be such that D C Bg. Then there exists a positive
constant C' = C(R, k, t), which is independent of M, such that for all refractive indices nq, ny
satisfying (A.12) the estimate

(A.16) Ina =2l ra(py < CM® (= log™ wa, — wa, lr2@8rx08R)
holds true, where log™ z = log(z) if z < 1/e and log™ (z) = =1 if z > 1/e.

Remark. Using similar arguments we can obtain a stability estimate for ||[ny — ngl| () by
replacing (A.14) with (A.15). To simplify the presentation, we will not explore all the details
here.

Proof of Theorem A.4. Without loss of generality, we assume D C B; and R > 1. In
view of Fourier expansion (A.13), the estimate (A.14) and Lemma A.3, and the fact that
there are less that 2p® multi-indices v € Z* with || < p, we have

[ —”2”%2(31)

. 1\\> C(t)M?
< 0, R (37 (SRS, = Sl somy-szoma + 1) ) + G

3 2
T p’ 1
< C(k?, R, t)MIO (6(4R+1)( +P)||Sn1 — n2||L2(BBR)—>L2(3BR) + ? + E)

for all 7 > 79 = \/(k2M + 1)%2 + k2 and for all p > 2.
We now choose p = 753 and see that p > 2 for all 7 > 75 + 213, Then we have

In1 — nallL2s))

2
< O(k, R, t)M° <e(SR+2)THSm — Suallz20Br)~12(085) + m)

2
< C(k,R,t)M°® ((B(EBR’L2)T||U)7L1 — Wy || 22 (0BRx0BR) T m) .

Case 1. Suppose that ||wy,, — wn,||r2(08,x08,) is sufficiently small such that

1

3
(A.17) 7= log|[wn, — Wn, ||L2(0B5x0Br) = To +

[ 2t+3
t+38R+2 ’
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then we see that
(A.18) 1 = nalliasy < Ok, ROM? (= logllwn, = waallrzomaxonm)
| ot
= C(k7 R’ t)MS (_ logHwnl - wn2”L2(8BR><83R)) [

On the other hand, (A.17) implies

1 —
me — Wny ||L2(8BR><6BR) < exp (_g(t + 3)(8R + 2)(7‘0 + 2t+3)) <e L

Case 2. Otherwise, if ||w,, — Wy, | 12(0Bxx08s) < €', but (A.17) does not hold, then we see
that

__t

T+3 -5
(10 + 2t+3)) < (_ log||wn, — wn, ”Lz(aBRXaBR)) s

(&+$@R+m
3

Consequently, we have that
1 = nallz2my) < 11—l + (|1 = noflpe < 2M

(t+3)(8R+2)
3

t
t+3 __t
<2M ( (7o + 2”3)) (—logllwn, = wn, [l 208ax08m) ™+

(A.19)
< C(k7R7 t)JWTOtﬂ (_ IOgme _wnz||L2(l91’3R><f9BR))_tJTS

2t+3 -t
S C(k‘,R, t)M t+3 (— log||wn1 — wn2||L2(8BR><8BR)) t+3 .

Combining (A.18), (A.19), and using the a priori bounds of nj,ms in the case of
|wWny — Wy || 1208 <08, > €', implies (A.16). O

We are now ready to refine [HHO1, Theorem 1.2] in the following theorem.

Theorem A.5. Let ¢ > 2 and 0 < € < 13- Assume that ny, ny satisfy (A.12) and (A.1) also
holds. Then there exists a positive constant C' = C(D, My, t, k,€), which is independent of
M, such that

__t
n1 = nal|z2py < CMP (—log™ ||ug — ul || r2(s2xs2)) w3 te

Proof. Without loss of generality, we may assume that D C By. Given any 0 < # < 1, by
following the arguments in [HHO1, Theorem 1.2], one can show that there exist w = w(k, R) >
0 and p = p(k, R,t, My, 0) > 0 with wp > 1 such that

1 H'U/zo — UZOHL2 S2xS2 0
Wi, — Wn, || £2(8By 5 x0Bar) < PEXP (—5 (—log 1 5 1| L2(52xS?)

wp
1 o G
< pexp (—5 (— log||unc1>o — un2||L2(SQX§2)) ) )

It is important to remark that here we use (A.11) and follow the argument on [HHO1, Page
680-681] to ensure that the constant p is independent of M (but depends on M,).
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Choosing R = 2 in the above inequality and plugging this inequality into (A.16) yields

t
o oo 0 s
ln1 — nallL2my) < CM?> <—2logp—|— (—logHun1 — umHLz(Sngz)) ) e

t
—gt_ —2logp R
= OM°® (=log||tn, — Un, || 2(s2xs2 O3 ( +1>
( H 1 QHL ( X )) (_ lOgH'U,%Ol —U£’|L2(SQXS2)>9
S CM5 (- IOgHUJnI — un2||L2(82X82)) t+3
for all sufficiently small [lup? —up® || L2(s2xs2). Choosing 6 such that 65 = ;5 —¢, the theorem

can be proved as in the proof of Theorem A.4.
O

APPENDIX B. EXAMPLE OF LINK FUNCTION

Here we want to construct a link function ® satisfying Definition 2.1 following the idea in

[NvdGW20]. Define ¢ € C(R) such that

My — t~+, t>ty,
(,O(t) = Cot+01, to <t <y,
(=)~ t <ty

where My > 0,a> 1, —00o <ty < —1 <1 < t; < 00, and
B MO _ tl—d-‘rl _ (_t2>fa+1
B t —to ’
t —to '

Let ¢ : R — [0,00) be a smooth function such that suppy C [—1,1] and [, ¥(t)dt = 1. We
now define
bx p(t)

Co

Cl — (_t2)7a+1 o

O(t) i = ——=, —oo<t<oo,
() ¥ * ¢(0)
and set Mo > 0 such that 3
M,
_ 70 Mo,
¥ * (0)

(if necessary, we can choose [t1], [t2] large enough). Then, we want to verify that ® satisfies
(i)—(iii) of Definition 2.1. Indeed, by the direct computation, we have

o0 t1 to
Q'(t) =(a—1) / Wt —s)s “ds + Co/ Y(t—s)ds+ (a—1) / Y(t —s)(—s) ds,
t1 to —00
which is positive for all ¢t € R, and
lim ®(t) = My, tlim d(t) =0,
——00

t—o00

which implies that (i) holds.
Since 0 < ®(z) < M, for all z,

B (1)) < / WPt — )| Mods < M / [ (s)]ds < oo,
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and hence (ii) holds.
Finally, for t > t,,

(1) = (a—1) / ()t - 2) e = (a— 1) / )= 2) s

>(a-D)(t+1)" [ dE)dz et

and for t < ts,
P'(t) = a—l/ Y(2)(z—t) %dz = ( a—l/w (z —t) %dz
> (a—1)(—t—1)" /w ~ (=),

which is (iii).
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