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ABSTRACT. We consider an inverse source problem for the acoustic waves using a range of
frequencies in this paper. The aims of this study are twofold. Firstly, it is known that this
inverse problem is severely ill-posed with a logarithmic stability estimate. Nonetheless, the
inverse problem becomes more stable when one increases the range of the frequencies. In this
paper, we will view the logarithmic stability estimate and the increasing resolution/stability
by carefully analyzing the singular values of the forward map. Secondly, in view of the
behavior of the singular values, we then study the consistency theorem of the inverse problem
by the nonparametric Bayesian method. Due to the ill-posedness, we can show that the
posterior distribution contracts around the ground truth at a rate, which consists of two
parts: a polynomial rate and a logarithmic rate, depending on the range of frequencies. This
phenomenon also reflects the increasing resolution/stability property observed in the PDE
inverse source problem. Moreover, such consistency theorems also suggest the amount of
measurements taken in account of the experimental quality and the cost of the measurements.
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1. INTRODUCTION

In this paper, we plan to study an inverse source problem using the nonparametric Bayesian
approach. We begin with the description of the scattering problem. Let n > 2 be an integer
and k > 0 be a wave number. We consider the time-harmonic acoustic wave with a nontrivial
volume source f, which is a distribution on R™ with a compact support supp(f):

—(A+KrHu=f in R",
(1.1)

lim ]x|nT_1(8Tu —iku) =0 uniformly for & = Loest,
The second equation in (1.1) is known as the Sommerfeld radiation condition. Without loss

of generality, we assume that supp(f) € B;. We define
. n—2
u(2) 1= ———gla| =7 HY, (),
4(2m) = R
where H is the Hankel function of the first kind. For each y € R”, it is known that ®,
satisfies the above mentioned Sommerfeld radiation condition and

—(A + K*)®, = & in distribution sense

where J is the standard Dirac delta. In other words, ®; is the outgoing fundamental solution
of the Helmholtz operator. Together with the Rellich uniqueness theorem [CK19, Hor73|, we
can see that u of (1.1) is written explicitly by

(1.2) u(@) = P, x f(x),
which is understood as the convolution of two distributions. Now its far-field pattern is
defined by

A
wXfl(z) = |l‘im W;Hx]nT_le_i“‘”"u(x) with 7, =
T|—00
Such choice of v, guarantees that
(1.3) O (2,y) = e ¥ for all 2 € S" ' and y € R,

see e.g. [KSS24, Section 2] or [Yaf10, Section 1.2.3], therefore ul® can be represented in terms
of Fourier transform:

L) @@ = [ )= [ )y = Fea) forall s e 5

We remark that .#|f] is analytic since f is a distribution with compact support.

Here, we are interested in the problem of determining the source f (assumed to be un-
known) by the far-field pattern u$°(#) for all # € S"~!. In view of the Rellich uniqueness the-
orem, the far-field measurement u°(Z) is equivalent to the near-field measurement (-, )|r,
where ' = 0Bg with R > 1. Both types of measurements were considered in literature.
Inverse source problems have enormous applications in practice. For example, detection
of submarines and of anomalies in various industrial objects like material defects [EV09],
[GS17a, GS17b| can be regarded as recovery of acoustic sources from boundary measure-
ments of the pressure (see also [GS18| for similar results for the Maxwell and the elasticity
equations). It is known that from the far-field or the near-field data for one single linear
differential equation or system (that is, single wave number), it is not possible to find the
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source uniquely [Isa06, Chap 4]. This non-uniqueness is due to the existence of non-radiating
sources [BCT7].

It was shown in [EI20] that if one considers the measurements u(-, x)|r for all x € (0,k)
with some k > 0, then the uniqueness is true, i.e., f can be uniquely determined by u(-, k)|r
for all k € (0,k). The same is true when we measure uS°(z) for all k € (0,k). This is
easily seen from the analyticity of u>°(Z) in x. On the other hand, a frequency-dependent
stability estimate can be derived indicating the increasing resolution phenomena (also known
as increasing stability phenomena) as k increases. For other inverse source problem using
multiple frequencies, we refer to, for example, [ABF02, BLT10, BLZ20, CIL16, IL18, TW21,
LY17] and references therein. Here, we will view the increasing resolution of identifying the
source f by the far-field pattern u°[f](Z) for all k € (0,k) and & € 8" ! as k increases based
on the behavior of the singular values of the forward map.

In this work, we are also interested in the inference of f from u.°(z) for x € (0,k) using
the Bayesian approach. We now describe the statistical inference problem in a general form.
Consider the observation Y = Y™ given by Af polluted by a Gaussian white noise with
noise level 1/v/N, that is,

1
1.5 Y=Af+—=W,
(1.5) f+—
where A is an injective, continuous linear map from a separable Hilbert H; to another sep-
arable Hilbert space Hy. The Gaussian white noise W is defined as a centered Gauss-
ian process indexed by Hy, that is, W = (W), : h € Hs) is mean-zero Gaussian pro-

cess with covariance EW, W), = (h,h')y,. In the inverse source problem considered here,
A =Gy : L*(By)) — L3S}, drdz) defined by

k
Gy ana = [ [ LGP i e,
k 0o Jsn-1

where S := (0,k) x S"~!. The above discussions suggest us to choose H; = L*(B;) and
H, = L2(S) !, dr d#).

In the Bayesian inference, we assume that f is a random variable and we assign a prior
distribution II to it. Here II is a probability distribution defined on the Borel algebra B of
H,;. Let Iy(-|[Y™) be the resulting posterior distribution. The Bayes method is to make
inferences of f based on Iy (-|Y™)). Our first aim is to investigate the asymptotic behavior
of Hy(-|Y™)) as N — oo from the frequentist viewpoint, that is, the data Y™V) is gener-
ated by a true parameter f; € H;. One important question is to study the consistency of
My (-|[Y ™)) around f, with an explicit contraction rate. In the case of the inverse source
problem, we are able to analyze the singular values of the linear map Gy. Hence, we will use
the singular value decomposition (SVD) approach to prove the consistency of Iy (-|Y V).
For other nonparametric Bayesian inference for linear inverse problems by the SVD, we refer
to [Cav08, CGPT02, GP00, KvdVvZ11, Ray13|, just to list a few. There is a vast of literature
investigating the consistency of the nonparametric Bayes method for both linear and non-
linear inverse problems. We refer the reader to [AN19, ALS13, ASZ14, FKW24, GGvdV00,
GN20, GvdVY20, Kek22, KSvdVvZ16, MNP19, MNP21, Vol13| and references therein. Fur-
thermore, two nice monographs [GvdV17, Nic23] contain more exhaustive references.

The derivation of contraction rates of IIx(-|Y ™)) around fy as N — oo relies on a testing
approach outlined in [GGvdV00, Section 7]. The main idea of this approach is to construct
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suitable tests for the problem

(1.6) Ho:f=fo, Ha:fe{f:[If— follu =¢&n}

with exponentially decaying type-II error for some sequence £ — 0. Following the method
as in [AN19, GN11, Ray13], we will use concentration properties of certain centered linear
estimators to construct suitable plug-in tests. For the inverse source problem, relying on the
singular values of Gy, see Section 2, we can construct linear estimators using the band-limited
clements as in [LN11, Ray13].

Another key condition in the testing approach is that the prior distributions put sufficient
mass near the ground truth fy;. This condition is achieved by establishing lower bounds of
the “small-ball problem”, i.e., the probability of Af contained in a small-ball centered at Af,
under the prior. In view of the decaying behavior of singular values of A, a small ball in
H, is transformed by A~! to a large H; ellipsoid whose size is precisely determined by the
singular values.

In this paper, we are not only interested in the consistency of the posterior distribution
I (cot |Y™)), but also precisely deriving how the contraction rate depends on k. Due to
the behavior of the singular values, we can show that the posterior distribution contracts
around the ground truth at a rate, which consists of two parts: a polynomial rate and a
logarithmic rate, depending on the range of frequencies. This phenomenon also reflects the
increasing resolution/stability property observed in the PDE inverse source problem. We
believe that our results provide a better way of applying the Bayesian method for ill-posed
inverse problems.

This paper is structured as follows. In Section 2, we outline the behaviors of singular values
of G. In Section 3, we will describe the Bayesian method for the inverse source problem and
state main consistency theorems using sieve and Gaussian priors. The detailed derivation of
the behaviors of singular values of Gy is given in Section 4. In Section 5, we state and prove
a general quantitative consistency theorem, which is a refinement of [Ray13, Theorem 2.1]
by taking the parameter k into consideration. The proofs of consistency theorems with k-
dependence contraction rates for sieve and Gaussian priors are given in Section 6 and 7,
respectively.

Notations. We summarize some notations and function spaces used in this work. Through-
out, we shall use the symbol < and 2 for inequalities holding up to a universal constant.
For two real sequences (ay) and (by), we say that ~ if both ay < by and by < ay for all
sufficiently large N. In this paper, the universal constants in <, 2 and ~ are referred as
“implied constants”, which are all all independent of k and N. For any ¢ > 0, [¢]| denotes the
ceiling function ¢, i.e., [t] is the smallest integer larger than ¢. All formulas in the Digital
Library of Mathematical Functions (DLMF, https://dlmf .nist.gov/), which is maintained
by the National Institute of Standards and Technology of U.S Department of Commerce

(https://www.nist.gov/), can be also found in [OLBCI10)].

2. SINGULAR VALUES OF Gy

In this section, we would like to analyze the singular values of Gy as explicitly as possible.
Our aim is to understand the decaying behavior of the singular values, accounting the effect
of the parameter k.


https://dlmf.nist.gov/
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2.1. Upper bounds of singular values and an instability result. By the plane wave
expansion DLMF:10.60.E7, we can write

e =N (20 + 1)i(kly|) Po(2 - §) for all # € 8" ' and y € By \ {0},
=0
where § = y/|y|, jo are the spherical Bessel functions and P, are Legendre polynomials. Con-
sequently, we can use the addition theorem for Legendre polynomials [EF14, Theorem 4.11]
to derive the n-dimensional plane wave expansionlz

N(n,t)
—ikZ- <2£ + 1
e =0y W Z Je(RlyDYe;(9)Yes(2)
£=0 j=1
where §,,_; = I?Ern—% is the surface area of S"~! [EF14, Proposition 2.3] and {Ym(i)};y:(?’é)

is the orthonormal set of spherical harmonics with N(n,¢) = 242=2 (“4"73) [EF14, Theo-
rem 4.4]. Here we also point out that

(2.1) N@3,0) =20+1 forall {=0,1,2,- -
Therefore, if f € L?*(B;), then from (1.4), it follows that

00 gN(né)
22 @) =0 Y SIS ([ el ) av) vt

£=0 j=1

which converges in L*(8"™1).

The inverse source problem aims to recover the source f, which is a distribution supported
in By, from multifrequency data {u°[f](2):0 < r <k,z € 8" '} for some k > 0. From
(1.4) we see that such information gives us the value of .Z[f] in By on the frequency space.
Since f is compactly supported, by the analyticity of .#|f], the full data .#[f] on R" can be
obtained, and finally the Fourier inverse formula recovers the source f. It is also interesting
to point out that the set of {uX[f](2):0 < r <k,z € 8" '} is actually identical to the
linearized scattering matrix considered in [KSZ24, Lemma 3.1].

Now let us quantify the measurement mentioned above. By using (1.4), we can see that

/ [l | ”L2 Sn-1 d/f—/ / (k2)[*di dk
|2|=1

- [T emstp asa a = [ ez eras

By

(2.3)

which implies that Gy f is isometrically and isomorphically to the operator
(2.4) Uef@) = 77 [xm '3 Z1)] = 7 [xn ] (-2)'F ) in RY,

where (—A) T f = F [[\%ﬂ’[f]] is the negative power of the Laplacian [Stil9]. In other
words, we have

(2.5) HkaHm(Rn = HkaHm Sptdrdi)

IThe n-dimensional analogue for the Funk-Hecke formula [CK19, (2.45)] is an immediate consequence of
this n-dimensional plane wave.
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In the analysis of the singular values, it is more convenient to work with the operator Uy.
By the Fourier inversion formula, one has

F xsd(@) = 2m) K" F x| (—ke) = (21)7"K" (Kla]) "2 I 2 (klz),
where J, is the Bessel function of first kind of order a.. In view of (2.4), we rigorously define
the linear operator Uy in the following setting:
(2.6) Ue: HS ™ = L(R7),
where for each compact set K C R" and a parameter s € R, the Sobolev space Hj; is defined
b
' Hy :=A{f € H*(R") :supp (f) € K}, |[fllmg = [l xx]

In the following theorem, by the smoothing property of the forward operator and the
Courant min-max/max-min principles, we can estimate singular values without using the
explicit expression (2.2).

Hs(Rn) .

Theorem 2.1. Let n > 2 and k > 1. Then the bounded linear operator (2.6) is compact
and injective. In addition, there exist positive constants C = C(n) > 1, ¢ = ¢(n) and

C" = C"(n) > 0 such that the singular values o; <Uk ; H(Ell_n)/2 N LQ(Rn>) of (2.6) satisfy

(2.7a) C~' <o <Uk L HG T LQ(R")) < Ck'T for j < C'K",
(27b) 0; (Uk : H(Ell_n)/Q N LQ(Rn)) < OjnT:Ll exp (—C‘]ﬁk_%> fOT ] > C'k".

Here all the constants C,c,C" are independent of k.

In view of the mechanism explained in [KRS21, KSZ24] (see also [Ray13| in probabilistic
settings), the estimates (2.7a) and (2.7b) indicate that the singular values are almost con-
stant (up to a polynomial multiplier knT_l) in the stable region {j € N: j < k"} and begin
decay rapidly in the unstable region {j € N:j = k™} which led instability in the inverse
problem. It is clear that the stable region {j € N: j < k"} increases and the unstable re-
gion {j € N:j = k"} decreases as k — oo, which demonstrates the increasing resolution
phenomena.

We can restrict Uy on L*(B;) and thus

(2.8) U : L*(B,) — L*(R")

is compact injective. Using the similar method, we can show that the singular values
0; (U : L*(By) — L*(R")) satisfy

0; (U : L*(B1) = L*(R")) < C for all j < C'k",
(29) 0; (Ux : L*(By) — L*(R")) < Cexp <—cjﬁk*%> for all j > C'k".
Following the arguments of the proof in [KSZ24, Theorem 1.5|, we can prove that

Corollary 2.2 (Instability of the inverse problem). If there exists a non-decreasing function
t € (0,00) = w(t) € (0,00) such that

K 1/2
1fle2(m) < w ((/0 IIUEO[f]Hiz(sw)d’f) )



FREQUENCY DEPENDENT CONTRACTION RATES 7

forany f € ]—‘%1 with || fllasy) < 1, then there exist positive constants ¢ = c¢(n) and ¢’ = c/(n)
such that

(2.10) w(t) > cmax {t, k™' (log(1/t)) ">} forall 0 <t <.

Estimate (2.10) demonstrates that the logarithmic part becomes less dominating when k
increases. This observation reflects the increasing resolution phenomenon proved in literature
mentioned in the Introduction.

2.2. Lower bounds of singular values and a stability result. Understanding lower
bounds of singular values is extremely important in practice, especially in the Bayesian
inference method. However, the general method used in deriving the upper bounds obtained
in Theorem 2.1 does not seem to be effective. To overcome the difficulty, we will derive
lower bounds for (2.9) using the explicit formula (2.2). For definiteness, we restrict our
computations for n = 3, the most practical case. By (2.1), now (2.2) reads

oo 20+1

(2.11) 1) = wzz( [ il it )f(y)dy) Vin(#)

/=0 m=1

which converges in L?(8?). Tt is also helpful to see that we can relabel the spherical harmonics
as

Yo =Yei,m forall(=0,1,2,--- andm=1,---,20+ 1.

By the Courant min-max/max-min principles and the expression (2.11), we are able to prove
the following theorem.

Theorem 2.3. Let n = 3 and k > 4. The singular values o; (Uy : L*(By) — L*(R?)) of
(2.8) satisfy the lower bound

0 (Uk . L2(Bl) — L2(R3))
2
_4 . 3
(2.12) ks forall j < (k — 5) ,
. . 2
k™3 exp (—3]'% logj) forall 5> (k — g) ,
for some positive constant ¢ > 0, which is independent of both k and j.

Remark 2.4. Both upper and lower bounds of singular values in (2.9) and (2.12) can be
written for the operator Gy. In other words, for n =3 and k > 4, we have

0; (Gx : L*(B1) = L*(Sf,drd?)) < C for all j < C'K?,

2.13 -
(2.13) 0; (G : LA(By) — L*(S2, dr d)) < Clexp (—cjgkﬁ) for all j > C'K?,
and
0; (Gx : L*(By) = L*(Sy, dr di))
2
(2.14) k3 forall 7 < <k — g) ,

v

2
k3 exp (—3]'% logj) for all j > (k — g) )
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Combining (2.14) and (2.13), we can derive a stability estimate, which further explains the
increasing resolution phenomena of the inverse source problem.

Corollary 2.5 (Stability of the inverse problem). Let n = 3 and k > 4. Given any p > 1,
and we denote {¢;};en the singular basis in L*(By) of (2.8) corresponding to the singular
values o (uy® : L?(By) — L*(R®)), and define the subspace’

K(p) = {f € L*(By) : 1f I = Zj”|<f7 eyl < 1}-
JjEN
There exist a positive constant C > 0 and a logarithmic modulus of continuity meg : Rsg —

R.o which is a bijective, concave and strictly increasing function (see (4.19) below), both are
independent of k and p, such that

HfHLQ(Bn < Mog (Huﬁo[fwm(sﬁ,dnd@)) for all f € K(p, k;unstable),
||f||L2(B1) < Ckg”“io[f]HLQ(Si,dndi) Jor all f € ’C(/% k; stable),

where

2
K(p, k; unstable) := K(u) N span {gpj > (k — g) } :

2
KC(11, k; stable) := K(u) N span {gpj 1< (k — g) } _

Remark 2.6. We observe the increasing resolution phenomena in the sense that the cardi-
nality |KC(u, k; stable)| of K(u, k; stable) satisfies

IC(u, k; stable)| 7 +o0  ask 7 4o0.

Howewver, since the singular basis {@;};en the singular basis of (2.8) depends on k, there-
fore one should not expect the set inclusion between K(u, ky;stable) and IC(u, ko; stable) for
distinct k1 and Kks.

3. CONSISTENCY OF THE BAYESIAN INFERENCE

Let us now consider the statistical model (1.5) with A given by Gy defined in (1.5). Here
we study the case where n = 3. As in the Introduction, we take separable Hilbert spaces
H, = L*(By) and Hy, = L?*(S2,drdz) here. Also, for simplicity, denote by {(-,-)1, (-,-)2
(I - [+, || - l2) the inner products (norms) of Hy and Hs. Let {0} ey be the singular values
of Gk with the corresponding singular vectors {¢;}jen. As in Corollary 2.5, the set {¢;}jen
forms an orthonormal basis of Hy. Denote {e;};en C Hy the conjugate basis of {¢;}jen, i€,
Gxp; = oje; for all j. Recall that W is a Gaussian white noise on Hy. In other words, W
is described by a mean-zero Gaussian process W = (W; := W, : j € N) with covariance
EW;W; = ¢;;:, where ¢;; is the Kronecker delta function. In this form, (1.5) is interpreted
as

(3.1) Y; = (Gkf,ej)2 + Wi,

1
VN

2See [KRS21, (A.1)].



FREQUENCY DEPENDENT CONTRACTION RATES 9

which is called the sequence space model corresponding to (1.5) [Cav08]. Now, we consider
f € H; and hence f can be written as

f= Z fiei,

where » . means > °°, and f; = (f,¢;)1. Consequently, Y are distributed N(oifj, %)
independently. So the inverse problem is to estimate f = {f;},en from the sequence of in-
dependent observations {Y;};en. Since each Y; depends on the noise level 1/ VN, we denote
Y™ = {Y;},en. Next, relying on the Kakutani product martingale theorem [DP06, Theo-
rem 2.7, it was proved in [Ray13] (see (1.4) there) that the posterior distribution conditioned
on the observation Y™ is given by

fB V2,03 b Yi= S Gk flI3 dII(f)
=N IR i

(3.2) Ty (BlY ™) for all B € B,
where S is the support of the prior II. For f € Hjy, let P; denote the law of the model (1.5).

It is know that the family of distributions (P, : f € Hy) is dominated by the law Py, with
density

dP N
33 2o (VS - Sicuse).
0 J

see [Rayl3] or |[Rayl5, (2.1.3)]. Similar to the priors studied in [Ray13|, we consider two
types of priors.

3.1. Sieve priors. We consider sieve priors in the singular basis {¢;} of Gi : H; — Hy with
truncation level J, i.e.,

J
(3.4) f= Z fiwi,

where J has probability mass function m on N with distribution function 7. The coefficients
f; are random variables with density Tj’lq(Tj’I-), for some positive sequence {7;},en to be
chosen later, and for fixed density q. Consequently, the prior is given as

o J
(3.5) II= Z m(j)II; where ILj(xq,---,2;) = HTk_lq(Tk_ll‘k).
j k=1

Jj=1

Sieve priors of this type are commonly used in nonparametric Bayesian inference, see, for
example, [AGR13, Hua04, SWO01, Zha00]. Now we want to make the following assumption
on q.

Assumption 1. There exist constants D > 0,d > 0, and § > 1 such that the density
q:C —[0,00) satisfies
De %" < ¢(z), forall z € C.

We first prove a result which is in fact a parametric inference, which holds true for any
choice of the positive sequence {7;}en.
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Theorem 3.1. Assume that the ground truth fo takes the form fy = Zjozl fojpj for some
fized jo € N. Let q satisfy Assumption 1 and I1 be the prior defined as (3.5) such that there
exists a constant b > 0 and

0<m(j) and Z m(() <e % forall j € N.
(=j+1
If k > \/jo + %, then the following holds for any parameter ¢ > 0: there exist M > 0 and L,
which are independent of k, such that

(36) By (U (F € 3By I — foll > Men|Y™) > 9) < (log(kN))
for all sufficiently large N > logk, where
f if [Llog(kN)] < (k— §>2
s it (G " exp (312 hoglN ) log([ L ogW))
i 1L og(lV)] = (k- ;)

\

and all the implied constants are independent of k.

From (3.6), one sees that

Iy (f € L*(B1) : ||f = foll1 > M§N|Y(N)) o g uniformly in k.

The form of &y strongly suggests that we consider the “stable region”

2
Rk::{NGR:logkﬁNSexp<(k—g> )},

and we observe the increasing resolution phenomenon in the sense that the range of Ry
increases as k increases. If the parameter k is adaptive to the noise level with a growth rate
described in the first part of (3.7), we have a better contraction rate than the case where k is
fixed. Nonetheless, in the parametric case, the contraction rate of the posterior distribution
using a sieve prior is N~1/?*¢ with any € > 0, regardless the value of k.

We now consider the nonparametric inference problem. In order to obtain bounds which
are uniform with respect to the key parameter k, we will consider the ground truth which is
“smoother” than the one studied in [Ray13]. For each s > 0, let H3 = HZ  (H;) be defined
in terms of the basis {¢;},  given by

25 1 ‘
H, = {f € L*(By) : || f I,y = > 57 exp (632 logJ) £ < +<>O}

jEN
where f; = (f,¢;)1. The consideration of such weighted Hilbert space is motivated by the
discrepancy of lower and upper bounds of singular values derived in (2.13) and (2.14). The
following theorem clearly demonstrates the increasing resolution phenomenon for nonpara-
metric case:
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Theorem 3.2. We assume that the density q is a standard Gaussian, i.e., 5 = 2 in Assump-
tion 1 and the scale parameters satisfy

344

(3.8) T (j% logj>_ * forall j €N.

for some 6 > 0. Assume that the ground truth 0 # fy € H?

s for some s > 2 + %. Let 1T be
the prior defined as (3.5) in which m(j) satisfies

(3.9) exp (—b (j% 10gj>3> <m(j), i m(/) < exp <—b’ (j% logj)g) forall j €N

r=j+1

with some b >0 and ' > 0. Given any a > 0 and k > /e + % satisfying’

374s+5 3 1) 3 3
k— - 21 k- - <1 logk<2(k—-—=]1 k— -
(o3)  (2me(im3)) = ameiesa (i S (k-5)

then the following holds true for any parameter ¥ > 0: there exists a constant M > 1, which
18 independent of k, such that

Py, (T (f € LB < | = folls = MEn|Y ™) > 9) S (log(kN))

for all N = (log k)9, where

wl|oo

(3.10) k

(log(kN)) ;
( og( ) if k2 log ky < alogk,

»JB\OW

§
3

if kX logky > alogk,

where ky is the smallest integer satisfying

1
1 1 [ (log(kN))*\ 2
(3.11) ky® exp <—3k%\, log kN> ~k™s ((Og(T)))

Here, all the implied constants are independent of k.

Remark. Since (see (6.12) below)

logk +log N = log(kN) ~ k% logky for all large N > (logk)**’,

one can choose a sufficiently large av > 1 to see that there exists a constant o/ = /() > 0
such that

1
{N eR: N > (logk)*, k2 log ky < alogk}
={N eR: N 2 (logk)**’ logk + log N < alogk}
- {N eR: (logk)**® < N < ka’},

which demonstrates the increasing resolution phenomenon.

3The mapping t € (e, 00) — ¢~ 2572 (log )% is monotone decreasing due to s > 35.
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From a frequentist perspective, it is reasonable to calibrate the prior adapted to the forward
operator Gy, see also [KSvdVvZ16, KvdVvZ11, KvdVvZ13, Ray13] which also make strong
use of knowledge of the forward operator through the choice of diagonalizing basis.

The estimate (3.13) should read with a caveat. Even though the contraction rate is domi-

N
nated by the term k3¢ (M) ®at large k, the constant k®* there suggests that there may

be no significant improvement in the quality of the reconstruction of the source f from large
amount of measurements {u°[f]: x € (0,k)}. In the case when the parameter N is large
(ie. the noise level 1/v/N is low), we expect that collecting large amount of measurements
{u*[f] : k € (0,k)} would be helpful. Otherwise, if the data is noisy (i.e. the parameter N
is small), collecting large amount of such noisy data should not be too helpful.

3.2. Gaussian priors. In this section, we consider a conjugate prior. Let A : H; — H; be
a positive semidefinite, self-adjoint and trace class linear operator, satisfying the following
assumption similar as in [Ray13, Condition 3| (see also [KvdVvZ11, KvdVvZ13]).

Assumption 2. Suppose that the eigenvectors of A : H; — H; are identical to the
singular basis {¢;}jen of Gx : Hy — Hs, and its corresponding eigenvalues are 7; =~

JjPexp <—3j 2 log j ) for some constant p > % Here the implied constants are independent
of k.

Let A (0,A) be the mean-zero Gaussian distribution on H; with covariance operator A :
H; — Hy, that is, G € N(0,A) if and only if ((G, h); : h € H;) is a Gaussian process with

E(G,h); =0, cov({G,h)1,(G, kY1) = (h,AR"), for all h,h' € Hj.

We now take the prior IT = N (0, A). Recall that a Gaussian distribution has support equal
to the closure of its reproducing kernel Hilbert space (RKHS) H, see [vdVvZ08b|. Since the
posterior has the same support, consistency is only achievable when Gy fy is contained in this
set.

Theorem 3.3. Assume that the prior I1 = N (0, A) with A : Hy; — H; satisfies Assumption 2.
Let the ground truth fo € H) _ for some number v > p, then there exist constants M > 1

exp

and s > 0 which are independent of k, such that

(312) Py, (Iy(f € L(B1) < | = folls = Mén|Y ™) > ) < (log V)~
for all N Z 1, where
1 2
(—(IO%VN )3) if ky < (k - ;) ,
(3.13) £y = ki ,
by if by > (k—g) ,

where ky is the smallest integer satisfying

w)

ky® exp (—31@% log ) = ( .

Again, all the implied constants are independent of k.
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From (3.12) we have the following uniform convergence
My(f € L2(B1) : |If — follh = MEn|Y™) 0 0 uniformly in k.
It is reasonable to choose k as a function of N, for example, we can take
(3.14) K(N) = k2 +2,

which tends to infinity at a logarithmic rate as N — oo, and now we obatin the following
corollary:.

Corollary 3.4. Under the same assumptions as in Theorem 3.3, if k = k(N) is given in
(3.14), then

1y (f € () s~ Aol = 3 (S5 (k4 2)’

as N — +o0.

Y(N>> )

In other words, Corollary 3.4 suggests the amount of measurements taken in account of
the experimental quality and the cost of the measurements. From the mathematical point of
view, similar discussions also can be found in our previous work [KW24].

4. PROOFS OF THEOREMS IN SECTION 2

Before proving Theorem 2.1, we use the compact support condition for f to bound Ux(f).

Lemma 4.1. There exists a constant C' = C(n) > 0 such that
1O (Hllz2@ny < CCmK)™ [ f]] =2
1

for all k > 1 and integers m > 0.

Proof. We will prove our lemma by modifying the ideas in [KSZ24, Lemma 3.2|. From (2.3)
and the Placherel formula, we write

(4.1) HUk(f)H%Q(Rn) =L +1
with
= [lesere B[ jdEeP
Bi\B1

By
By using [KSZ24, (3.4)], we see that there exists a constant C' = C'(n) > 0 such that

(O] < C(Cm + O|§|)2m||f||H§fm for all € € R,

and therefore I; can be estimated for m > 1 by

I < Csup| Z[f] (O < C(Cm)™|IfII;

jel<t e
We proceed to esitmate Iy by
I < C*m ( sup (m + |§|)4m|§|1_"> £ 17 =2m < C*H(Cmk)*™ || £ =2
1<€I<k B1 B1

Plugging the estimates for I; and I, into (4.1) implies the lemma. O
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For any m > (n — 1)/4, since the embedding H(§11—n)/ e Hélzm is compact, the operator
(2.6) is compact. It follows from [KSZ24, (3.8) in Lemma 3.4 that there exists a constant
C = C(n) > 0 such that the singular values of the canonical embedding ¢ : H(Ell_”)/ i Hgfm
satisfies

_2m+(1-n)/2
n

(4.2) o (L : H(Ell_n)/2 — H%fm> < C(Cm)*™j for any integer m > (n —1)/4.

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. First of all, by using [KRS21, Proposition 2.3(a)] and Lemma 4.1
with integer m = [(n — 1)/4] + 1, we immediately obtain the following trivial bound via
interpolation (e.g., [LM72, Theorem 5.1|)

(4.3) 05(U) < 01(Ui) = 10l -2 gy < Ck"z forall jeN,
B1

where C' = C(n). The central idea of the remaining proof utilizes the following Courant’s
min-max principle:

(4.4) 0;(Ux) = min max 1 Ox () 22

5 ey LS o0 2=1)
B

where the minimum is taken over all subspaces S C H(Ell_n)/ ? with dim(S) = 7 — 1. Let

)/2

m € N and {9y }sen be an orthonormal basis of H(Pll_" consisting of singular vectors of the

(1-n)/2
HY

canonical embedding ¢ : — Héfm. For each 5 € N, we consider the vector space

Sj = Spall {,lvbl? e awj—l} .

From (4.2) we see that

2m+(1—n)/2

HfHH;m = [leo f“H;m < C(Cm)*™j~ " HfHH(EI*’”” for all f L 5
1 1 1

and consequently using the estimate in Lemma 4.1 for f € 5}, we see that

m+(1—n)/2

2
U (f)]z2@ny < C(CmkY/?)4m;——= £l ja-ms2 forall f 1 S;.
B1

Applying the Courant’s min-max principle (4.4) yields
(4.5) o;(Ux) < C(C’mkl/Qj’ﬁ)‘””jHT;L1 for all j € N and m € N.
Now, for each j € N, we consider the function
£;(t) = C(CtkY252)%  for all t > 0.

It is not difficult to see that such function f; is convex and has a global minimum ¢, over
t > 0 with

Ctok/?j 2 =1/e.
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Next, for any j > (2Cek'/?)?", we note that ¢, > 2 and so we can choose m = [to] > t,/2 > 1
in (4.5) to see that

0;(U) = 05 (U B LA(RY)) < 5 fi(m)

(4.6) < fi(t/2) = G5 (Ctol! 25~ j2)*0 = O 5 (2¢) 2
n— . ni.— n— 21 2 1 1
= Canl exp <10g <(2e)_é]1/2 K 1/2)) = Canl exp <——O§( e)j%k_?)
(&

for all j € N. Combining (4.6) with the trivial bound (4.3), we conclude the upper bounds
in (2.7a) and (2.7b).

We proceed to prove the lower bound in the stable region. Now we use the Courant
max-min principle:

2
4.7 0»(U o 7 ADTE Ny R”) = max min U; 2k
@ o (v H ®) =g min e
By

where the maximum is taken over all subspaces X of H(Ell_")/ ? with dim (X) = j. Since

10 ()22 ) = /Rnlfill‘ﬂf[f](&)Fdf - € Z LA dg

R™\ Bk
>[I0z = KT 1220800
By

and from (4.7) it follows

2

4.8 o; (U g2 Ly 2R ) > max min <1 — k' 12 > .

(48) AN R9) = X {eX:lany2=1} 11221y
B1

We choose
Xj = Span {wl? T 7wj}

where {1y} ¢cn is an orthonormal basis of L2(B;) consisting of singular vectors of + : L?(By) —
gl-mrz, Applying [KSZ24, Lemma 3.4] implies that there exists a positive constant ¢y =

B
co(n)
||f||29—n)/2 = |leo f||§{g—n>/2 > Coj(l_n)/n”f”%?(&)-
B1 B1

Then by (4.8) we have that

0; (Uk L HY T Lz(R")>2 > {fexj:ufﬁfﬁflnm:u (1 — k' f H%%Bl)) > 1 -y lkl
B
for all j € N. Consequently, we conclude that
of (Uk : H(Ell_n)/2 — L2(R”)>2 > i for all j < (%) o k",
which gives the lower bound in (2.7a). O

Next, we prove Theorem 2.3 using the explicit formula (2.11).
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Proof of Theorem 2.3. Similar to Theorem 2.1, the main idea is to use the Courant
max-min principle:

(4.9) a; (Ux : L3(By) — L*(R?))” = ma

X min
X AfeXilflip2pH=1}

10172 ms)

where the maximum is taken over all subspaces X of L?*(B;) with dim (X) = j. By (2.11)
and DLMF:10.51.E3, we can obtain that

Ve l(0) =7 | i) ) Vel

= dmr O ( je(2)2** dz) Yo (&)
0
= 47rff*1j4+1(/<;)Yg,m(i;).
The relation (2.5) yields
- k o k
VUl T @) 22y = / 1[0 Vo ()]s Ao = 1672 / ke ()2 ds,
0 0

where the convergence of the integral can be easily seen from DLMF:10.7.E3.
For each j € N, we define

6:(y) == V20 + 3|y Vi (D)

where we write 7 = > +m for £ = 0,1,2,--- and m = 1,---,2( + 1 as in (2.2). Note
that {¢;},en forms an orthonormal set of L?*(B;). By DLMF:10.47.3 (J, denotes the Bessel
function of the first kind) and DLMF:10.22.E27, we can compute

k
103 225y = 1672(2€ + 3) / ke ()2 di

k
=520 +3) [ k00 de
0

k

(410 > 873(20 + 3)k /0 Flss ()2 dn
= 5
=167°(20 + 3)k* (ﬁ +5+ 2a) |J£+g+2a(k)|2
a=0

> 8m°(20 + 3)(20 + 5)k s (k)
> 1207T3k_4|Jé+g(k)|2.

Observe that j < (¢ +1)%. If j > (k — 2)% then ¢+ 2 > k, and thus we can use

DLMF:10.14.E7 to see that
5 k
J 04+ = | ——=
(( 2) <£+%>)

5 2
k \7 5
(wrg) ()

2
1Uk(6)|13 23y > 1207k

(4.11)

> 1207°k 4



https://dlmf.nist.gov/10.51.E3
https://dlmf.nist.gov/10.7.E3
https://dlmf.nist.gov/10.47.3
https://dlmf.nist.gov/10.22.E27
https://dlmf.nist.gov/10.14.E7
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Here we remind the readers that
(4.12) J,(v)>0 forallv>0,

see DLMF:10.14.E2. Now we use DLMF:10.19.E8, DLMF:9.2.E3, and DLMF:9.2.E4, to derive
that

213 1 iﬂ(@) 223 1 i@i(())

~ 1/3 32/3F(§) — U203, 31/311(%) 2i/3

JV(V) as v — 0o,

1=0

for some polynomial coefficients P; and ();, where ~ is the Poincaré asymptotic expansion
described in DLMF:2.1.iii. From DLMF:10.19.E10, we see that

P0) =1, Pi(0)=P(0) =0, P0)=—5 Fi(0)=0.
and from DLMF:10.19.E11 we have
Q) =0, Qi0) ==, Qa(0) = Qs(0) =0

Next, DLMF:2.1.E15 implies

' i 21/3
Jm v3 L) = grr ey

On the other hand, by the monotonicity of v3.J, (1), see [Wat95, 8.54], there exists a constant
¢ > 0, which is independent of v, such that

(4.13) J,(v) > v s forall v>1.

Putting together (4.11), (4.12) and (4.13) gives

5 —(20+140) ‘
[0 ey = 0 (04 5) = i an

where we used the fact £ > /7 —1 >k —5/2 > 1. Furthermore, from ¢ < \/j, we see that
there exists a positive constant ¢ > 0, which is independent of both j and k, such that

10k (7)1 72 gy > KV (4/) 78V

3\ 2
4.14 , for all 5 > (k — —) .
(4.14) = k>t exp <—4j% log(16j)> 2


https://dlmf.nist.gov/10.14.E2
https://dlmf.nist.gov/10.19.E8
https://dlmf.nist.gov/9.2.E3
https://dlmf.nist.gov/9.2.E4
https://dlmf.nist.gov/2.1.iii
https://dlmf.nist.gov/10.19.E10
https://dlmf.nist.gov/10.19.E11
https://dlmf.nist.gov/2.1.E15
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We now consider the case where j < (k — %)2 Since ¢* < j, we have ( + % < k. In view of
(4.10) and DLMF:10.22.E7, we can estimate

k
U3) sy = 16720 +3) [ 52l de
0
k
=87 (20 + 3)/ l€_3|J€+%(I£)|2 dr
0

+3
> 873(20 + 3) / ’ kD2 s (6) [ dr
0 2

3

(4.15)

3)—(2€+7) (£+ %)2£+5 2

> 873(2 =
_87T(£+3)(€+2 Ty
20+ 3 3\ 2 3\ |?
— 43 2 5 b
— 4r 2£+4<€+2) JZ+2(€+2>
3\ 2 3\ |2
> RY (€+§) J@+% <£+§)

From (4.13) and (4.15), it follows that

_8 2
3\ 3 3
(416) HUk(qu)H%Q(R?’) Z C2 (f + 5) Z C2k7% for all j < <k — 5) .

3\ 2
for all j < (k—§> ,

3\ 2
k3 exp <—3j% 10gj> for all 7 > (k — §> .

Consequently, gathering (4.14) and (4.16) implies

[FS

ck™
(4.17) 10Uk (95) | L2(zs) =

Finally, considering X; = span{¢s,---,¢;} in (4.9), (4.17) immediately implies the lower
bounds of (2.12). O

Now we would like to prove Corollary 2.5 by modifying the ideas in [KRS21, Proposi-
tion A.4].

Proof of Corollary 2.5. By (2.9), we can choose a positive constant ¢y > 0, which is
independent of 5 and k, such that

co0; (Uk : LA(By) — LA(R%))* <

1
— forall j € N.
e

Since p > %, there exists a constant C' = C”"(u) > 0 such that 3j2log j < C'j*. Given any

s > 0, from the second estimate in (2.12), for each j > (k — 2)?, we have

co (07 (U - LA(By) — LARY)) /5)° > coc®k ™57 exp (—2C"j).


https://dlmf.nist.gov/10.22.E7

FREQUENCY DEPENDENT CONTRACTION RATES 19

We further obtain that
log (co (0; (U : LA(By) — LA(R%)) /jS)Q)
— —log (o (o (Ui : L2(B) — L*®Y)) /5)°)

< —log (c(JCQk’%j’ZS exp (—20’]’“)) = log (calc’Zk%jQS exp (20’]’“))

8
3\ 3
< log (calc‘2 (ﬁ + 5) 52 exp (20’3‘“)) :

We can choose a positive constant C' = C'(u, s) > 0 such that

8
3\ 3
cyle™? (j2 + 5) 7% exp (20"5*) < exp(Cj*) for all j € N,

and thus
log (0 (o (Tie: 22(By) = L2(®9)) /7)) = 047+

Taking s = £ above implies
(4.18) Mog <(aj (Ux : L*(By) — L*(R?)) /jM/Q)Q) > j7* forall j> (k — ;)2,
where 7105 1 Rso — R is any bijective, concave and strictly increasing function given by
(4.19) Mog(t) = Cllog(cot)| ™" for all t € (0, (coe)™")
and
(4.20) teRyp— nloi(t) is nonincreasing.

Now let
(4.21) = Z (f.ei)r2me; € K(n),

>(k=3)?

and define A := || f{|i(n) (< 1) and the normalized function fy := f/|| f|lx(.) and its coefficients
1
aj = —(f’ SOJ)LQ(Bl)‘
[alrem

The fact 325 q_3)2 3*1ai)* = 11 fllxts D iz IS ©j)12(81|* = 1 suggests that we define
¢j = j"|a;|* and so ij(k_%)g c; = 1. This enables us to apply Jenson’s inequality to obtain

Mot (I320) =it | D0 i | < D0 emot (7%

7> (k=3)? 7> (k=3)?
because 771’0; is convex. Therefore, by (4.18), we have
- 2N 2
Thoa (Hf)\”%Q(Bl)) < Y ¢i(oj (U L2(By) — L*(R?)) /547?)
7> (k=3)?

= > laPoy (U L2(B1) = L(RY)” = U2

J>(k—3)2
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Consequently, we can use (4.20) and the fact A> < 1 to derive that
_ a0 g/ X

(4.22) 1132 < e < 1oy (1UR(F)22a))
for all f given in (4.21).
Next we consider
(4.23) = Z (f, @) r2(myps € K(p).
j<(k—3)?

From the first estimate in (2.12), it is easy to see that

1V Fe@sy = > 10020y (Ui s LP(By) — L*(R%))”

j<(k—3)2
(424) 9 ) 2 2 _8 2
> ck™s Z !(f,SOj)LZ(Bl)\ =c’k SHfHLQ(Bl)
i<(k—3)?

for all f given in (4.23). Finally, we conclude the result from (4.22) and (4.24) by noting

OB ge = BT o, gy O

5. GENERAL QUANTITATIVE CONSISTENCY THEOREM

In order to prove the consistency theorems stated in Section 3, we first establish a general
contraction theorem. Since our aim is to study the dependence on the key parameter k, we
need to refine [Ray13, Theorem 2.1] or [Ray15, Theorem 2.2.1] by tracking the dependence
on k carefully. We first recall some preliminaries as in [Ray13| in the way that fits into our
problem.

Let 0j(k) := 0, (Gx : L*(B1) = L*(S%,dr dz)) for j € N, be the singular values of Gy, with
the singular basis {¢;};en, which forms an orthonormal basis of H; = L?*(B;). By letting
ej := 0} 'Gyypj, from [KRS21, Proposition 2.3] we know that {e;};en forms an orthonormal
basis of Hy and satisfies Gle; = 0;¢;, therefore we also refer {e;};en as the conjugate basis
to {¢;}jen. We denote @, := aj’lej and see that GLp; = aj’lGl*(ej = p;, l.e. for each f € Hy
one has

<f7 ij>1 = <kaa 95]> for au] € N7

which means that we can express the coordinates of f in the {¢;} basis in terms of the action
of {$;} on Gy f. This suggests us to define

1 -
Y. = , . + _Z.7
J <f <P3>1 \/N J
where Zj are mean-zero Gaussian random variables with covariance EZij/ = 0;;. Thus

the sequence {17]} provides an unbiased estimator of the coefficients of the true regression
function f in the singular basis {¢;}, and we define a canonical linear estimator of f:

kn (k) ~
fn = Z Yjej,
j=1
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where the integer-valued function ky(k) is the resolution level to be specified. Let Py be
the orthogonal projection operator onto span{p; : 1 < j < k}. Now we can decompose the
estimator fyx into its bias and variance parts

kn (k)

1 y
vk = Peyao(f) + —= Z Zjp;.
VN —

Now following the lines in the proof of the equation before [Ray13, (4.2))], which involves
a version of Borell’s inequality for the supremum of Gaussian processes in [Ray13, (4.1)] or
[Led01, page 134] (see Borell’s paper [Bor75|), given any function L(k) > 0 and any positive
function {en(k)}, one can obtain that

P (”fN,k ~Efwalh = - ! <\/2L(k)5N(k) + ’fNT(k)» )

ky (k)
If there exists a function ¢;(k) > 0, which is independent of N, such that
(5.1) kn (k) < 1(k)Ney (k),

then it follows
2L(k) + 41 (k)
€
Ty () (K)

(5.2) P (HfN,k —Efnvkl > N(k)) < e LUINeR o),

Furthermore, suppose that there exists a function ¢5(k) > 0, which is independent of N, such
that

€N(k)
Okn (k)

where £y(k) is a positive function, representing the contraction rate, then from (5.2) we
obtain

(5.4) P (IIfN,k —Efnxli > (V2L(k) + 4 (k))eQ(k)gN(m) < o LIONER ().

We now assume that there exists a function ¢3(k) > 0, which is independent of N, such
that the bias of f, satisfies

(5.3) < lo(k)én(k),

(5.5) | Prn o) (fo) = follr < l3(k)én (k).
Given any
(5.6) Moy(k) > 01(k)la(k) + £3(k),

we consider the function®

On = T{[[fva — folli = Mo(k)én(k)},

where 1A denotes the characteristic function of the set A. Then, by (5.3) and (5.5), we can
see that the type-I error satisfies

Ej, onx = Py, ([ fvx — folli = Mo(k)én(k))
<Py, (I fvx — Eg fvills = Mo(k)én (k) — [[Eg, fvx — foll1)
<Py, (I fvx — Eg fvill = (Mo(k) — £3(k))én(k)) -

4Such ¢y is also called a “test”.
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Choosing
> 0 since (5.6) 2
L Mo(ke) — ta()
Lk)= - — 0 (k
in (5.4) yields
1 [ My(k) — l5(k) 2
(57) Ef0¢N,k < exp <_§ ( 0 ZQ(k) 3 — £1<k) NE?V(k) .
We now let
(5.8) Sy be a sequence of subsets of {f € Hj : || Pyyao(f) — fll1 < la(k)én(k)}

for some function ¢4(k) > 0.

Example 5.1. The choice Sy := {f eH;: f= ngk) fjgpj} satisfies (5.8) with £, = 0 and

is valid for any choice of &y (k).

We further assume that

M (k) — la(k) — Mo (k)
l5(k)

For each f € Sy with ||f — foll1 > M (k)én(k), we see that

Ef(1—onx) =Pr (| fvx — folli < Mo(k)én(k))
<Pr(lfo— flli = If = Efwxlli = [Efvx — [yl < Mo(k)én(k))
=Py ([Efnx — fyklls = 1fo = fllh = If —Efnklli — Mo(k)én(k))
<Pr(IEfvx — fvklli = (M(k) — la(k) — Mo(k))En (k)

It follows by choosing

(5.9) (k) <

>0 since (5.9) 2

-~

1| M) — (k) — Mo(k)
2 l(K)

L(k) = — l1(k)

in (5.4) that

(610) gl pni) < oxp (—% (FO= T ) Nsmk))
Note that (5.6) and (5.9) can be guaranteed by the condition
(5.11) (k)b (k) + l3(k) < My(k) < M (k) — l4(k) — £1(k)la(k).

With (5.7) and (5.10) at hand, we are ready to prove the following proposition by modifying
the ideas in [Ray15, Theorem 2.5.3|, which is based on |GGvdV00, Theorem 2.1|.
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Proposition 5.2. Let the white noise model (1.5) with A = Gy with singular basis {¢;}jen,
which forms an orthonormal basis of H; = L*(By). Assume that {ex(k)}, {{n(k)} and
{kn(k)} are sequence of positive functions such that

€N(k)
Okn (k)
for some l1(k) > 0 and ly(k) > 0. Assume thatY has law Py, with the ground truth f, € Hy

such that the bias of fo satisfies the following condition: there exists a function l5(k) > 0
such that

(5.12b) 1Prx a0 (fo) = folly < s(k)én (k)  for all N > 1.

Let Py be the orthogonal projection operator onto span{p; : 1 < j <k}, and let Sy be a se-
quence of subsets of {f € Hy : || Puyao)(f) — flli < la(k)én(k)} for some £y(k) > 0. Suppose
that there exists a constant C' > 1, which is independent of k, such that

(5.12a) kv (k) < 01 (k)?Ney (k)2 < ly(k)En(K),

(5.12¢) My (S%) < Cexp (-1 (M (k) = é‘;((ll‘{))_ Mo(k) El(k)) NSN(k)2>

2
for all N > 1 and with My(k) satisfying (5.6), and further there exists a function h(k) > 0
satisfying
(5.12d) Ty ( FeH, : ||Guf — Gifolls < \/ﬁgN(k)) > Ol hINen (19
Then for each M(k) > 0 satisfying (5.9), there exists a positive constant C', which is inde-
pendent of k and N, such that

Py, (I (F € Hy - |1 — folls > MK)en|Y ™) > 20)
1
= S00PNZ, ()

e (_ 1 (Mo(k) — (k) Mk)) o <k>2>

+971C exp (—M(k)NaN(k)Q)

2 l>(k)
for all positive parameter 9 > 0 and any function® g(k) > 0, where

1 (M(k) — ly(k) — My(k)
2 ( l5(K)

(5.13) M(k) = — él(k)> —1—g(k) — h(k).

Proof. Here we denote by P, the law of the model (1.5) when the operator A equals the

identity. Let w®” = 3% be the density of P, with respect to the law Py of the pure white noise

process. By the second equation in the proof of [Ray15, Theorem 2.5.3|, we have
Iy (f € Hy: |[f = follh =2 MK)ENY) (1 — dn)
wCkS
(5'14> . ffeHl:||f—f0||12M(k)§N(k) wcsfo (Y) dHN(f)(l - ¢N,k)
= o .

°In [GGvdV00, Ray13, Ray15], they simply choose g(k) = 1.



FREQUENCY DEPENDENT CONTRACTION RATES 24
Recall from [Ray15, (2.5.12)] that

weS N
(5.15) ~Eplog (L7 ) = 3 1GS - Gufill

Denote the event

By = {f € Hi : [|Gkf — Gifoll2 < \/§€N(k)},
and now the small ball condition (5.12d) reads
(5.16) Iy (By)) > C e MIONen()?

It was derived in the proof of [Ray15, Theorem 2.5.3] (which utilized [Ray15, Lemma 2.5.4])
that

P / wS (Y)dv(f) > —(I+g(k))Nen (k)% ) > q 2

v e -
1\ Sy wCelo = = g2(k)Ney (k)2
where v = rlflvﬂ, then from the small ball condition (5.16) we have

~N(BN)
2 kaf 2
1— <P ——(Y)dII > e~ UHglkDNen (7T (B
g2<k)N€N(k)2 =1 fo (/B’N kafo( ) N(f)—e N( N)

Gxf )
<Py, (/B U (V) dIIy(f) > Ol (rolo+h()Nen (k) ) |

Gx fo
ka

In view of this, we consider the event

wxS 2
Ay = { / (V) dly(f) > e (HotorntoiNexty } :

G
By w ka

which satisfies

1

(5.17) P, (AR) < SN

We now fix any ¥ > 0, and from (5.14), we can see that
Pr (M (f € Hy: [1f = follh = MK)ExY) (1 = ¢ni) = V)
wCkS

(1—onx) / —
<Py, (AS) + Py, FEH T~ folli =M ()en (k) WS
> YO—Le~(H+900+h(k)Nen (12

(5.18) (Y) dIIn(f)

Since

woxf wCxS
Es (kafo (Y)> =1 and Eg (—kafo (Y)(1— ¢N7k)) —E(1 — dnu),
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from (5.10) and (5.12¢), it follows that

e
Efo <(1 N ¢N’k) /f€H1=||f—f0||12M(k)£N(k) W(Y) dHN(f))
wOT wOT
< [ 2o (an) s e (0 om0 g o)
Ty (SS) + sup Es(1— g

fesSn:lf—folli>Mk)én (k)

< (C+1)exp (_% (M(k) — ly(k) — My(k) —51(1{)) NaN(k)2> _

l>(k)
Now using Markov’s inequality yields
wCkf

(1—onk) /
PR f— folla =M (k)N (k) WS
S 9O~ (1H909 +h()Nen (k)2

P, (Y) dlln(f)

0

wCkS

B ((1 = ON) Jrer - ol = Ma0en 0w (V) AN (S )>
< 9O T (gl Th(<) Nen (6P

<97'C(C + 1) exp (—M(k)NEN(k)2>

where M is the function defined in (5.13). Combining the above inequality with (5.17) and
(5.18), we have

Py, My (f € Hy : ||f = folli = M(k)En]Y) (1 — dni) > 9)

(5.19) 1 -1 Y 2
< SNy T CC+ Dew <—M(k)NsN(k) ) .

Again, by Markov’s inequality and (5.7), we obtain
Pr, (M (f € Hy 2 [|1f = folli = M(K)En(K)[Y) ¢ > V)
<O By, (Uy (f € Hy : ||f = folli = MK)ENK)Y) dnvi) < Epdni

<9 exp (_% (MO(IZ(;)&(k) _ gl(k)) NEN(k)2> '

Finally, putting together (5.19) and (5.20) yields
Py, Uy (f € Hy 2 |If = folh > M(k)éEn(k)[Y) > 20)
<Pp My (f € Hy < || f = folli = M(k)En(K)[Y) (1 — dni) > D)
+ P, (Uy (f € Hy: ||f = follh = M(K)En(K)|Y) dnx > V)

1 1 ~ 2
< N G+ Dexp (—M(k)NsN(k) )

+ 9 exp (—1 (Mo(k) — l5(K) — 51(k))2 N5N(k)2) )

(5.20)

2 lo(k)

which concludes the proposition. O
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6. PROOFS OF THEOREMS IN SECTION 3.1

By imitating some ideas in [Ray13, Proposition 3.1], we prove Theorem 3.1 by verifying
conditions in Proposition 5.2.

Proof of Theorem 3.1. First of all, we consider the choice Sy in Example 5.1, which allows
us to choose /4(k) = 0 in Proposition 5.2. We now verify the small ball condition (5.12d).
Let f be distributed according to II, conditioned on J = jy, and P be the corresponding
probability measure. It is easy to see that

PQWM—Guwﬁsﬁme=P<§]ﬁ—mﬁﬁs2wmf)
j=1

(6.1)
2€N(k)2

Jo

Jo
,j - ]-7 7j0) = HP(|fJ _f07j| S nN’])

j=1

zw@n—hmﬁs

by the independence of f;’s, where

o \/§5N
= Voo

If X:C — [0,00) is a complex-valued random variable with density ¢ satisfying Assump-
tion 1, then we obtain that for all 2z € C and t > 0

(6.2) P(|X — 2| < t) > 2xDte2=+0"
from [Ray13, (5.2)]. On the other hand, since jo < (k — 2)? < C'k?, by (2.13) and (2.14) we
can see that

cley <y < ckiey for 1< 5 <

for some ¢ = ¢(jo) > 1. Using (6.2)% and noting that (a + b)° < 2°=1(a? 4 V) for all a,b > 0
and [ > 1, the right hand side of (6.1) is bounded below by

Jo

[ 27 Dnw7; t exp(—dr; 7277 ([ fo1° + ;)

j=1
(6.3) = 21D exp (i {log (HTLJJ) — dTJ-_626_1(|fo,j|B - m%ﬂ})
j=1
> 2w D exp (jo <log€N —Cy(1+ k%sﬁ,)»
for some Cy = C4(jo,d, 5, fo, 71, ,T5) > 1. We now choose
en =en(k) = k™3 <@)W

Swith choices X = TJ»_l fj (to ensure it has density q), z = Tj_l fo,j and t = Tj_lm\w.
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and hence k3 Ne2, = log(kN) and

€N eXp (—01(1 + k%gfv»

—k 3 (@)%Xp (—01 (1 N (wf))

log(kN)
N

w

1
> Cgk*% < ) for all sufficiently large N 2 logk,
since
1
og(kN) _ log N N logk <1,
N N N =

vV N 2 logk.
This implies
i _p
log <€N exp (—Cl(l +k éTN)))
4 1 1

> log Cy — §logk+ EloglogN — §logN

> —log(kN) = —k3 Ne,.
Next, from (6.1) and (6.3), it follows that

P (IIka — GxJol2 < \/§5N> > 21D exp (‘Czk%Ne?Q

for all sufficiently large N 2 logk. Now since jj is fixed and m(jy) > 0, we can see that

Iy (f € Hy : [|Gif — Gifoll2 < en)
> 2rDm(jo) exp <—Cgk%Ns?\,> ,
which verifies (5.12d) with h(k) = Ck3.
In order to fulfill the first condition in (5.12a), let L > 1 be a constant to be determined
later and take £;(k) = v/2Lk3 and
ky = ky(K) := [Lk3Ne] = [Llog(kN)] < 2Llog(kN) = 2Lk3 Ne,.

Since || Py (fo) — foll1 = 0 for all N > exp(jo), it immediately implies (5.12b) with ¢3(k) =0
and is valid for arbitrary choices of M (k) and My(k). In view of the upper bound on m, we
then have

My (S%) S e < exp (~bLKINE ),
which guarantees (5.12¢) with M (k) = l5(k)(1+ v/b)v/2Lk3 4+ My (k). Now we simply choose
Mo(kK) = 201 (k)l5(K) + £5(K) to verify (5.11). From (5.13), we can choose g(k) = k3 and
L =3(Cy+2)+ 7 to see that

M(k) = bLks —1 — k3 — Cok3 > k3.
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In order to fulfill the second condition in (5.12a), one shall choose ¢5(k) = 1 and set En = ;ZV .
"N
Finally, (2.14) implies

;

3 2
1 if k k— -
i (1og(kN>>1/2 RS ( 2) ’

1 3 2
exp (31{;@ log kN> if by > (k — 5) :

(

1 if [Llog(kN)] < (k - 2)2

_ <10g(kN ))1/2- exp (3L log(k ) log([ L log(kN)1)

if [Llog(kN)] > (k - g)Q

\

We now use Proposition 5.2 to conclude
Py, (T (f € Hy: [f = folls = MQEN (YY) > 0)
< (log(kN)) ™ + exp (— log(kN)) + exp <—%bL log(kN))
< (log(kN))™".
Note that we can write

M (k)én (k) = Méy
for some constant M > 0, which is independent of k, where {y is given as (3.7). The proof
of Theorem 3.1 is now completed. 0

The strategy for proving Theorem 3.2 is essentially same as Theorem 3.1.

Proof of Theorem 3.2. First of all, we will verify the small-ball condition (5.12d). By
the triangle inequality

G f — Gifollz < [|Grf — G(Pry o (fo))ll2 + |Gr(Pry o (fo)) — Gifoll2,

where ky(k) — oo will be specified later. By (2.13), we see that there exists an absolute
constant C, > 1, which is independent of k and j, such that o; < C, for all j € N. For
fo € HS_,, we can estimate

1Gx(Pry o (fo)) — Gicfollz

9 .1 -\ -2s 1 )
= Y i e (65 logj ) ¥ exp (653 log ) ol
j:kN(k)+1

< ()™ exp (~Gkn (1) log k() |11

2
H‘esxp.
Let ky(k) be an integer larger than e? and define

(6.4) e (k) = 2Cukn ()~ exp ( =3k (K)* log kn (K) ) |1 fo

s .
H exp
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Consider f as a finite series of {¢;} of degree kn(k), i.e.

kn (k)
F=> fies
j=1

Similar to the derivations of (6.1) and (6.3), using (6.2), we obtain

P (16~ GulPoool s < 252

kn (k)

(k)
(6.5) > HP<|fa fosl < \/—>

ke (k) _
> 21D exp Z {log <77NJ) —2d72(| foI” + 7712\7,]')] ;

j=1 7

where 7y ; = %Ji’;—gjﬁ By (3.8) and (6.4), for each j =1, -, ky(k), we see that

B > k() ey (k) exp =3k (k) log ke (K) ) | follz, 7 !

7j

142s

2 (k)5 exp (< 3k () log ki (K))
and hence
kn (k) 3
(6.6) Y log ("fj]) > Ckn(k) log ky(k) > —C (kN<k)%1ogkN(k))

7=1

for some constant C' > 0, which is independent of k.
Next, from (3.8), it is easy to see that

kn (k) kn (k)

1 )\ 30 N A\as
61 Y P Y (o) P2 (F10ed) T sl < ol
j=1

j=1 j=1

On the other hand, it follows from (2.14) that

5N<k)2 1 310 . 3 2
~ k3 1 for all k— 2
77 i< s k?N(k) (]2 Og]) orall 3 < 5 ,
2 ~/ 2
7j sen(k)? /1 N\ 3t9 1 . . 3
k 1 | forallj > (k—=]) .
3 o (K) (]2 0gj> exp <6j2 0g]> or all j > 5

29
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From above, we then have that

(kv (k) 345 3\ 2
Z k8 €N (j% 10gj> if ]{JN(k) < <k — 5) )
kn (k) -
\ 77]2\’_] < kN(k 8€N k)? /1 310 1 .
2o Z S <J2 10gj> exp (6J2 logj>

EREELCE (k— g>2
(/@V(k)%1ogkN<k))3+‘S i ko (k) < (k— g)z
(k;N(k)% log kN(k)> T exp (6kN(k)% log k;N(k))
BRLEEE (k— 2)2

where the implied constant is independent of k, ey (k) and kx (k).
Now substituting (6.6), (6.7) and (6.8) into (6.5) and noting that ky(k) is the smallest
integer satisfying (3.11), we can see that:

Case 1. If ky(k) > (k — 2)?, then

kiey (k)2

A

Kiey (k)2

2

(0 k;N logk;N(k)>3><

P (16w - GulPiy )l = 29

> 2nDexp ) 5 )
1+ ks k:N(k)i log kN(k)> en(k)? exp <6kN(k)§ log k:N(k)>)

> 21D exp C’ 1og k;N(k)>3 (1 + kgl{?N<k)_2s+g (log ]CN(k>>5>>

> 21D exp (CO log en(k ,

for some Cy > 1, since k3ky (k)™ 2643 (log ky(k))’ < 1, which is guaranteed by kN(k) >

(k — %) > k30s—i-9 6 -9 for some suitable chosen € > 0 depends on s and ¢ due to s > £ + e

We now choose ey = en(k) satisfying

6 g 1 (L

ie.,
ki Ne2 ~ (log(kN))>.

Thus, we have

(logen)? = (—log(kN) + log ((log(kN))*))’ =~ —(log(kN))? ~ —k5 Ne%,,
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for all N large. This choice yields

1 3
(6.10) (log(kN))* = ki N = (—logen)® = (ki log k) 2 kv,
which verifies the first condition of (5.12a) with ¢;(k) = k3, and

(6.11) (Hka Cr( Py (f))l|2 < 7) > exp( clk%Ngﬁv) .

Case 2. If ky < (k — 2)?, then we again consider the choice (6.9) and use (6.10) to see that
P (IGxf = GaPeyao (o)l < )
5
( ( k:2 1ogk:N) <1+k§g§V (k;%vlogim) )))
3 1 kN))3+6
> 27D exp ( ' ( k:2 logkN) (1 n %)))

3
>2rDexp [ —2C' k’2 log k:N> >

> 21D exp

for all sufficiently large N > (logk)3*?. This again implies (6.11) for all N > (log k)3*?.

From (6.4), it is readily seen that

|G Pe (o)) = Guchll < e,
and consequently by (6.11), (3.9) and (6.10), we obtain that
Iy (f €Hy:|[Gif — Grfoll < en)
> 1y (£ € Hy Gl Py () = G 2 < g )
2 mky) exp (—CikNed ) 2 exp (—b (kN log k;N)3) exp (~Ciki N, )
> exp(—h.k3 Ned)
and thus the small ball condition (5.12d) is satisfied with h(k) = k3h, for some positive

constant h,, which is independent of k.
Noting from (6.4) and (6.10) that

1
(6.12) log(kN) ~ —logey ~ kZ logky for all large N 2> (logk)**.

In order to fulfill the second condition in (5.12a), we will choose ¢3(k) = ¢5 for some k-
independent constant 5 > 0, to be determined later, and in view of (2.14) and (6.9), we can
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see that
. 3\°
k3eyn if ky < <k— —) ,
lev o1 2
lyory 0 . 2
2T exp <3kfvlogkN) en if ky > (k— g) ,
- 1 k3ey if k3 logky < alogk,
b | KSexp <3k:fv log kN> en if kZloghy > alogk,
log(KN))3 2 L
1 (W) it k2 logky < alogk,
"6 )
ksky® if k3 logky > alogk,
log(KN )3 2 1
1 (M) if k2 logky < alogk,
Sénk) = E : N
_9 1
k%kN4 it k3 logky > alogk,

for any o > 1. Taking /5 = Cl yields that

P (o) = foll < 5

which verifies (5.12b) with ¢5(k) = 1 and we see that

C.
ey < 752&\/ =&,

1K) 0o (k) + L3(k) = ki by + 1.

In this case, we will not consider the choice described in Example 5.1. Argue as in the
proof of [Ray13, Proposition 3.4|, for f € supp(Il,,) and by the Karhunen-Loéve expansion,
we can express

(6.13) [1Pin (f) = fllv = sup Gn (h),
heBg
where By is a weak * dense subset of {h € Hj : ||h||; < 1} and Gy is the Gaussian process
gN(h) = <h7PkN(f)_f>1 = Z Tjgj<h790j>1a
j=kn+1

where {(x} are iid standard normal random variables. Applying Jenson’s inequality to the
1—w

bias, using (3.8) and (6.10), as well as the inequality > 7=, ., j7" < ]Z)Nfl
obtain the bias estimate

E|| Pry (f) = flls < ( > 7']2) :( S (jglogj)—(w))

j=kn+1 j=kn+1

(6.14) 1

o] 2 1 _ 1448
5( > y> (log k)% S (kiloghy) = (log(kN))~5".

J=kn+1

for any w > 1, we

N
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For the variance, note that for any h € By,

o)

EGy(h)? = Y 7milthohl® < 7 allbllf < 7,
(6.15) j=kn+1

1 —(3
S <k’12v log kN)

In view of (6.13), (6.14) and (6.15), applying the version of Borell’s inequality for the
supremum of Gaussian process in [Led01, page 134] (similar to [Ray13, (4.1)]) gives

P (1P () = flly > &+ Ca(log(kN))~+")
<P(|Poy () — Flls — EN Py () — fll1 > 2)

=P (sup Gn(h) — Esup Gn(h) > :c)

heBy heBo

7 8 (log(kN))®
<exp | — < exp | —k3 Ne? —xQ) for all z > 0.
=0 ( 25Dy, E9N<h>2) =0 ( NG,

For any L > 1, we choose x = /2C3L(log(kN))~% in the inequality above to see that

(6.16) P (|| Piy (/) — flls = V2C2L(10g(kN)) % + C1(log(kV))~ %) < exp (~KSLNEL ).

We now discuss the following two cases.

+6) . - s
~k 5 (Ney)  (log(kN))™.

Case 1. If k;]% log ky > alogk, then by (6.12) we have

)

_3s 1 )
Ex 2 k' = (Wi loghy)  (logky)? = (log(kN))# (log kx)?

N[>

N[>

For cach sufficiently large N > (logk)3+? satisfying (logky)2? > v/L, we obtain from (6.16)

that
P (I[P () = flln = €x) < exp (K5 LNEY ).
By considering ¢4(k) = 1 and
Sy = {f € H: [Py (f) = flls < &N},

we see that

[e.9]

y(S%) < B(I1Pe ()~ 2 &n) - >0 m(0) S exp (~( + LKINEY ).
l=kn+1

which verifies (5.12c) with M (k) = (/2 + L) + 1)k3 + 1 + My(k) > 0. We now take
My(k) = k305 + 2 and choose a sufficiently large L, if necessary, to see that

M(K) — £4(K) — 1(K)la(K) = lok3\/2(0 + L) + Mo(k) > My(k) = 2 + kily
> 14 Kk3ly = (K)o (K) + £5(K),
which implies (5.11). Next, setting g(k) = k3, it follows from (5.13) that
M) = + L)k —1—ki — h,ks >k,
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which holds true by (possibly) replacing L with the larger one. Note that the choice of L is
independent of k. For each positive parameter ¥ > 0, we can use Proposition 5.2 to conclude
that

617) By (U(f €Hy: 1 — folls 2 MeEx(RIY ™) 2 0) § -

(log(kN))*

1
Case 2. If k} logkn < alogk, then (3.11) implies

3
£y = C. ((ng)

1
2 1
5 N ) ~ k%EN ~ k%k;ﬁ exp <—3k§, log kN>

1.1
> kexp (—3alogk) > k™ **exp <—ka log k;N) .
a

From (6.16) we also have
(”PkN — flli = V20,1 + Cl> < exp (—k%LNs?V> .

1
In view of (6.12), for any sufficiently large N, one has exp <$k15v log kN> > \/205L+ C, and
SO

P (|| Piy (/) = Flli > K*6w) < exp (—K3 LN, ).
By considering ¢4(k) = k3* and setting
Sy = {f €Hi:[|Piy(f) = fln K*¢n},
it yields that

M (8%) <P ([ Pey () = fllh = K*6y) - > m(0)

< exp (—(b' + L)k§N5?V> :

which verifies (5.12¢) with M (k) = (v/2(/ + L) + 1)lok3 + k3 + My(k) > 0. As above, we
set Mo(k) = 2 + k3, and, if necessary, choose a sufficiently large L (which is independent
of k) to see that

M(k) = £4(k) = (1(K)ba(k) = bo7/2(0 + L) + My > My = 2+ kil
>1+kily =(k )ez( ) + 63(k),
which verifies (5.11). Choosing g(k) = k3 and from (5.13) we can check that
M(K) =¥ + L)k —1—ki — h,ks >k,

which holds by (possibly) replacing L with the larger one, which is still independent of k.
Now for each positive parameter ¢ > 0, we can use Proposition 5.2 to conclude that

1
(6.18) By, (Iy(f € Bz [lf = folly = Mex(0IY™) 29) £ s

Conclusion. Finally, combining (6.17) and (6.18) ends the proof of Theorem 3.2. O]
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7. PROOFS OF THEOREMS IN SECTION 3.2

The central idea of the proof is to the small-ball asymptotics of a Gaussian measure in
a separable Hilbert space. Some suitable lower bounds are obtained in [Ray13|, which can
be proved using either direct methods [HJSD79| or via the metric entropy of the unit ball
of the RKHS [KL93| (both of which yield the same result). We also remark that small-ball
asymptotics of a Gaussian measure in a Hilbert space also have been exactly characterized by
Sytava in [Syt74], and Sytava’s result was rediscovered in [Ibr82, Zol86|, see also [DMWZ95,
Lif97, MWZ93|.

As mentioned in Section 3.2, a Gaussian distribution has support equal to the closure of its
RKHS H and so posterior consistency is achievable only when Gy f is contained in this set.

For f ~ N(0,A), by the Karhunen-Loéve expansion, we can write f < ZjeN 7;Cj;, where
{¢;}jen is an orthonormal basis of H; and {(;},en are iid standard normal random variables.

Recall that {¢;},en is identical to the singular basis of Gy as described in Assumption 2. We
can easily characterize its RKHS H in terms of ellipsoids (see [vdVvZ08b] for more details):

2
. . a ]
(7.1) a= Zajgoj € Hy if and only if ||a||]%1f = Z T—g < +o00.
JjEN jeN J
Recall that the concentration function of a zero-mean Gaussian distribution W in H, with
RKHS Hyy is defined by

(7.2) Puy () = inf (Il —logP([W]l2 <))

heHy :||h—woll2<e

Note that the second term in (7.2) is exactly the small deviation function defined in |Lif12,
Section 11.4].

From [vdVvZ08a, Theorem 2.1], the following statement holds: for wy contained in the
closure of Hy

(73) if wao <%€N(k)) < %N&TN(k)Q, then P (HW — wOH < \/§€N(k)) > e*%NsN(k)z.

This property is helpful to verify the small ball condition (5.12d). First of all, we refine
[Ray13, Lemma 5.1] in the following lemma in which the dependence on k is examined
carefully.

Lemma 7.1. Let f € N(0,A) with A satisfying Assumption 2 and let fo € HJ
Then Gy f has RKHS equal to

(7.4) He, s = {b = bje; € Ha: [Ibllf, = Y |;|2 < —i—oo}

with v > p

TS0
j=1 j=1 JJ

and the concentration function of Gy [ satisfies

(7.5) by (©) S (log (1) forall 0 <e <1

Here all the implied constants are independent of k.

Proof. First of all, we see that Gy f is a Gaussian random variable in Hy with Gy f ~
N(0, GkAGy). By Assumption 2, GxAGj, has eigenvectors {e¢;};en, where {e;}jen is an
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orthonormal basis of H, consisting of conjugate basis of Gy with corresponding eigenvalues
{7702} jen, then (7.4) follows directly. The expansion Gy fo = > iy 05foje; gives

2
ngp )

> — = . L1 .
(7.6) NGl = D7 M osl? S D % exp (654 10g ) [fosl* < Ifo
j=1 j=1

which implies that Gy fo is contained in RKHS Hg, f,. Consequently, (7.6) gives a bound on
the first term of ¢¢, f, ().

Next, to give a bound for the second term of ¢¢, ,(¢), we will follow the lines used in
[Ray13, Lemma 5.2|. Denote K¢, s be the unit ball in Hg, r and let N(Kg, ¢, ||-||l2,¥) be the
covering number of K¢, s with respect to the norm ||-||2, i.e. the minimal number of sets in a
covering of K¢, s by subsets of ||-||o-diameter not exceeding e [Lif12, Section 10.1|. In view of
(2.13), we see that there exists an absolute constant C, > 1, which is independent of k and
J, such that o; < C, for all 7 € N. For any b = Z;; bje; € Kg, s, using the characterization
of He, s, we have that |b;| < 7,0, < exp <—3j% logj), in other words, K¢, s is contained in
the infinite rectangle

H [—C exp (—3]'% logj> ,Cexp <—3j% logj>]

j=1
for some constant C' > 0 which is independent of k. Given any 0 < € < 1/e, we see that

1
Cexp <—3j% logj> <3 for all 7 > J(e),
where J(¢) is the smallest integer satisfying
1
Cexp (—3J% log J> < €

Therefore, it suffices to construct an /2 cover for the following .J(¢)-dimensional cube

J(e
X = [—Cexp (—Bj% logj> ,Cexp (—3]'% logj)} .

j=1

~—

On the other hand, it is enough to cover this set by considering a regular lattice with distance
e/(2y/J(€)) between adjacent vertices. Consequently, we obtain that

J() 2C exp (—3j2 log j / ) J
g C J(e L1 .
N (X7 H‘Heucla _> < ( ) = <—()> exp <— E VE: lOgj)
. o

2/ A e/(2v ) €
< (_C’m ) .

and thus the metric entropy [Lif12, Section 10.1] of (X, ||||euc) is given by
log N (X, I |leuct g) < J(logJ +1log (71)) < (J% log J)? 4+ Jlog(s™") < (log (5_1))3

since
log (e7") = JzlogJ > 1.
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Finally, we can use [KL93, Theorem 2| (see also |Lif12, Section 11.7| for similar results) and
the bound for the first term in ¢¢, 5, (¢) obtained above to derive (7.5). O

We now ready to prove Theorem 3.3 by modifying the ideas in [Ray13, Proposition 3.5]|.

Proof of Theorem 3.3. For p > ¢ , we write p = s+t + u for some s > 0, t > 1, and
u > % We take

(7.7) en = en(k) = (%)

and choose ky = ky(k) be the smallest integer satisfying

M)%

(7.8) ky® exp (—3/{]%\, log k:N> ~eN = ( i

Then we can see that Nei = (log N)? and
1 3
(7.9) (log N)? ~ Ne3, ~ (—logey)® ~ <kf\, log kN> 2 kn,

which verifies the first condition of (5.12a) with ¢; (k) = ¢;, where ¢; is some general constant,
independent of k.
In order to fulfill the second condition of (5.12a), choosing ¢5(k) = 1 and in view of (2.14)

and (7.7), we have
2
k%gN if ky < (k— g) s

) 2
kg exp <3k§,10gkN> ey if ky > ( - g) ,

(1 ((IO%VN) ) if ky < (

ks ky® if ky > (

;

en(k) = X <

Okn

12

[\')IOO l\DIOJ

It is readily seen that

1
1 1 log N)3\ 2 1
exp (—kﬁ})) S ky'exp (—3k]%,logkN> ~ <(OgN ) ) < N1,

which gives
(7.10) kx 2 (log N)ll.

Applying Lemma 7.1 with e = %EN and by (7.9), we obtain that ¢g, ,(e5) < Ne% provided
0 < ey S 1. Now we use (7.3) to see that

My (f € H: Gif = Gifoll < V2en) = e 3V,

which verifies the small-ball condition (5.12d) with h(k) =
As in the proof of Theorem 3.2, for f ~ N(0,A), we ert

(7.11) [ Pex (f) = flla = sup Gn(h),

D MI»—I
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where By is a weak * dense subset of {h € Hj : ||h||; < 1} and Gy is the Gaussian process

o0

Gn(h) = (h, Py (f) = 1 = Z Tj§j<h’ 90j>1’

Jj=kn+1

where {(;} are iid standard normal random variables. Applying Jenson’s inequality to the
bias gives

1
2

E||P..(f) — fl1 < < 3 Tf) g< S g <_6j;10gj>)

j=kn+1 j=kn+1

(7.12) ) o
5 k’&s_t exp (_3]6']%7 log kN) (Z]_2u> S k;{s—t exp <_3k]% lOg kN> :
j=1

where we used the fact 2u > 1. For the variance estimate, observe that for any h € By,

o

EGy(h)? = Z (e P < a0 1P < 7
(7.13) Jj=kn(k)+1

Sk exp (—61{:]%\, log k:N> :

In view of (7.11), (7.12) and (7.13), applying the version of Borell’s inequality for the supre-
mum of Gaussian process shown in [Led01, page 134] (also see [Ray13, (4.1)]) yields

P (IPiy(5) = fll 2 -+ Cukiy exp (~3k3 log k) )
< P (IIPeyao(f) = flli = EllPayao(f) — fll = 2)

_p (sup G (h) — E sup G (h) > x)

heBo heBo

k3t exp <6k5§, log kN>

< ( v’ ) < 2] forall x>0
exX — exX — xXr or a xr .
=P\ 7y sup,ep, EGn(R)2) — P 20,

We now substitute z = ky* " exp (—3]{]5\, log k’N) V2C,L+/Ne3; into the inequality above
and using (7.10) to derive that

6—%,5 %
P 1P ()~ Fll > €y (VRGL + C) (w)

<P (IP(f) = 7l = Cs (VIGL + 1) k' VNER )
w1y <2 (100 - 11 2 G (VIGLYN + O ) bifen

~en
7\

7 l Y
<P ||| (f) = fll > (\/ZCQL Ne2, + Cl) kit ks exp (—3/@@ log k:N)

< exp (—LNs?V) .
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Recall from above, (2.13) implies that there exists an absolute constant C, > 1, which is
independent of k and j, such that o; < C, for all j € N. We then see that for ¢t > 1

and thus
(7.15) P ([| Py (f) = fll1 = énk)) < e MNov 0,
Choosing ¢4(k) = 1 and considering
Sy = {f € Hi: || Poyao(f) — flls < &v(k)},
then, from (7.15), (5.12¢) is satisfied with
M(k) = V2L + 1+ 6, + My(k).

On the other hand, note that

|Pix(fo) = follE = D= 572 exp (673 10g ) 12 exp (654 log ) fo,I?
(7.16) j=kn+1

< ki exp =6k log b ) [ follds, S 5 = o, o (0)? < Cen (i)
which gives (5.12b) with some ¢3(k) = 3 = C*. We now take My = ¢; + ¢35+ 1 and compute
My =101+ l34+1> 0 + U5 = l1(k)lo(k) + l5(k),

which satisfies (5.11).
Choosing g(k) = 1 and picking a large number L (L > 3 is sufficient), which is independent
of k, Proposition 5.2 implies that

1

Pr, Iy (f € Hyc |f = folli = MEn(R)IYY) 2 0) S

Ney
for all large N and for any positive parameter 99 > 0. The proof of Theorem 3.3 is now
completed. H
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