CONSISTENCY OF BAYESIAN INFERENCE FOR A SUBDIFFUSION
EQUATION
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ABSTRACT. In this work, we consider the inverse problem of determining an unknown po-
tential in a subdiffusion equation from its solution using a nonparametric Bayesian approach.
Our aim is to establish the consistency of the posterior distribution with Gaussian priors.
To do so, we need some key estimates of the forward problem. For the forward problem,
we have to overcome the fact that the solution of the subdiffusion equation is less regular
than that of the classical heat equation. The main ingredient is the maximum principle for
the subdiffusion equation. We show that the posterior contracts to the ground truth at a
polynomial rate.
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1. INTRODUCTION

In this paper, we study the inverse problem of recovering an unknown potential function
of a subdiffusion equation from observations of a solution using Bayesian approach. Here
the subdiffusion phenomenon is modeled by the fractional time derivative. The fractional
time derivative can be used to describe particle sticking and trapping phenomena [BBMWO01,
BTM*04, SBMBO03]. There are two kinds of fractional time derivatives commonly studied
in literature, Riemann-Liouville derivative and Caputo derivative. They are not equal in
general, but are equivalent up to an inhomogeneous term containing the initial condition
of the function, see (2.4) or [MS19, (2.33)]. In this work, we will consider the subdiffusion
equation governed by the Riemann-Liouville derivative. For such subdiffusion equation, the
main interest of the proposed inverse problem is to establish the consistency property of
the posterior distribution by proving that the posterior contracts to the true parameter.
In particular, we derive a polynomial contraction rate as the sample size increases. This
work can be viewed as an extension of [Kek22| for the parabolic equation to the subdiffusion
equation, see also [GN20] for related results for the elliptic equation. To this end, we need
some key estimates of the forward problem. Here, unlike the probability method based on the
Feynman-Kac representations used in [GN20, Kek22|, the main ingredient is the maximum
principle for the subdiffusion equation due to the insufficient regularity of the solution.

1.1. Mathematical setup. Let d € N and let O be a bounded open domain in R? with
smooth boundary 0O. Fix any T' > 0, we write Or := (0,7) x O and (90)r := (0,T) x 00.
We fix parameters My > 0 and 0 < < 1. For each f = f(x) € C}(O) with 0 < f < Mj in
O, under some appropriate regularity assumptions on the source h = h(t,z), the boundary
g = ¢g(t,z) and the initial conditions uy = ug(z) (here uy and g satisfy some compatibility
conditions), let u = uy be the solution to the following initial-boundary value problem (IBVP)
for the subdiffusion equation with the fractional time derivative of order 6:

I (u(t, ) — up(w)) — Au(t,z) + f(z)u(t,z) = h(t,z) in O,
(1.1) u=g on (90)r,
u(0,-) = ug in O,

where 39 denotes the Riemann-Liouville derivative of order @ (see Section 2.1 below). The use
of u(x,t) — up in the first term of (1.1) allows us to formulate the IBVP by a Hilbert-space-
setting. We will explain the adoption of this term in detail later. It should be emphasized
that the IBVP (1.1) is only understood formally here. We will explain the precise definition
of 8 and the IBVP (1.1), as well as the well-posedness results, in Section 3 below. In this
work, we are interested in the recovery of f from the knowledge of the unique solution u = wuy
of (1.1).

If we additionally assume that mingug > 0, min@gey, g > 0 and h(t, z) is sufficiently large,
then the maximum principle guarantees that uy > 0 in O, see (3.12), and hence from (1.1)
one can reconstruct f from the formula
(12) f(flf> _ h(t,.ﬁE) —8?(Uf(t,l‘) —U()(ZL')) —|—AUf(t,3?) for r € O a.e.,

us(t, x)
for any fixed 0 < t < T. It is helpful to remark that, for the heat equation considered
in [Kek22|, the corresponding classical solution can be explicitly written in terms of the
Feynman-Kac formula. The positivity of the solution with positive potential f then follows
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from the solution formula. For the case of subdiffusion equation, due to the insufficient
regularity of the solution uy to (1.1), uy > 0 is ensured by the maximum principle. We
also want to point out that the maximum principles in different formulations were proved
and used in [BKT18, Luc09a, Luc09b, Lucl0, Lucll, LY17, LY18, LY19, Zac08|. For the
subdiffusion equation (1.1), but with the Robin boundary conditions, the maximum principles
were derived in [LY23]. On the other hand, a maximum principle for the time-fractional
transport equations was proved in [LSY22|. Furthermore, a maximum principle for more
general space- and time-space-fractional PDE has been derived in [KT21].

We would like to study the inverse problem of determining the potential function f by
measuring uy in Op. In practice, however, it is not feasible to measure u; at all points
(t,x) € Or. Instead, we measure uy at (¢,x) (referred to as sample) randomly and derive a
“good” estimate of f by increasing the number of samples, and the inverse problem is then
addressed through a Bayesian procedure. For the general approach of the Bayesian method
in infinite-dimensional models, we refer readers to the monographs [GN21, Nic23|. On the
other hand, the coefficient determination problem in the subdiffusion equation by suitable
measurements of its corresponding solution from a PDE perspective can be found in [KR23,
Chapter 10]. To streamline the presentation, we will explain the Bayesian method to inverse
problems in detail in later sections. Before describing the statistical model, we first introduce
some notations.

1.2. Notations. We recall some notations and function spaces used in our previous work
[FKW24a|. Throughout this paper, we shall use the symbol < and 2 for inequalities holding
up to a universal constant. For two real sequences (ay) and (by), we say that ~ if both
ay S by and by < ay for all sufficiently large N. For a sequence of random variables Zy
and a real sequence (ay), we write Zy = Op(ay) if for all € > 0 there exists M, < oo
such that for all N large enough, Pr(|Zy| > M.ayx) < €. Denote L£(Z) the law of a random
variable Z. We also denote a V b = max{a, b} for all a,b € R.

Organization of the paper. We first introduce measurement model and state main the-
orems (Theorem 2.6, Theorem 2.8, Theorem 2.11, Theorem 2.13 and Theorem 2.14) in Sec-
tion 2. Then we prove the well-posedness of the IBVP (2.12) in Section 3 and study the
properties of the solution to the subdiffusion equation, especially its regularity in Section 4.
We prove main theorems in Section 5. Finally, we make some conclusions in Section 6.

2. MEASUREMENT MODEL AND THEOREMS

2.1. Riemann-Liouville fractional derivative. In order to make the paper self-contained,
we first recall some results on the fractional time derivatives proved in [LY 17, LY23], see also
the monographs [Jin21, KRY20]. We begin with the classical Caputo fractional derivative
dfw(t) for 0 < 0 < 1 defined by

(2.1) d?w(t) .= ﬁ/ﬂ (t — 3)_9((11—1;)(5) ds for all w € (C*([0,T)),

where (C([0,T]) := {w € C'([0,T]) : w(0) = 0}. Tt is possible to extend the Caputo frac-

tional derivative in weak sense.
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Let us first define some fractional Sobolev spaces:

( 1
H(0,T), 0<6< 3
T 2
) t 1
H9(07T) = {wEH2(O,T):/ Mdt<oo}, 925,
0
1
{we H0,T): w(0) =0}, 5 <0<1,
with corresponding norms given by
1
||w||H9(O,T)7 0 7& Ea
lwl 1500,y = T !
’ O L\’ 1
ol g+ [ a) " 0=,
HZ(0,T) 0 t 2

where

1
P () —w(s)? :
||w||H9(07T) = (H/LUH%Q(O’T) +/ / Wdtds) .
0 0

Remark 2.1. As pointed out in the correction of [LY23|, the space Hg(0,T) is the closure
of oC*([0,T]) with respect to the norm ||-||g,0.r), not with respect to the norm ||| goor), see
also [KRY20, Lemma 2.2|.

Next, for each # > 0, we define the Riemann-Liouville fractional integral operator

1 t
(JOw)(t) := —/ (t —s)"tw(s)ds, 0<t<T.
[(0) Jo
In view of [KRY20, Theorems 2.1 and 2.2|, one can see that
(2.2) J?: L*(0,T) — Hy(0,T) is a bijection,

and its inverse
o == (J)7": Hy(0,T) — L*(0,T)
induces an equivalent norm for Hy(0,7") in the sense that
(23) C’_1H8,fw||L2(07T) S ||IU||H9(07T) S O|’8§1U||L2(07T) for all w € HQ(O, T),

for some constant C' > 0, which is independent of w. Moreover, by [KRY20, Theorem 2.4],
we have

(2.4) Nw = dlw for all w € (C*([0, T]).
In fact, 8¢ is nothing but the Riemann-Liouville fractional derivative:
d
O = E(Jlf%) for all w € Hy(0,T).
We remark that 9? is the smallest closed extension of d in Hy(0,7T) [KRY20, Theorem 2.5].
Later we will also need the following version of coercivity inequality:

Lemma 2.2 ([KRY20, Theorem 3.3(ii)|). For each T > 0, one has
-0

T
T
/0 (0fult,-), u(t,-))dt > m“uﬂixomm(o»
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for all w € Hy(0,T; H1(O)) N L*(0,T; H(O)). Here (-,-) denotes the duality pair between
HY(O) and H}(O).

2.2. Precise formulation of the IBVP. Here we would like to state conditions on g
and ug before discussing the well-posedness of the IBVP (1.1). To begin, we define some
parabolic Holder norms. For each parameter ¥ € (0,1] and set A C R x R, we say that
u € CWHI/2249(A) if y satisfies

ullorvorzaroay = 10l Lo ay + Btz + D (10%ull (o) + [0%Ulsj2.0) < o0,

laf<2

where

opa=  sup It o)
U e £ltsa)ea ([T — to| 4 |21 — 29[?)0/2

Assume for simplicity that

(2.5) g€ C=((00)7) and uy € C=(0),

where (00)r = [0,T] x 00. In addition, g and wu, satisfy the following compatibility condi-
tions:

(2.6) 9(0,z) =up(z) and 0:g(0,2) — Aug(z) =0, Ve 0.

For given g and ug satisfying regularity and compatibility conditions stated above, there
exists a unique solution w, € C**%/2%7(0r) solving

(2.7) dwy, — Awy, =0 in O, w, =g on (00)r, w,(0,) =up(-) in O
and for each ¥ € (0, 1]

(2.8) |wgllcr+vr2240(0,) < Clgllcr+or2249 90y, T [[uollc200)),

where C depends on T, O, d, v, see, for example, [Kry96, Theorem 10.4.1] or [Lun95, Theo-
rem 5.1.15]. To utilize the maximum principle, in addition to the regularity and compatibility
conditions (2.5), (2.6), we further assume that there exists ¢ > 0 such that

(2.9) g(t,z) >c, V (t,x) € (00)r and ug(z) > ¢, Va € O.
Then it follows from the classical maximum principle that w, satisfies
wy(t,z) > ¢, ¥V (t,z) € Or.
To handle the inverse problem, we assume that the source function h € L?*(0,T; L*(0O))
satisfies
(2.10) h(t,x) > 0% (w,(t, x) — wy(0, 1)) — Aw,(t, ) + Mow,y(t, x), ¥ (t,2) € Or a.e.

Condition (2.10) is used to guarantee the unique solution u of (1.1) satisfying u > 0 in Or,
in order to make sense of the reconstruction formula (1.2).

To discuss the well-posedness of IBVP, we need to refine the estimate (2.8) in terms of
Sobolev norms. In view of (2.3), let us denote Hy(0,T; L*(O)) the Hilbert space equipped
with the norm

V]l zy0.m5220)) = 11070l 22(07)-
From (2.7), we see that
O(wy — up) = Qw, = Aw, in Or.
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Thus, for each 0 < r < 1/2, we have

|wg — ol 0,1:22(0)) < CllOx(wy — Uo)||HT(o,T;L2(o ) = CllAwg|| g, 0,1:02(0)

T Awy(t,) = Awy(s, 2oy )2
—c(qugnm(o / / t_slw ©) gt.ds

1
<oosince0<r<1/2 2

Awy(t, z) — Awy(s, )
<Cro ”ng%l,?(OT) +  sup [ Ayt 2) = ! / / ‘t — S’QT dtds

0<t,s<T,zeN it — 5|

0330)§C

with C' = C(T, O, g, up), where we used ¥ = 1 in (2.8). In other words, we obtain that, for
0<r<1/2,

< Crollw|

(2.11) lwg — voll . 0,1522(0)) + lwgll 20,3 m20+2(0)) < C

for some positive constant C' depending on T', O, g, and uy.
Given g, ug satisfy (2.5) and (2.6). Let f € L>®(O) with f > 0 a.e., and h € L*(0,T; L*(O)).
We now formulate the IBVP (1.1) as follows (see [KRY20, Chapter 4]):

(2.12a) O (u(t,z) — uo(w)) — Au(t,z) + f(2)u(t,z) = h(x,t), in HHO), t € (0,T),
(2.12b) u(+,t) —wy(,t) € Hy(O), t e (0,T),

(2.12¢) u—ug € Hy(0,T; L*(O)).

In the case of 1 < 6 < 1, by the Sobolev embedding Hy(0,7) C H?(0,T) c C[0,T],
(2.12¢) implies u — ug € C([0,T], L*(O)) and thus u(0, z) = ug(z) is satisfied in the sense of
hmt_m ||U(, t) — UO(')||L2(O) = O

2.3. The statistical model. Here we assume that given certain potential function f, u; is

the unique solution to (2.12). We will consider the value of u;(t, z) for (¢,2) € Op and we
write the forward opeartor G : L>°(O) — L*(0,T; H'(O)) given by

(2.13) G(f) :==uy.
It is more convenient that we randomly choose N € N points Z; := (¢;,x;) (at which the
solution uy is measured) from the uniform distribution on Op, that is, for N € N,
iid dt x dz
(2.14) (24, B =

rof’

where dz, dt are the Lebesgue measures in R? R!, respectively, and |O| is the volume of O.
We will prove in Lemma 3.3 below that uy is continuous on Or under some suitable conditions
(see also (4.3b) below), and one can evaluate the forward operator (2.13) pointwise, i.e.,

G()(Z;) = uy(ti, zi)
where (t;, z;) is a realization of Z;. Now we consider the measurement model with a fixed
noise level o > 0

(2.15) Y = G()(Z) +oWi, (Wi, B A0, 1),



BAYESIAN INFERENCE SUBDIFFUSION 7

where A(0,1) denotes the standard normal distribution. We also assume that W®W) =
{Wi}X, and ZW) := {Z;}Y | are independent. We are interested in the inference of f from
the observational data (Y™, Z(M) with YV) .= {V;} ¥,

We now introduce the space of parameters. For integer § > 2 and M, > 1, let

(216)  Fy,={f€H(O):0<f <My, flio=1, &f],, =0, 1<j<B—1},

where 0, is the normal derivative in the sense of [LM72a, Theorem 9.4, Chapter 1]. To have
more flexibility of choosing priors, we will re-parametrize the potential function f. Although
we follow the general approach of [AN19, GK20, GN20, Kek22, NvdGW20], the limited
regularity of the solution necessitates adopting our method based on the maximum principle
(rather than the Feynman-Kac representations), which in turn requires the use of a link
function as in [FKW24a|, differing from that in [Kek22].

Assumption 2.3 (link function). Assume that ¢ satisfies
(i) @ : (—o0,00) = (0, My), ¢(0) =1, ®’(z) > 0 for all z;
(ii) for any k € N
sup  |[®H)(2)] < oo,

—o0<z<o0

Given any link function ® as in Assumption 2.3, following the argument as in [NvdGW20],
the parameter space can be realized as (this only requires assumptions (i) and (ii))

(2.17) Fi =1{®oF: F € H)(O)}.
Accordingly, we can define the reparametrized forward map by
(2.18) G(F):=G(®oF) forall Fe HO),

where G is the map given in (2.13). Therefore, the model (2.15) can be regarded as a special
case of

(2.19) Y, =G(F)(Z)+oW; fori=1,--- N.

The random vectors (Y, Z;) on R x O are then iid with laws denoted by P% with Radon-
Nikodym density

(2.20) pr(y,2) :

— dP%‘ (y Z) — 1 exp _(y _ g(F)<Z)>2
dy x dp™” V20?2 207

for all y € R,z € Or, where dy denotes the Lebesgue measure on R. By slightly abusing
the notation, we write PY = @ Pi. for the joint law of (V;, Z;)Y, on RY x (Or)Y, and
%, EX denote the corresponding expectation operators of P4, PX | respectively. We assign a
prior on the parameter space I’ by a Borel probability measure II supported on the Banach
space C(Q). Since the map (F, (y, 2)) — pr(y, z) can be shown to be jointly measurable, the
posterior distribution I1(-|[Y ™), Z(M) of FIY™) Z(N) arising from the model (2.19) equals
to

[t B dAII(F)
fC(O) et () dTI(F)

(2.21) I(B|YW™), z(N)) =

for any Borel set B C C(O), where
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is the joint log-likelihood function (up to a constant).

2.4. Main results. In this work, we are interested in the frequentist property of the posterior
distribution (2.21) in the sense that the observation data (Y ), Z(N)) are generated through
the model (2.17)~(2.19) of law P} corresponding to “ground truth” fo. From now on, we
consider d = 2,3 in the rest of paper.

2.4.1. Rescaled Gaussian priors. The aim here is to show that the posterior distribution
arising from rescaled Gaussian priors concentrates near f; and to derive a bound on the rate
of contraction as in [FKW24a, GN20, Kek22]. We now describe explicitly Gaussian priors
introduced in [FKW24a, GN20, Kek22].

Assumption 2.4. Let a > f+d/2, § > 1 4+ d/2, and H be a Hilbert space continuously
embedded into H{(O). Assume that II' is a centered Gaussian Borel probability measure on
the Banach space C(Q) that is supported on a separable measurable linear space of H°(O).
Furthermore, let the reproducing-kernel Hilbert space of I’ be equal to H.

An example that satisfies Assumption 2.4 is constructed from the Whittle-Matérn process.
The following example is given in [GN20, Example 25].

Example 2.5. Let O be an open smooth bounded domain in R? with d > 2. For a > d/2,
let the Whittle-Matérn process with index set @ and smoothness parameter « — d/2 > 0 be
M ={M(z) : x € O}. By [GvdV17, Chapter 11|, the RKHS of M is H*(O). Furthermore,
we can check that M has a version with paths belonging almost surely to H?(O) with all
f<a—d/2. If B >14d/2, then by the Sobolev embedding theorem, one can consider M
a C'-smooth version Whittle-Matérn process with RKHS H*(O). In what follows, we will
assume that Fy € H*(O) has compact support with supp(Fp) = K C O. Choose a smooth
cut-off function x € C5°(O) with x = 1 on K and define M’ = yM. Then II' = L(M’) is a
centered Gaussian Borel probability measure supported on Cj(O) with 1+d/2 < 8 < a—d/2,
whose RKHS is given by

H={xF:FeH0)}
and H is continuously embedded into H§(O) [GN21, Exercise 2.6.5].

For those IT’ given in Assumption 2.4, we consider the rescaled prior

1

(2.22) Iy = L(Fy), Fn= Nd/(4a+4+2d)

F', F'~1I
which again defines a centered Gaussian prior on C'(O), and its reproducing-kernel Hilbert
space is still given by H but with norm

| F||lpy = NY@at420) p|1L for all F € H.
In light of the link function, we define the push-forward posterior on the potential f by
(2.23) Iy (Y™, ZM) = £(f) with f=®cF:F~TIy ([Y®™, zM),
where Iy (-]Y ™), Z) is the posterior arising from observations (Y ™), Z™) with prior Iy
as in (2.21). Our first result shows that the posterior contracts toward the ground truth f,

in L2-prediction risk. Here fy is given by fo = ® o Fyy, where Fy € H%(O) with compact
support such that supp(Fy) = K C O as described above.
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Theorem 2.6. Let O be a bounded domain in R with smooth boundary 0O. Assume that g
and uo satisfy (2.5), (2.6), and (2.9). Let 0 € (3,1) and h € Hg(O,T; L*(0)) satisfy (2.10).
We consider a rescaled Gaussian prior Iy given in (2.22) and the base prior F' ~ 11" satis-
fying Assumption 2.4 with corresponding parameters a, 5 described there having reproducing
kernel Hilbert space H. Let fy be the given ground truth described above and the observations
(YN, ZWN)) be generated through the model (2.13)~(2.15) with f = fo. Let Iy (-][Y ™), Z(N)
be the resulting posterior arising from observations (Y N), ZWN)) . Then for each D > 0, one
can find a positive constant L' (depending on D) such that

My <f1 If — follz2c0) > L,511\{3|Y(N),Z(N)>
= Opy (e PNX) as N — +oo,
0

where 5N — N—(a+1)/(2a+2+d)_

Remark 2.7. The range of 6 € (%, 1) implies that g € (%—g, %), as required for the estimates
on forward and inverse problems in Section 4. This assumption is crucial for ensuring the
continuity of the solution w to (2.12), which in turn provides pointwise evaluation of the

forward operator (2.13).

To obtain an estimator of the unknown coefficient f, in view of the link function ® in
Assumption 2.3, it is often convenient to derive an estimator of F. The posterior mean
Fy =E"W (FIYW), ZWN) of Iy (-|[Y ™), Z(M), which can be approximated numerically by
an MCMC algorithm, is the most natural choice of estimator. From Theorem 2.6 we also
prove a contraction rate for the convergence Fy to Fo.

Theorem 2.8. Assume that the assumptions of Theorem 2.6 hold. Then there exists a
constant C' > 0 such that

Py (HFN — Fyllzzo) > ca}v/?’) 50 as N — +oo.
As an immediate consequence of (2.23), there exists a constant C' > 0 such that
(2.24) Py (H<I> o Fx — follzzo) > c’a}v/?’) 50 as N — +oc.

2.4.2. High-dimensional Gaussian sieve priors. We now describe Gaussian sieve priors in-
troduced in [FKW24a, GN20, Kek22|. Let {Uy. : ¢ > —1,r € Z%} be the d-dimensional
compactly supported Daubechies wavelets, which forms an orthonormal basis of L?(R%). Let
K be a compact subset in O and let R, = {r € Z* : supp (¥,,) N K # 0}. Let K’ be another
compact subset in O such that K C K" and let x € C2°(O) be a cut-off function with y =1
on K'. For any truncation level j € N and « > 1 4 d/2, let the prior IT; be given as the law
of the Gaussian random sum

(2.25) I =1[0) = L(xF), Fj= Y. 27F,W, with Fyy ~ N(0,1).
—1<I<jreRy
Then IT} defines a centered Gaussian prior that is supported on the finite-dimensional space

(2.26) H; =span{x ¥, : —1 <l < j,r e Ry} C C(O).

Theorem 2.9. Assume that the rescaled prior lly = I y[a] is defined as (2.22) with priors
F' ~ 1T} ), where the truncation level j(N) € N satisfies 2I(N) ~ N1/Qot2+d)  Thep the
conclusions of Theorem 2.6 and Theorem 2.8 remain valid.
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The proof of Theorem 2.9 only requires minor modification from the proofs of Theorem 2.6
and Theorem 2.8, and all necessary modifications are listed in [GN20, Section 3.2]. We thus
refrain from repeating the argument here, see also [GN20, Proposition 7|.

2.4.3. Randomly truncated Gaussian series priors. Now let J be a random truncation level,
which is independent of the random coefficients Fj, mentioned in (2.25), satisfying the in-
equalities:

Pr(J>j)=e % forall jeN, Pr(J=j)>e 2% a5 5 .
When d = 1, log-Poisson random variable satisfies these tail conditions, and for d > 1 an
example is constructed in [GN20, Example 28|. We now consider the random (conditionally
Gaussian) sum
(2.27) 11 =11,

where the random sum II’; = IT/,_; is defined as in (2.25). Here we impose a slightly stronger
assumption on the link function.

Assumption 2.10. In addition to Assumption 2.3, the link function ® further satisfies that
there exists a > 1 such that ®'(¢) = [t|~* when |t| is sufficiently large.

An example of such a link function satisfying the requirements above is demonstrated in
[FKW24b]. Similarly, we consider the push-forward posterior II(-|Y ™) X ™)) mentioned in
(2.23). We are now ready to prove the following theorem.

Theorem 2.11. Let O be a bounded domain in R? with smooth boundary 0O. Assume that g
and uo satisfy (2.5), (2.6), and (2.9). Let 0 € (3,1) and h € Hg(O,T; L*(0)) satisfy (2.10).
For integer o > 1 + d/2, we consider the random series prior given in (2.27). There exists
a sufficiently large ag = ap(d, ) > 0 (see (5.9) below) such that the following statement
holds true: Let fo be the given ground truth satisfying fo = ®(Fy), Fo € H*(O) with
supp (Fy) € K C O and the observations (Y V) ZN)) be generated through the model (2.19)
with ' = Fy. Denote Iy (~]Y(N), Z(N)) the resulting posterior arising from observations
(YW ZN)Y . Then for each D > 0, one can find a positive constant L such that

(S 1 = follzey > LEVP YN, X)) = Opy (¢7PVR) a5 N = o,
where &y = N~(@0t1)/Qaot2+d) 150 V.

Similar as in Theorem 2.8, the last contraction theorem also translates into a convergence
result for the posterior mean of F'.

Theorem 2.12. Under the hypotheses of Theorem 2.11, let Fy := EN(F|Y ™) X)) be the
mean of TI(-|Y ™M), X)) Then there exists a constant C > 0 such that

Py, (”FN — Follz20) > 0511\,/3> —0 as N — +oo.
As an immediate consequence of (2.23), there exists a constant C' > 0 such that
P} (H@ o Fx — follr2(0) > C/ﬁjlv/‘g) —0 as N — +o0.

Likewise, Theorem 2.12 can be proved by following the same line as in the proof of
Theorem 2.8. Note that for the random series prior II given in (2.27), it also holds that
EM[F||72(0) < oc. For brevity, we omit the detailed proof here.
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2.4.4. A lower bound on the contraction rate. We now give a lower bound on the contraction
rate for any parameter (ground truth) in F,, given below, in the statistical minimax sense.
We define the function space

(2.25) Fo= {01 b 1) 2 el levo < o

for any fixed positive constants 0 < ¢; < cy. For simplicity, we consider the specific choice
= % and c; = % The following theorem gives a lower bound that holds for any estimator
of f, not necessarily the posterior mean mentioned in Theorem 2.8 and Theorem 2.12.

Theorem 2.13 (see also (5.12) below). Assume that g, uy satisfy (2.5), (2.6), and h €
L*(0,T; L*(0)). Let (YN Z(N)Y be observations generated through the model (2.13)—(2.15)
with f € F,. For each a > d/2, one has

N 1 o
inf sup E;VHfN — fllz20) 2 §N_ 2at2td  for all sufficiently large N,
IN feF,

where the infimum is taken over all measurable functions fN = fN(Y(N), Z(N)).
By further refining the proof of Theorem 2.13, we can also obtain the following result.

Theorem 2.14. If all assumptions in Theorem 2.13 hold, then there exists ¢ > 0 such that
for each sufficiently small constant ¢ > 0 one has

lim inf sup PY (HfN—fHLz >cN™ 2a+2+d> >1—€ as N = 0
In rer.

where the infimum is taken over all measurable functions fN = fN(Y(N), ZWN).

One may naturally ask that it is possible to find an estimator in Theorem 2.6, Theorem 2.8
and Theorem 2.11 with a faster contraction rate. Here, Theorem 2.14 gives a negative answer:

it is not possible to find an estimator fN of f which contracts with a contraction rate faster
1/3 +1

- 3(23+2+d)
from Theorem 2.13, likely due to methodological limitation.

than N~ 2«i2ra. There remains a gap between the contraction rate On from

Theorem 2.6 and the rate 55—
2.5. Related results and remarks. Our study is inspired by the results in [GN20]| (for
elliptic equations) and [Kek22] (for parabolic equations), both of which focus on local prob-
lems. In the local setting, employing smoother Gaussian priors yields smoother forward
maps. Consequently, the Holder exponent in the inverse stability estimate approaches 1 as
the solution’s smoothness increases. This, in turn, leads to faster posterior contraction to-
ward the ground truth when smoother priors are used. However, when the true parameter
lies within the reproducing kernel Hilbert space (RKHS) of the prior, overly smooth priors
may lead to under-fitting in the inference process.

In contrast, time-fractional and spatial-fractional equations such as those involving the
fractional Laplacian (—A)® with 0 < s < 1, exhibit intrinsically limited regularity of solu-
tions. As a result, the stability estimates for the corresponding inverse problems cannot be
improved by increasing the smoothness of the prior, leading to inherently slower posterior
contraction rates. The key challenge in analyzing nonlocal equations lies in addressing this
limited regularity. Moreover, while [GN20, Kek22| rely on Feynman-Kac representations to
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study solutions, our approach is based instead on the maximum principle. We believe this al-
ternative strategy is more adaptable for handling the regularity challenges posed by nonlocal
models.

For the purpose of uncertainty quantification, consistency alone is not sufficient. The
ultimate objective is to establish a Bernstein-von Mises (BvM) theorem, which describes the
asymptotic shape of the posterior distribution. However, it is well known that the BvM
theorem does not generally hold in infinite-dimensional settings. Recent progress has been
made in the semiparametric context for local PDEs, e.g., [Nic20, Nic24|. Extending these
results to the nonlocal setting remains an open and compelling direction for future research.

3. WELL-POSEDNESS OF THE IBVP

We now want to prove the well-posedness of the IBVP (2.12). Recall that w, is the solution
of (2.7) with given g and uy satisfying (2.5) and (2.6). First, we observe that

(3.1) wy(t,z) — wy(0,7) = wy(t, x) — up(z) € He(0,T; H*(O)).
By writing v(t, z) = us(t, ) — wy(t, x), we see that
v(t, ) — Av(t,z) + f(z)v(t, z)

= bt 2) — B8y (1,2) — w0, 2)) + Avwy(t,2) — () (b, )
v e Hy(O), te (0,7),
v € Hy(0,T; L*(0)).

Note that, thanks to (3.1), it is easy to see that v € Hy(0,T; L*(0)) if and only if u — ug €
Hy(0,T; L*(0)). Based on this observation, we now able to proof the following lemma.

in OT,

(3.2)

Lemma 3.1. Let 0 < 0 < 1 and T > 0. Assume that g and ug satisfy (2.5) and (2.6).
Let f € L>*(0), f > 0 a.e., and h € L*(0,T; L*(0)). Then, for each auxiliary parameter
v € (0,1], there exists a unique solution uy solving (2.12) and the following estimate holds

(3.3) llugllrz,rsmo)) < COHNfllze©0) (Il L20mi22(0) F 9l cr+or2240 (00) ) Fltollc240(0)),
where C > 0 depends on 0,9,T, O, but are independent of f.

Proof. In view of [KRY20, Theorem 4.2], there exists a unique solution v satisfying (3.2)
and by Lemma 2.2, (2.8), we have

T ) )
mHUHL2(O,T;L2(O)) -+ HU||L2(O,T;H1(O))

/T<09 (t.. dt+/ /|W| da:dt+/ /f|v| dedt

/ / (h — 02 (wy — wy(0,-)) + Aw, — fw,)vdzdt

< CA+ N flz(0 )(HhHL2(0TL2(0) + gl 0224000y + luollc240(0))
-0

+ MHUH%Q(U,T;LQ(O))a
which implies

vl 20,701 0)) < C(L A+ | fllzoo0)) (1Pl 20, 220)) + 19l cr0r2240 (907 T o]l c200))
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and thus us := v 4 w, is the solution of (2.12) satisfying

lugllzzo.rm10)) < C(L+ [ fllze(0) (1Pl 2(0.7:22(0)) + 1gllcreor22t0 00y + wollc2ro(0))-

It is important to point out that all constants C' above depend on 6, T, O, but are independent
of f. O

Remark 3.2. It should be noted that it follows directly from [KRY20, Theorem 4.2| that
if f € CYO), then there exists a unique v € L*(0,T; H*(O) N HY(O)) N Hy(0,T; L*(O))
satisfying (3.2) and there exists a constant C' > 0 such that

[0l 115 0,7:220)) + 10l 20,7122 (0))

< O+ 1 f Iz ) IRl 2013220y + 19l cr+or2.2+0 00y ) + 0]l 20 (0))-

Hence, the solution uy will satisfy a similar estimate. However, here the constant C' depends
on f implicitly. In our inverse problem, we need a reqularity estimate of uy with explicit
dependence of || f| (o). This is why we derive the weaker estimate (3.3).

Next, we would like to discuss the improvement of the time regularity of the solution uy.

Lemma 3.3. Let T > 0, 0 < 6 < 1. Assume that g and ug salisfy (2.5), (2.6). Also, suppose
f € CYO) with f > 0. Let 0 € (£ — 2. 1)y and h € Hp(0,T; L*(O)). Then the solution

2 872

uy € C([0,T];C(O)) of (3.2) satisfies

(3.4) lusllz=or) < CA+ 7o) A+ Illay, 0.7.22000)
with C' independent of f, but depends on g and uqg.

Proof. From (2.11) and (wy(t,-) — uo(+))|t=o = 0, we can see that w,(t,z) — up(z) €
H,(0,T; L*(0)) whenever 0 < o < 3/2. Note that 6 + 6" < 1+ 6" < 3/2, thus w,(t,z) —
wy(0,2) = wy(t,x) — ug(x) € Hiye(0,T;L*(O)) C Hprp(0,T; L*(O)). From (2.7) we see
that 0 Aw, = 97w, € L?(Or), where we have used the norm equivalence (2.3).

As above, let v(t,z) = u(t, x) — w,(t, x), recall (3.2)
(Ofu(t,r) — Av(t,z) + f(z)v(t, z)

= h(t,z) — 0 (w,(t, ) — wy(0,2)) + Awy(t, x) — f(z)w,(t,z) in Or,
(3.5) =: h(t, ),
v e H)(O), te(0.7),
(v € Hy(0,T; L*(0)).

Now observe that 8 h € L?(0,T; L*(©)). Next, by the similar idea in the proof of [Yam22,
Theorem 12|, we consider the equation

Hw(t,z) — Aw(t,z) + f(x)w(t,z) = h(t,z) in Op,
(3.6) w € Hy(0), t€ (0,7),
w € Hy(0,T; L*(0)).
By Lemma 3.1 (with ¢ = 1), there exists a unique solution w solving (3.6) and satisfying

(3.7) ||w||L2(O,T;H1((’))) <C(1+ ||f||L°°(O))||af/B”L2((LT;L2((’)))7
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where C is independent of f (from (3.3)). Next, we can check that J% w is the unique solution
0 (3.5). Indeed, let us denote & = J”w. Then, from (2.2) and the last condition of (3.6), one
has © € Hyy(0,T; L*(O)). Moreover, in view of Remark 3.2, w € L*(0,T; H*(O) N H}(O)).
Using [Yam22, Proposition 5 (ii)], we obtain that
J0% = J% (J ).
Also, we can see that
—AD+ fo=JV (—Aw + fw).
Consequently, we obtain from the first equation of (3.6) that
J % = Av+ fo=J%(T%w— Aw+ fw) = J” (8" h) = h.
In other words, v := ¥ solves (3.5) and, by (3.7), v satisfies

10121, 0,7:210)) < C(L+1f | oo @) 18] Bl L2(0,7:22(0y)
CA+ | fllzo(0) (X + [l a1y 0.7522(0))
where C' is independent of f, but depends on g and wuy.
Estimate (3.8) immediately implies
(3.9) sl oy 0,051 0)) < CLF [ fllLoe0)) (L + 1Bl a1, 0.7:22(09)

where C' > 0 is independent of f. This estimate will be useful later on.
We would now show that the regularity of v in (3.5) can be improved. We rewrite (3.5) as

(0%0(t, z) — Avl(t, z)

(3.8)

= h(t, ) — O (w,(t,z) — w,(0,z)) in Op,
(3.10) + Awy(t,x) = f(z)w,(t, x) — f(x)v(t, z),
v e Hy(0), te (0,7),

v € Hy(0,T; L*(0)).
Applying [Yam22, Theorem 12] to (3.10) and using (3.8) implies that v € Hy (0, T; H*(O) N
H}(O)) N Hgyg(0,T; L*(O)) and
||U||H9+9/(O,T;L2(O)) + vl 1, (0,102 (0))
(3.11) < Cllh = 0 (wy —w,(0,)) + Awy — fuw, — folla, orc20)
<C(1l+ ||f||L°° D+ (A, 0.7502(0))

where the constant C' > 0 is independent of f.
For any parameter 8” € (0, 1), from (3.11), we can use the interpolation theorem in [KRY20,
Section 4.2.1] (applying to 0?v) to derive that

||UHH90//+9/(0 T;H2-20" (0)) <O+ Hf||L°° 0))(1 + ||h||H9/(OTL2( )))

Choosing 0’ € (3 — £,1) and 6" = 1 — ¢ for small € > 0 gives
0 1 6 1 0 1 3
Y / - - _ - - 2_2// iy
00 +9>4 96—|—2 3 2+8 96>2, 9>2

When d = 1,2, 3, the Sobolev embedding theorem implies that v € C([0,T]; C(O)) and thus
[l (o) < CA+ [1fIZo0(0) (X + [l 1y 0.7:22000)
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which, in turn, gives uy = u € C([0,7]; C(O)) and
[ugllLeor) < C(1+ Hf“%m(O))(l + 1Al £, (0,1:22(0)))
with C independent of f, but depends on g and uq. O

We close this section by proving a useful maximum principle for vy when the source function
h satisfies an appropriate lower bound. In addition to the regularity and compatibility
conditions (2.5), (2.6), we further assume that there exists ¢ > 0 such that

g(t,z) > ¢, V (t,x) € (00)r and ug(x) > ¢, Va € O.
Then the classical maximum principle for the heat equation yields
wy(t,x) > ¢ for all (t,z) € Or.

Assume further that the source function h € L*(0,T; L?(0)) satisfies

h(t,x) > 0 (wy(t,z) — w,(0, 7)) — Aw,(t, ) + Mow,y(t, x), V (t,2) € Or a.e.
Then, by the (weak) maximum principle in [LY17, Theorem 2.1], v of (3.5) satisfies

v(t,z) >0 forall (t,2) € Or a.e.

which implies
(3.12) us(t,z) > ¢ forall (t,x) € Or,
for all f € C(O) with || f]|=(0) < Mo.

4. ESTIMATES ON FORWARD AND INVERSE PROBLEMS

Given h € L*(0,T; L*(0)), g and ug satisfying (2.5) and (2.6). Let f; € L®(O) with
0 < fjae. in O for j = 1,2. Denote uy, the solution of (2.12) corresponding to f;. Then we
can see that

0 (up, — up) — Alug, —up,) + filug, —up,)
= —(fi = fo)uy,

(up, —uyp,) € Hy(O), te(0,7),

(up, —ug,) € Hp(0,T; L*(0)).

in OT,
(4.1)

Applying Lemma 3.1 and estimate (3.3) implies

g, = upllz20.mr2(0))
< g = upllr20,m5m 0))
(4.2) < C(A+ | Allee@)I(fr = f2)upll20,m502(0))
< O+ [ fill e o) g 20,23 0 L1 = fall a0y
< CA+ 1 Allzeo) V II2llze @) = 2l oy
where C' depends on T, d, O, ||h||z2(0,r;02(0)), 9, Uo, but is independent of f.

In order to apply the method in [GN20] (or [FKW24a|), we will need to verify the following
conditions.
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Proposition 4.1. Let T > 0, 0 < 0 < 1 and assume that g and ug satisfy (2.5), (2.6). Let
h € Hy(0,T; L*(0O)) for some ' € (2 =2 1), For any integer B > 14d/2, consider f € .7-"]@0

and define G(F') by (2.18). Then OTL26 hci;’ i
(4.3a) IG(F1) = G(F)ll2i0r) S A+ 1Pl 0) VI Ballen o) 1By = Pl oy
for all Fy, Fy € HZ(O). In addition, one has
(4.3b) 1G]l 20y 10) = SUP NG(F)ll(0r) < 0.
FeH[(0)

Proof of Proposition 4.1. Let f1, fs € .7:1'@0 and f; = ®(F)), fo = ®(F;,) for some
Fy, F, € HS(O). Combining (4.2) and [NvdGW20, Lemma 29 (6.4)] immediately yields that

1G(F1) — Q(F2)HL2(OT) <C(l+ H(I)(Fl)HQLoo(O) N H‘I’(FQ)H%OO(O))H@(FQ - (I)(F2>H(H1(O))*
<O+ P20y VI E2lE1 o) IFy = Follii o))
On the other hand, when d = 2,3, (4.3b) is an easy consequence of (3.4) in Lemma 3.3. O

Next, we will derive a Holder-type stability estimate for the inverse problem similar to
those in [Kek22, Proposition 10] and [NvdGW20, Lemma 28|. The main idea is based on the
maximum principle given in (3.12). We begin with the following simple lemma.

Lemma 4.2. Suppose that g and ug satisfy (2.5), (2.6), and (2.9). Let h € L*(0,T; L*(O))
satisfy (2.10), and 0 < f; < My, 0 < fo < My a.e. in O. Denote uy,,uy, the solutions of
(2.12) corresponding to f = fi, fa, respectively. Then we have

If1 = fallz2(0)

(4.4)
< C(1+1flle©) (lup = upllmorizo) + lun — upllzomnmazo)) |

for some constant C > 0, which is independent of f; and fs.

Proof. From the reconstruction formula (1.2), we can write

T2\ fi = Fallzzio) = ILfi — follr2(or)

45) < ’

af(ufl — UO) _ Aufl . af(ufz _ UO) — Aufz
Uy Uf,
O (ug, —ug,) = Aluy, —uy,)
Up

L2(Or)

L2%(Or)
+ | (upt =y, ) (O (ug, — o) = Aug,)| 200

<1197 (ugy = up)llezior + 1A (g = up)llizion) + I(up! = up) foupll 2o
+ l(uy = up )Rl 2o,

where we used the maximum principle (3.12) in the first term of the last inequality. Again,
by (3.12), we can see that

(w7 —up) foupllizor = llug (up, —up) fall 200

(4.6) 1
<c ||f2||L°o(O)||Uf1 - Uf2||L2(OT)
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and

[(up,! —up )l 20p) = llup g, (up, — up)bllL200)

1/2
< g, = uhllizon = ([ Nus, = )6l )
1/2
4D <o ([ o - un o)

1/2
g@%wm@(/m%—wﬁ»%wﬂﬁ
0

= Cc?||h]| 2oy lug, — gl L20,7502(0))

where we have used the continuous embedding H?(Q) C L>(O) since d = 2,3. Combining
(4.5), (4.6), (4.7), (2.3) yields (4.4). O

Proposition 4.3. Assume that g and ug satisfy (2.5), (2.6), and (2.9). Let h €
H%(O,T, LQ(O)) satisfy (210), and fl,fg S 01(6) with 0 < f1 < Mo,o < fg < MO m
O. Then we have

4/3 1/3
(48) i = fellzioy < C 1+ Mo) (1 + | Al V I 2lleniop s, = upllare, s

where C depends on T, d, O, ||\h|lg,©o,r;2(0)): 9, o, but is independent of both fi and fs.
2
Remark 4.4. Using the link function ®, (4.8) can be re-phrased as

4/3 4/3 1/3
1@ 0 Fy — @0 Fyl2(0) < C(L+ [Pl V IIF2ll o) IG(F) = G(F2)ll 5o,

where C' depends on the quantities described above and M.

Proof of Proposition 4.3. The proof mainly utilize the linear estimate in Lemma 4.2
and the interpolation relation in [LM72b, (2.6)—(2.7)].

Step 1: Interpolation with respect to time variable. On the other hand, we write (4.1) as
0} (ug, —up,) = Alug, —up,) = foug, = frup, i O,

(4'9) (ufl - ufz) € H&(O)a te (O,T),
(ufl - ufz) € H9(07 T Lz(o))

From [Yam22, Theorem 12| and estimate (3.9), it follows that, for each 0 < 6y < 1/2, we can
derive

lupy = upllmy, g, 01522000 + lup — wpllmg, 07:m2(0))
(4.10) <C <||f2||L°°(O)||uf2||H90(0,T;L2(O)) + Hf1||Loo(O)||uf1||H90(0,T;L2(0))>
<O+ L AlZwo) V Ll Ee o)
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for some constant C' > 0, depending on T', d, O, ||h||H90(07T;L2(@)), g, ug, but is independent
of f1 and fy. Now applying the interpolation relation in [LM72b, (2.7)] implies
2] )

g, = uplm0,15020)) < lup — g, ||19;;3090 (0,T;L2(0)) [uy, — g, ||2368T L2(0))

_bo
<C|1+ ”leZZfOo \% Hleliif“o ”uﬁ ufz“Z;g()Tm o
(0) (0) o)

In particular, taking 6y = g, we obtain

4/3 4/3 1/3
(411) g, = upllmorazoy < € (1+ AN 0 V11 o) s =l Blorao:
Using (4.11) and (3.3), one can derive that

(4.12) lus, = g lmorzzon < € (14 1A o) V12172 0))
with C' depending on T, d, O, [|h||u, 0,r;22(0))> 9, Uo-
2

Step 2: Interpolation with respect to spatial variables. Taking the gradient on the first equa-
tion in (4.9), and using the interpolation of space-time Sobolev spaces as in [KRY20, Sec-
tion 4.2.1], one can estimate

IVA(uy, = up) |l 120,7502(0))
< s = upllmo0,75010))
(4.13) +C(1+fillero) V I falleroy) (s ll 2, o)) + g2 o001 0))
< lup — uf2||}1{329/2(0,T;L2((9))”uf1 “fz”m,/2 (0,T;H2(0))
+C+ I fillovoy V I falloro)) (lug 2. 0y + g | 20001 0))) -

Furthermore, in the right-hand side of (4.13), we apply (4.10) with 6y = g to its first term
and using (3.3) to its second term to get
(4.14) IVA(ug, — up)llz20r20) < CO+1illéoy VI lé o),
where C' > 0 is independent of f; and f,. On the other hand, by the first equation of (4.9),
we have

[A(ug, = up,)ll2075L2(0))
(4.15) < lugy = upllmp015220)) + I fillze o) llug 201220

+ [1f2llzoe o) luge Nl 20,200y

< O+ | fillzeo) VI fallZe (o)
where C' depends on T', d, O, ||h||#, (0.7:22(0))> 9> Uo. In (4.15), we have used (4.12) and (3.3).
Putting together (4.14) and (4.15) yields

(4.16) 1A g, = up)l2emo) < CA+ [ fAlléo) VIl 0):

Observe that uy, — uy, € H}(O). Notice that, for each integer £ > 2, —A : HF(O) N
H}(O) — H"2(0) is an isomorphism and thus (—A)~! : H*2(0) — H*(O) n HL(0),
for example, see [GTO01, Theorem 8.13|. Thus, it follows from (4.16) that uy, — uy, €
L*(0,T; H3(O)) and

(4.17) g, = upll2ormzon < CU+ [ filleo) VI llE o),
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where C' > 0 is independent of f; and f. Next, by the interpolation inequality [L.M72b,
(2.6)], we have

2/3 1/3
lup, = wpllr20mm20)) < Cllug, — uf2||L/2(o,T;H3((9))||uf1 - uf2||L/2 (0,T5L2(0))

4 3 4/3 1/3
< C(1+ 1Al o) VIl ) ) lun =l torizaon:

Finally, Proposition 4.3 follows easily from Lemma 4.2, (4.11), and (4.18). O

(4.18)

5. PROOF OF THEOREMS

We first recall the general contraction rate in [GN20, Theorem 14| without specifying to
the operator (2.13). The statement of the theorem is modified to fit into our setting here.

Lemma 5.1. Let F C L*(O) be endowed with the trace Borel o-field of L*(O), and consider
a Borel-measurable forward map G : F — L*(D), where D is a bounded measurable subset of
R™ with m > 1. For Fy € F, we are given noisy discrete measurement of G(Fy) over a grid
of points drawn uniformly at random on D as in the model (2.15). We further assume that
supper||G(F)| L) < +00 and there exist 3,7, k, 7 > 0 such that

19(F) = GBIy S (14 IF o)V IBal 2 o)) IF2 = Pallar=con

for all F\, F, € Hg(@) NJF. Forinteger a > +d/2, 8> T+ d/2 with T > 1, we consider a
Gaussian prior Iy constructed in (2.22) with base prior F' ~ II' satisfying Assumption 2.4
with reproducing-kernel Hilbert space H. Let Iy (-|Y(N),Z(N)) be the resulting posterior

arising from observations (YN ZWN)Y as in (2.21). If Fy € H, then for each D > 0 there
exists a sufficiently large L > 0 such that

My (F < IG(F) = G(Fo)llz2p) > Low|Y ™, ZM) = Opx (7PV%) a5 N — +oo,
0

where 6y = N—(atR)/Qat2atd) ond there exists a sufficiently large M such that

(5.1) Iy (F ¢ [|Fllcri0) > MIY™), XM) = Opy (e PX%)  as N — +o0.
0

We now proof Theorem 2.6 as an application of Lemma 5.1.

Proof of Theorem 2.6. First of all, it follows from Proposition 4.1 that the conditions
in Lemma 5.1 are satisfied with 7 = 1, Kk = 1, and v = 2. Hence, there exists a sufficiently
large L > 0 such that

v (B 19(F) = G(El ooy > LonY ™), Z) = Oy (7P¥%) 2 N = +ox,
where §y = N—(e+1)/Qat2+d) 4pq furthermore, there exists a sufficiently large M such that
Iy (F: ||Fllevey > MIY™M, X™W) = Opgo(e*DN‘;?V) as N — 400.

Now, by Remark 4.4, we can get that
@ o F—®o Fylp20) > L'oN?,
3 ( IFllcrio) < M
<y (F: |G(F) = G(Fy)ll2(0) > Lon Y™, 20)
= O]pgo (7PN as N — +o0.

Ty W), Z(N))
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In other words,
iy (£ 511 = follzzion) > Loy ™, 2)
— Iy <F @0 F = ®o Byl 20y > LYy ™), Z<N>)

. (F |0 F —® o Fyll 20 > L'ox*
a [Fllcroy < M

+ 1y (F 1 || Fllevoy > M|Y™, X))
= Oﬂmgo (7PN as N — +o0,

Yy, Z(N))

which implies our theorem. 0

We now proceed to prove Theorem 2.8 by modifying the ideas in [GN20, Theorem 6] or
[FKW24a, Theorem 2.6.

Proof of Theorem 2.8. In view of Jensen’s inequality, it is enough to prove that for
C >0,

(5.2) Py (IEHN (IF = Fll 2o [y, 20 > é(s}v/“”’) 0 as N — +oo.

We split the proof into two parts. Let D > 0 be a constant to be determined later, and let
M be the constant given in Lemma 5.1.

In the first part, we estimate E~ (HF — FOHLQ(O)1\\FH01(O>>M’Y(N), Z(N)>. By the Cauchy-
Schwartz inequality, it is clear that

E™ (IF = Foll20) U rione >M|Y<N>,Z<N>)

g\/EHN <HF Ryl2, )\/HN (F : ||Fllovo) > MIY®), Z(0),

Consequently, from (5.1) (with § = 1) in Lemma 5.1, we see that

]P)J;IO (EHN (HF — FO||L2((9)ILHFH01(0)>M|Y(N),Z(N)> > 611\[/3)

N (|1 = Foll30) /YY), 20)
<Py \/ He

(5.3)
x /Ty (F : || Fllio) > MY @), Z80) > 5)/°

<Py \/EHN (HF - F0||%2(O)|Y(N)7Z(N))g%DN s 51/3) o(1).

Recall from [GN20, Lemmas 16 and 23] that the set

Y1, Zy) e, (Y1, Z1)\°
By :={ F:E! (10 pr(V1, 1) ) < 8% EL (10 PRAVTL A < 52
N { fo gpF(Yl,Zl) - TR gPF(YhZQ -
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satisfies IIy(By) > ae *N%% for some a,A > 0. On the other hand, using [GN21,
Lemma 7.3.2|, we also know that the set

= Np_F 7 dy I QRN ~ IIn(-NBw)

satisfies Py (Cn) — 1 as N — +o00. Now from (5.3), it follows that
Pgo (EHN (HF_FOHLQ(O)1“F“Cl(o>>M’Y(N), ( ) > 51/3)
<Py, (B (IF = Rl V™, 2) Y% > 5)/%, ¢ ) + o(1)

fC(O)HF - F0||%2((9) Hi\;1 pr/pr(Yi, Zi) dlln (F) _DN&2,
(&

(5.4) :Pgo H(BN) fBN Hi\il pF/pFo(Y;’Zi) dV(F) ,Cn +O(1)

> 511V/6

N
/C } HF—FoH%z(oH (¥, Z) dll(F)

1/6 o (D~ A—2)N512V

<Py +o(1).

> 0y
By Markov’s inequality and Fubini’s theorem, we obtain that (5.4) is bounded above by

N
5;]1/6a_16_(D_A—2)N5§v/ IF — F0||2L2(O)El]¥o (H p_F(Y;,Zi)> dIly (F)
Cc(0) i=1 p

Fo
_ 5&1/%_16—(13—,4—2)1\15%/ ||F—F0||%2(0) dlly(F).
c(0)
Furthermore, by Fernique’s theorem [GN21, Exercises 2.1.1, 2.1.2 and 2.1.5| one has

BN F|[72(0) < +oo. Taking D > A+ 2, we conclude that
(55) Pgo <]EHN (”F — F0‘|L2((9)]1||F||C1(O)>M|Y(N), Z(N)) > (5]1\[/3> -0
as N — +o0.
For the second part, we estimate E~ <HF Follr20 Y LIFl 10, <u| Y™ (N)>. Since f =

® o F and fy = ® o Fy, by Assumption 2.3(i), mean value theorem and inverse function
theorem, there exists 7 lying between fy(x) and f(x) such that

1
(5.6) |F(z) — Fo(z)| = m\f(x) — fo(z)] forall z € O.
Since f, fo € [P(—M), ®(M)] and || F||cx < M, we have
—11(2) — fol@)| S17(@) — f(ao)| forall z € O.

Il’liIl[_M7M] P’

|[F(z) — Fo(x)] <
Therefore, we see that

EHN<||F Foll 2y Ly

(0)

<u[Y™), Z(N)> S B~ (IIf - f0HL2((9)|Y(N)7Z(N))

< L'} +EM (”f - fO||L2(O)]L||f—f0||L2(o)>L’513\,|Y(N)7 Z(N))
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where L’ is the constant given in Theorem 2.6. We now repeat the arguments
in the first part, except that replacing the event {F N F ooy > M } by the event
{ I f = follezoy > L’51/3} and using Theorem 2.6, to show that

(5.7) Py, (E™ (IF = Follzzo) Ly gr o zmlY ™, 2) > 6}f) = 0

©)
as N — 4o0. Finally, we combine (5.5) and (5.7) to conclude (5.2) with C' = L' + 1. O

Similar to Lemma 5.1, we now recall the general contraction rate for random series prior
in [GN20, Theorem 19| without specifying to the operator (2.13).

Lemma 5.2. Assume that the assumptions of Lemma 5.1 are satisfied. Let 11 be the random
series prior defined in (2.27), and let Ty (-|Y(N), Z(N)) be the resulting posterior arising from
observations (YN, ZWN)) as in (2.21). Then for each ag > o and for each Fy € H5°(O) with
compact support such that supp (Fy) C O and for each D > 0, there exists a sufficiently large
L > 0 such that

v (F 2 IG(F) = G(F)lluzp) > LenY ™), X)) = Opy (e7PNE),

Fo

where &y = N—(o+r)/Qaot2atd) 160 N For each j € N, let H; be the finite-dimensional space
given in (2.26). Furthermore, if we choose j(N) € N satisfying 27(N) ~ N1/ (2ao+2e+d) “4pop
we obtain that for sufficiently large M > 0 such that

My (F € Hyy : [|Fllga > MPMONE YN XY = Opy (e PNV,

Fo
As above, we will prove Theorem 2.11 by adapting the ideas in [GN20, Lemma 12].

Proof of Theorem 2.11. From Lemma 5.2 (with x = 1 and 7 = 2), for each D > 0 and
for each sufficiently large L, M > 0, one has

Iy (Ay]Y ™, X)) =1 — Opy (e7 PV,

0

where Ay = {(F € Hy « [Fllae < MO0y Ren [G(F) — GE) |12 < Lo},
We fix any F € H;y. In view of [GN20, (B7)], we have ||F||go < 27Me||F|| 2 for all
sufficiently large N. Let Py; be the projection defined in [GN20, (B4)] then we obtain that

| Fllza©) < 1F = P,y (FO) | o 0) + [ Pr; g, (F0) || 22 (0)
(5.8) = [P,y (F) = P, g, (F0) |20 + ([ Pry ) (F0) |12 00)
< 2N F — Fyll 1200y + || Foll o c0)

Furthermore, for F € Ay, the Sobolev embedding theorem gives ||F||z < M'20MNey/N¢y
for some M’ > 0. Now we use (5.6) and Assumption 2.10 to see that

IF = Follrzo) S (@7NVNEN (| f = foll n2(0)

We now apply the inverse estimate in Proposition 4.3 to see that

IF — Foll20) S @™VNE) (1 + I £l o) IGF) = G(F)Il o,
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for all F' € Ay and thus
Qj(N)aHF — Foll o) S Qj(N)a(QJ(N)a\/NgN)a—s—ﬁl/fig}V/?’

3a+4

e 2a+d _ ap+1 1/3
~ N 2ap+2+d (N2(2a0+2+d) log N) 3 N 3(2ag+2+d) (log N)

—2(ag+1)+(2a+d)(3a+4)+6a 3a+5
~ N 6(2ag+2+4d) (10g N) 3.

Now we choose ag = ap(a, d) sufficiently large such that
(5.9) 200+ 1) > (2a+d)(3a +4) + 6

and consequently from (5.8) we have

—0 as N = 4o
7\

—2(ag+1)+(20+d)(3a+4) +6a -

| Fllgeoy S1+ N 6(2ag+2+d) (log N)L;E) for all FF € Ay.

Thus, we obtain
1= Opy (e7PNF) = Ty (An |y ™), X))
0
< ly (F € Hiwvy : |G(F) — G(Fo)ll20r) < LéEN, | F|lre(0) S 1|Y(N),X(N)) )

Finally, from Proposition 4.3, it follows that

I (f3 1f = follz2(o) > L§%3|Y(N),X(N))

<My (IG(F) = G(Fo)ll 2(0r) = Lén, | Fllnacoy S 1YW, X)
+ 1y ([Fllae o) 2 Y™, XY = Opy (e7PNEK) as N — oo,
0

which concludes the theorem. O

We now prove the optimality result in Theorem 2.13 by adopting the proof of [Kek22,
Theorem 8|. The idea is to apply [GN21, Theorem 6.3.2] to reduce the problem of estimating

the lower bound in the whole parameter space into a test problem in a finite subset of F,,
see also [Nic20, NvdGW20).

Proof of Theorem 2.13. The central idea in the proof is to construct a finite N~ Tat2Td-
separated set in F, given by (2.28) which is not too small. As described on [Kek22, Page
18], for every j € N, there exist a small constant ¢ > 0 such that n; := ¢2/¢ many Daubechies

wavelets {W,, }.. | have disjoint compact supports in O. Using the Varshamov-Gilbert bound
(see [GN21, Example 3.1.4]), there exists

{bp. :m =1,---  M;} € {~1,+1}" with M; > 3%/4
such that

T

> (b = b a)? Z 1.

r=1

Let kK > 0 a constant to be determined later and define
hm(x) == mZbWQ_j(aer/Q)\I/jT(x) for all z € O,
r=1

for all m = 0,1,---, M;. in view of the support condition of U, it is clear that supp (h,,) C
O. In addition, it is proved on [Kek22, Page 18] that one can choose a sufficiently small
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x> 0, independent of j, such that ||hy,|ce@) < 1/2 forallm =1,---, M;. Let fo = 1 and
we define
fm::fo_'_hm? vm:la"'7Mj7

which satisfies

[ fmllceoy < [l folloa) + [[Amllcay < 3/2 and inf frn 21~ A | Lo 0y > 1/2,

that is, {f}m’y C Fo.
Observe that

T
| fon — fm’H%ﬂ((’)) — k29-2j(a+d/2) Z(bmr _ bm’r)2 > 272j(a+d/2)nj ~ 92

r=1
For each N € N, we now choose j = j(N) € N satisfying 2/ ~ Naresa and, hence,
(5~10> ||fm - fm’||L2(O) Z N_Zo‘fﬂd

Our next task is to estimate M, from below to ensure that the set { FudMi < F, is not too
small. Based on the Radon-Nikodym density (2.20), the argument carried out in the proof
of [Kek22, Theorem 8| shows that

KL (P}, PR) ~ Nlug, —up, 1720,
where KL(-,-) is the Kullback-Leibler divergence. Using (4.2), [Kek22, (25)] and the choice
9 ~ Nzavera, we get that

gy — Ufm||%2(oT) Sllfm— fOH%Hl(O))*

nj
< Nl sy = W22 52§ ] o 2Ny
r=1

By the definition of M;, we can see that
(5.11) KL (PY ,PY) < elog(M;)

for any small € > 0 (by taking « sufficiently small).
With slightly abuse of the notation, we write My = M;(y), where j = j(N) € N satisfies

2/ ~ N777a. So far, we have proved that {fYMN is a N~ zazri-separated set in F, in

the sense of (5.10) and is not too small in the sense of (5.11). Finally, applying [GN21,
Theorem 6.3.2| leads to

. ~ _ [e% MN 86
5.12 inf sup EN || fy — fllzzo) > N zarera —L % (1 — 2¢ — ,
( ) in ror f | Iz 0) 1+ /My log My
which implyies the desired estimate by choosing € small enough and the fact My — +oo as
N — 4o0. 0

For each N € N, let U be any {0,1,--- , My }-valued measurable function such that
/5 = fonllz2o) = _min Ifn = fnllz2(0)-
m=U,---, M N

By carefully inspecting the proof of [GN21, Theorem 6.3.2], we can see that

. VMN 86
5.13 f PN (U > Y8 (192 —
(5.13) it ax, Pr (U #m) 2 = (L2 gy )
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for all sufficiently large N, which is slightly stronger than (5.12). We are now give a proof of
Theorem 2.14 based on this observation.

Proof of Theorem 2.14. In view of (5.10), it was proved in [Kek22, Theorem 8| that
(with 7y ~ N~ 2254 )

lim inf sup P} <||fN — fllz2(0) > CN_2a+2+d> > liminf max P} (Uy #m).
fN f€.7:'a \IJN mZO,'”,MN

The theorem follows immediately from above and (5.13). O

6. CONCLUSIONS

In this paper, we investigate a Bayesian approach to an inverse problem for a time-fractional
partial differential equation involving the Riemann-Liouville time derivative. The objective is
to recover an unknown potential function from interior measurements of the solution. From a
practical standpoint, such measurements are typically available only at discrete points, which
naturally raises the question of how accurately the unknown function can be estimated. The
Bayesian framework offers a principled way to address this question.

Our first objective is to justify the Bayesian method from a frequentist perspective. Specifi-
cally, we show that when the data is generated from a true underlying potential, the posterior
distributions which are obtained using various commonly employed priors, contract toward
the ground truth at explicit rates as the sample size increases. Because inverse problems
based on interior measurements are mildly ill-posed, in the sense that their stability esti-
mates are of Holder type, we derive polynomial posterior contraction rates, as expected in
such settings.

A major challenge in analyzing time-fractional equations is the limited regularity of their
solutions. Similar difficulties also arise in spatial-fractional problems, such as those involving
the fractional Laplacian. To address this issue, we employ the maximum principle to establish
positivity of the solution, rather than relying on the Feynman-Kac representation. We believe
this approach is more flexible and may be adapted to a broader class of equations.

For the purpose of uncertainty quantification, posterior consistency alone is not sufficient.
The ultimate goal is to establish a Bernstein-von Mises (BvM) theorem, which characterizes
the limiting shape of the posterior distribution. However, it is well known that the BvM the-
orem does not generally hold in infinite-dimensional settings. Some progress has been made
in the semiparametric regime for local PDEs, e.g., [Nic20, Nic24]. Whether an analogous
result can be established for nonlocal equations remains an open and compelling problem for
future research.
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