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ABSTRACT. In this article, we investigate the quantitative unique continuation properties of complex-valued
solutions to drift equations in the plane. We consider equations of the form Au+ W - Vi = 0 in R2, where
W =W, +iW, with each W; real-valued. Under the assumptions that W; € L% for some g € [2,0], g2 € (2,0],
and W, exhibits rapid decay at infinity, we prove new global unique continuation estimates. This improvement
is accomplished by reducing our equations to vector-valued Beltrami systems. Our results rely on a novel order
of vanishing estimate combined with a finite iteration scheme.

1. INTRODUCTION

The goal of this paper is to show that under suitable hypotheses, we may establish a stronger quantification
of the unique continuation properties of complex-valued solutions to drift equations in R? of the form

) —Au+W-Vu=0.

Before describing our main results, we recall a few fundamental concepts in unique continuation theory.
The partial differential equation (PDE) Lu = 0 is said to have the unique continuation property (UCP) if
whenever u is a solution in € and u# = 0 in an open subset of Q, then u = 0 in Q. Going further, the equation
Lu = 0 is said to have the strong unique continuation property (SUCP) if whenever u is a solution in Q
and u vanishes to infinite order at some point xo € € (in an appropriate sense), then u = 0 in Q. Therefore,
whenever we are in a setting where the SUCP holds, it makes sense to ask the following question:

What is the fastest rate of decay that a non-trivial solution can have?

This local quantity is referred to as the order of vanishing and can be interpreted as a quantification of the
SUCP. A related global object is the rate of decay at infinity, a quantity that distinguishes between trivial and
non-trivial entire solutions based on their asymptotic behavior. Other topics of study in unique continuation
theory include doubling indices and nodal (zero) sets of solutions. We refer the reader to [LM16} Logl8al
Log18b] for recent progress in these related directions. Our current work is related to Landis’ conjecture,
which seeks to determine the optimal rate of decay at infinity for solutions to Schrédinger equations. As
briefly described above, order of vanishing estimates are interesting on their own, but these quantities also
serve as an important tool in our study of quantitative unique continuation at infinity properties.
In the late 1960s, E. M. Landis [[KL88| conjectured that if u is a bounded solution to

(2) Au—Vu=20

in R", where V is a bounded function and |u(x)| < exp (—c |x|1+), then u = 0. This conjecture was later
disproved by Meshkov [Mes92|] who constructed non-trivial functions u and V that solve Au —Vu =0
in R2, where V is bounded and |u(x)| < exp (—c |x|¥/ 3). Meshkov also proved the following qualitative
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unique continuation result: If Au—Vu = 0 in R”, where V is bounded and |u (x)| < exp (—c ]x\4/ 3 +), then

necessarily u = 0.

In their work on Anderson localization [BKO05], Bourgain and Kenig established a quantitative version of
Meshkov’s result. As a first step in their proof, they used three-ball inequalities derived from a Carleman es-
timates to establish order of vanishing estimates for local solutions to Schrédinger equations. Then, through
a scaling argument, they showed that if # and V are bounded, and u is normalized so that [#(0)| > 1, then
for sufficiently large values of R,
inf Nlle(5, (o)) 2 exP (~CR*? logR).

Since % > 1, the constructions of Meshkov, in combination with the qualitative and quantitative unique
continuation theorems just described, indicate that Landis’ conjecture cannot be true for complex-valued
solutions at least in R%. However, Landis’ conjecture still remains open in the general real-valued case.

In recent years, there has been a surge of activity surrounding Landis’ conjecture in the real-valued planar
setting. The breakthrough article [KSW135]] proved a quantitative form of Landis’ conjecture under the
assumption that the zeroth-order term satisfies V > 0 a.e. Subsequent papers established analogous results
in the settings with variable coefficients [DKW17|] and singular lower order terms [KW 15, [DW20]. More
recently, it has been shown that this theorem still holds when V_ exhibits rapid decay at infinity [DKW19]],
and when V_ exhibits slow decay at infinity [Dav19a].

The work in [KW15] focuses on quantitative Landis-type theorems for real-valued solutions to drift
equations in the plane of the form (I)). One of the main theorems in [KW15]] shows that if W € L? for some
q € [2,00] and u is a real-valued, bounded, normalized solution to (I)), then whenever R is sufficiently large,
it holds that

1-2 .
3) inf |lul| =5, () = { eXpC( o IOgR) %f 2
R ifg=2

|z0/=R
In contrast, the article [DZ18]] contains quantitative Landis-type theorems for complex-valued solutions
to elliptic equations in the plane. The related theorem in [DZ18]] for drift equations shows that if W € L?
for some g € (2,0] and u is a complex-valued, bounded, normalized solution to (I), then whenever R is
sufficiently large, it holds that

4) nf ([ul| (5, () = €XP (—CR*1ogR).

Iz:)\:R
By comparing the results of (3)) and (@), we see that the rate of decay significantly improves when we restrict
to the real-valued setting. In particular, the presence of an imaginary part of W drastically affects the rate of
decay of solutions. This current paper is motivated by our desire to understand and quantify the effect that
the complex part of W has on the rate of decay at infinity.

In [Dav14] and [LW14]], the authors investigated the quantitative unique continuation properties of so-
lutions to elliptic equations with lower order terms that exhibit pointwise decay at infinity. The results in
[Davl14] and [LW14] imply that if W € L™ exhibits rapid enough polynomial decay at infinity and u is a
complex-valued, bounded, normalized solution to (I)), then whenever € > 0 and R is sufficiently large, it
holds that

5 inf - > —R'FE).
(5) |zt?:R||u||L (Bi(z)) = €XP ( )

We initiated this project with the belief that we could somehow combine the results described by (3)), (4),
and (5). As described in Theorem [I| below, this is in fact true is we assume that the complex part of W
exhibits significant exponential decay at infinity in an appropriate sense that we will quantify.

In order to further understand the motivation for the current setting, we will describe the techniques that
led to the estimates in (3), (), and (5)). Carleman estimate techniques were used in [DZ18]], while Carleman
estimates were combined with iterative arguments in [Davl4, LW14] to prove @) and (), respectively.
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Such techniques have been used to prove many other results related to Landis’ conjecture, see for example
[BKOS, IDZ19} [Dav19bll. The Carleman method is applicable in any dimension and, in some cases, it gives
rise to optimal bounds in the complex-valued setting. Since Carleman estimates do not distinguish between
real and complex values, a different approach was used in [KW15] to prove (3), where the focus was on
real-valued solutions and equations in the plane. The proofs in [KSW15,[KW15,[DKW17, DW20, DKW19,
Dav19a] center around the relationship between second-order elliptic equations in the plane and Beltrami
equations. In suitable settings, one can use a second-order PDE to generate a Beltrami equation, a first-order
elliptic equation in the complex plane. The similarity principle for solutions to the Beltrami equation, along
with Hadamard’s three-circle theorem, leads to a three-ball inequality similar to the one derived in [BKO3].
However, these new three-ball inequalities gives the precise exponents that could not be achieved with a
direct Carleman approach.

In this article, by viewing complex-valued drift equations as systems of real-valued drift equations, we
have found a way to combine many of the ideas mentioned above. First we show that (I)) can be realized
as a system of real-valued drift equations. Then we show that such real-valued systems can be reduced to
vector-valued Betrami equations. Instead of invoking a similarity principle for these systems (as we did in
[DKW19]), we rely on L” — L?> Carleman estimates for the operator o (similar to those that were previously
developed in [DLW19]) to give rise to our three-ball inequalities. The three-ball inequality is then used
to establish the order of vanishing result. If the complex part of the potential function decays sufficiently
quickly, then a scaling argument combined with repeated applications of the order of vanishing estimate
gives rise to our quantitative unique continuation at infinity estimates.

Before stating the main result of this article, we describe the kinds of potential functions that we will work
with. Assume that there exist ¢ € [2,9], g2 € (2,0], co, 8 > 0 so that W = Wy + iW,, where W; : R? — R?
fori=1,2, and

(6) W) ”qu(Rz) <1

_2
(7) HWZ”LqZ(B](ZO)) < exp <_CO ‘ZO‘I q1 +60> VZO c RZ'

In particular, the real part of W satisfies the same hypotheses as it did in [KW15]], while the complex part of
W must decay exponentially at a rate that depends on the properties of the real part of W.

Now we may state the main result of this article. The following theorem is quantitative unique continua-
tion at infinity estimate for solutions to (IJ), or a Landis-type theorem for complex-valued drift equations.

Theorem 1. Assume that for some q; € [2,%], g2 € (2,%9], c9,8 >0, W = W} +iW, : R? — C? satisfies
©) and @). Let u: R* — C be a solution to (1) that is bounded and normalized in the sense that for some
e (1,2],

_2
®) u(2)] < exp (Colz|' )
®) IVull o sy 0y = 1,
where ty < 2 when q; = 2. Then for any € > 0 and any R > R (Ro,Co,q1,42,c0, 0,0, €), it holds that

(10) inf ||u”L°°(B|(zo)) 2 exp (—R1+8) .

lz0[=R
Remark. The value Ry that appears in this theorem belongs to (0,1/¢) and is a byproduct of the Carleman
estimate that is used in our proofs.

Compared to the results of [KW15]], this rate of decay estimate is more rapid. That is, when we allow for

a non-trivial complex part of the potential, even a rapidly decaying part, the order of vanishing jumps from

— q% to any value greater than 1. On the flipside, this rate of decay is a great improvement over the results

of [DZ18]] since the power is far below 2. In summary, when we consider equations with a rapidly-decaying
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complex part of the potential, the resulting rate of decay for solutions falls in between the rates for equations
with a purely real potential and equations with a singular complex potential.

This theorem and the Landis-type results in [Dav19al] and [DKW19] all give the same bound for the
rate of decay at infinity. In both [Dav19al] and [DKW19]], the setting is real-valued and the zeroth-order
potential, V, has a negative part that decays at infinity. In [DKW19], we assume that V_ = max {—V,0}
exhibits (rapid) exponential decay at infinity, quantitatively similar to the assumption that has been placed
on W, in the current article. In both the current article and [DKW19], we reduce our PDE to a Beltrami
system of equations in which the multiplying factor is a 2 x 2 off-diagonal matrix. To ensure that the non-
trivial entries of the matrix are small enough for our techniques to work, we assume that some part of the
potential (V_ in [DKW19], W, here) is exponentially small. The same unique continuation estimate was
shown to hold in [Dav19a] when V_ exhibits (slow) polynomial decay at infinity. There, it is observed that
if V_ decays polynomially at infinity, then a positive multiplier exists and can be used to transform the PDE
into a scalar-valued Beltrami equation. By avoiding the vector-valued setting, we don’t need to impose any
further decay conditions on the potential functions. In the current setting, we don’t see how to avoid the
vector-valued setting, either with the introduction of a positive multiplier or through some other technique.
As such, we impose the condition that W, exhibits rapid decay at infinity.

To prove our global theorem, we rely on the following order of vanishing estimate. Although this theorem
serves as an important tool in the proof of our first result, it also provides a quantification of the strong unique
continuation property for local solutions to (I)). Furthermore, since this theorem allows the real part of W
to belong to L? instead of L>*, then this result serves as an improvement over other known results in this
direction, see for example [DZ18], Corollary 1]. An alternative order of vanishing theorem appears below
within Section 31

Theorem 2. Let d € (1,2]. Assume that for some q) € [2,00] and g € (2,),
Let u be a solution to (1)) in B, that satisfies

}Wj\\qu(Bd) <M, for j=1,2.

(11) ]l s, < €.
If g1 > 2 and we assume that
(12) ||Vu||L2(B|) 2 ¢,

then for any zo € By and any r sufficiently small,

CC(14+M,
C [1+M”2 exp(C;Ml)]+10gd {C1M1 +log{%\/%2)} }

)

(13) HVuHLg >r

B,(z0))

where L) = q 25, C1 =C1(Ro,q1), C2 = C2(Ro,92), C3 = C3 (R0, q1,92), and c is universal.

If q1 = 2 and we assume that for some ty € [1,2),
(14) ”V”HLto(Bl) > ¢,

then for any 7o € By, any r sufficiently small, any q € (2,q>), anyt € (max { 1 ,to} ) and any t; € (t,2],

C[14+MF exp(CsM 1M 1log | 2E0)
(s) Sl 21 s e S |

where L = Ci=C (Ro,q,to,t,t]), Cy =C2(Ro,92,9,t), C3 = C3(Ro,q2,q), and c is universal.

tq q tq—q—t’
Remark. If W, =0, then M, = 0 and we recover results on the order of vanishing estimates and the decay
rates at infinity (a real version of Theorem [[) from [KW15]. As such, this theorem may be interpreted as a
complex perturbation of the real-valued result.

The article is organized as follows. In the next section, Section [2] three-ball inequalities for general
vector-valued Beltrami systems are used to prove order-of-vanishing estimates for solutions to such equa-
tions. Section [3] shows how the drift equation (I)) may be reduced to a vector-valued Beltrami equation.
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Using these new presentations, we prove the order of vanishing results given by Theorems [2]and 5] Section
M) shows how Theorem [I|follows from Theorem 2] through rescaling combined with iteration. When ¢; > 2,
we must use the alternative order of vanishing estimate described by Theorem [5to initiate the iterative pro-
cess. As such, this section has been divided into two parts, corresponding to the proof for g; > 2 and the
proof for g; = 2. The Carleman estimates that are crucial to the proof in Section[2]are presented in Section 5]

Acknowledgement. Part of this research was carried out while the first author was visiting the National
Center for Theoretical Sciences (NCTS) at National Taiwan University. The first author wishes to the thank
the NCTS for their financial support and their kind hospitality during her visit to Taiwan.

2. ESTIMATES FOR GENERAL BELTRAMI SYSTEMS

Here we use three-ball inequalities derived from Carleman estimates to prove order of vanishing estimates
for solutions to 2-vector equations of the form

(16) IV = GV,

where V = (v1,v2) is some 2-vector and G is a 2 x 2 matrix function. This is the major tool in proving our
order of vanishing estimates for drift equations. The following Carleman estimate for first order operators
is crucial to the arguments. For a very similar estimate, we refer the reader to [DLW 19, Theorem 3.1].

Theorem 3. Let p € (1,2]. There exists Ry € (0,1/e) so that for any T sufficiently large and any u €
C? (Bg, \{0}), it holds that

(17) P H(rlogr)fle*w(r)u

L(5x,) < CHrlfz/p (logr) ew(r)éuHLp(

BRO) 7
where ¢ (r) = logr+ }log (logr)%, B=1— %, and C = C(p,Ro).

The technical proof of this theorem appears below in Section [5| For now, we use this Carleman estimate
to prove the following lower bound, which is the main result of this section.

Theorem 4. Leta € (1,2]. Define v=|vi|+]|v2

, where Vi is a 2-vector solution to (16)) in Bq with ||G|| 145, <

M for some q € (2,00|. Assume that for some t € (qu,Z} and some ¢ <1< C, VIl (gy) = € and [V s,y <

C. Then for any ry sufficiently small and any b € (1,a), it holds that

C(1+Mﬂ)+clog(%?)/1ogb

||V||Lt(3,0) 21 )

where UL = tq—t(é—t’ C =C(q,t,Ry), and c is universal.

Remark. The theorem gives the best result (i.e. minimizes ) when we choose t = 2. However, for technical
reasons, there will be situations where we need ¢+ < 2. Therefore, we present the very general result and
choose ¢ appropriately in the proofs of our order of vanishing theorems.

Proof. Choose ry sufficiently small and b € (1,a). Let K; = {ro/2 < |z| <ro}, K» = {ro <|z| <b}, and
Ky ={b<l|z[<a}. Set K=K UK, UKs C B, \{0} and define y € Cg’(K) where y =1 on K; and
supp Vx = K; UKj3. Define i = xV, where V is the solution to dv = GV.

Since g € (2,0], then for any 7 € (73172} we have that p := quiz € (1,2]. Foreach j, set iij (z) = u; (%Z)

so that suppii; C Bg, \ {0}. Then we may apply the Carleman estimate described by Theorem 3| with p as
5



chosen to each ii;. With ii = |i| + |ii2| and K = 22K C Bg, \ {0}, we see that

BH logr) ' e ™00 < B
T ||(rlogr)” e ML21€_T Z

‘ rlogr) 1e’ T(p(r)ﬁj

L*(K)

r1=2/P (logr) e~ ™" i

j=12 (k)

_ _q_1_1_1 _ -1 _ Ry, _ R o .. :
where r=|zland f=1—=1—7—_=pu"". Define p (z) = 2 [z| = 77r. An application of H6lder (since
t < 2) and a change of variables shows that

Q=

(18) 78 H(plogp)“ TP,

<C Y ||p" %" togp)e ) 9u;
=12

L'(K) LK)’

where C depends on g, ¢, Ry.
Note that by (16)

Juj=0xvi+xdv;=dxvi+x Z gikve = 0xv;+ Z 8 jkl-
k=12 k=12

This equation combined with Hélder’s inequality shows that for each j = 1,2,

ol

klﬂwzmb”) O], [0 togp)e P [Ty,

Lr (K] UK3)

<Y e o7 oz

H(plogp)‘le*“”(”)uk

= =, K) L'(K)
—2/q 2/t —76(p),, .
+o V2l k) ‘P Lo(K) ‘p (logp)e™™" Py, )Lr(m)

A computation shows thath 1-1/p (logp) Him({()

-2 1-2
(K1) HP /qHLq(K,)a and ||VX||L°°(K3) HP /qHLq(K3)
are bounded by constants depending on Ry and g. Combining the previous inequality with (18] then shows
that

P H(plogp)’le_“”(p)u

<CM H(p logp) ™! e‘“p(p)u‘

s H p =2/ (logp)e TPy

L(K) L'(K) L(K\UK;)
If T > (2CM)", then the first term may be absorbed into the left to get
He%mm(p)vu < He*““”’(”)xv g He%mm(p)u
() L(K)
1-2/t (t+1)¢(p) 2| ,—(z+1)0(p)
<C lo H vH +C (logR He v ,
py " (logpo) . (logRo) .

where we have used the definition of ¢ and introduced py := Roro/a. Replacing 7+ 1 with 7 and assuming
that T > C (14 M*), it holds that

Ry/a —
¥l (rosinyy Se™E/ ||em™ Py 1 (Ks)
<Co™(Roja) | y1-2/1 21|~ (p) 2 ,—7¢(p)
sCe po " (logpo)” [l ||+ (1ogRo) e 1K)
) ertp(Ro/a) "0 (Ro/a)

1-2
<Cp, Mmm —5575 M) +C (logRo)

210 (Rob/a) HVHU (Ks3) -
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Adding [|v[|,, (8,) t© both sides of the inequality shows that

—2 )2 eF(@(Ro/a)=0(P0/2) ||y || .\ 4+ C (logRy)? (9 Ro/@)=9 (Rob/a))

1
VIl (8, <CPy ™" (logpo Wl s, -

()
Define k = % and set
T = K og (logRo)* IVl (s,
0 (Rob/a) = ¢ (Ro/a) "= | py™" (10gpo)” [Vl s, )

If 7y > C (14 M*"), then the above computations are valid with this choice of 7 and we see that

1-2 K
1¥lca,) <C [ (10g o) I¥l11(s, | (o R0) Vs,
On the other hand, if 7p < C (1 +M*), then
_ logpo
1-2
¥l < oo < 0IC -+ 0 (Rob/a) ~ 0 (/2] o'~ (12200} ol .

Adding the previous two inequalities and invoking the assumptions that & < [[v[| g,y and [|v]l;(z,) < C
shows that

¢ <I+11,
where

1-2/t I-x

1=C [py " (togpo)* ¥l (s, )| [(logRo)*C]

1—2/ (logpo )
M1 explC(1-+4%) (9 (Raba) ~ 0 (o 2]y (1200 ) v -

On one hand, if I <TI, then ¢ < 2IT so that
log Ry

2
logp0> exp[C(1+M") (9 (po/2) — ¢ (Rob/a))]

¢ _

Assuming that ry < Ry,
¢ (po/2) — ¢ (Rob/a) > clogry
and then
R C(1+M*
(19) HV”U(B,O) > Cc(logRO)2r0( M)

On the other hand, if IT <1, then

— K A
¢<2C [Pé o (10gP0)2HVHU(B,O)] [(10gRo)2C}

Raising both sides to % shows that

1-x

~ 2/i—1 (10gRo 2l2ce (logRo)2 U
Moo >0 (o) |2
As above, for any ro < Ro, —+ = ggl’g‘(’)ﬁlﬁﬁ%% > Cllgggbr" and then
clog[w}/logb
(20) IVl (5,,) = ClogRo)?r,
Combining (T9) and (20) leads to the conclusion of Theorem [4] O
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3. ORDER OF VANISHING ESTIMATES

This section contains the proofs of our order of vanishing results, Theorem [2] in the introduction and
Theorem [5|below. The idea underlying our proofs is that we can reduce the PDE given in (I)) to a first-order
Beltrami equation. The novelty here is that the resulting equation is a vector equation instead of a scalar
equation as it was in [KSW15]] and [KW15]]. More specifically, we will show that the elliptic PDE described
by (I) is equivalent to an equation of the form (16).

If u = u; + iuy, then the drift equation (IJ) is equivalent to the system

@1 Auy =W, -Vuy — W, -Vuy
Aur =W -Vus +W, - Vuy.
Recall that 9 = a_ = ( +ig; ) and d = a% =1 ( gx i5- i ) Using the natural association between 2-

vectors and complex values, i.e. (a,b) ~ a+ ib, we define

1 *%) O
W)= 3 (We+ Wigid ) if 9w 0
0 otherwise
so that
AWi (uj) duj = Widu; +Wk8u] = 2RWidu;j = Wi - Vu;.
Then the system may be rewritten as
88u1 ( )8141 —W2 (uz) 8u2
88u2—W1( 2) Qup = W (uy) duy.
If we define
L [ o | Wi(ur) —Wa(up)
22) V= [ P ] and G= [ W (i) Wi (u2)

then the system of equations described by (21)) is equivalent to (16).

The following theorem is an alternative order of vanishing estimate. Although Theorem [2]is our main
order of vanishing estimate, we will use the following result to initiate the proof of Theorem [I]in the setting
where g; > 2. This proof is also interesting because it demonstrates how we make use of the Beltrami
representation in a simpler setting.

Theorem 5. Assume that for some q € (2,09], (8,) <M. Let u be a solution to (1)) in By that satisfies
(T1) with d = 2 and (12)). Then for any r sufficiently small,

cloe] €C0M)
(23) R

where L = q2q2’ C =C(q,Ro).

Remark. An application of the Cacciopoli inequality as in below allows us to replace the L2-norm of
the gradient on the lefthand side with the L”-norm of the function itself. After such a reduction, this result
is essentially the same as the order of vanishing result from [DZ19, Corollary 1]. The proof that we present
here is different.

Remark. Consider the case with ¢ = co. Then y = 2 and we obtain the well-known order of vanishing
estimate for drift equations, see for example [Dav14]].

Remark. This theorem differs from Theorem 2] and, at first glance, it may appear that this theorem is

stronger because of the absence of an exponential dependence in the bound. However, this theorem doesn’t

cover the case of g = 2. Moreover, if M, < Mj, then the bound that we obtain in Theorem [2]is better than

this one. In a sense, our new result may be interpreted as a perturbation of the order of vanishing results for
8



real-valued solutions to drift equations that appeared in [KW15]]. This theorem holds for complex-valued
equations.

Proof. If we define ¥ and G as in (22)), then equation (16) holds in B,. With v = |v;| + |v2|, we see that
v ~ |Vul|. Therefore, it follows from that [[v|[;2(5,) % ¢. By the assumption on W and the fact that

|Wj (ug) (z)| < }W, (z)‘ for all z, we see that [|Gl|,4(5,) < CM. A standard integration by parts argument
shows that whenever Au = W - Vu in Bg, where W € L7 (Bg) for some g € [2, 0],

~1/)2

r _2
24 IVl <€ (1= 7) 4R Wl | il

Combining (24) with (TT) then implies that ||v||, (B3/2) < C(1+M). An application of Theoremwith t=2
and a = 3/2 shows that
R Tt
as required. U
Returning to the Beltrami system from (22) and the preceding line, we take an alternative approach and
define
(25) vi=due TM()) foreach j=1,2,

where we use the notation 7 = Tp, to denote the Cauchy-Pompeiu operator on B;. Then
dvj=20 (8ujefT(W1 (“1))> = [981@- — Wi (uj) Ouj] e T (w))
— (_ 1 )j W, (”j) 8ufe’T(W' (uj)) — (_ 1 )j W (u;> eT[W1 (uj)7W1 (uj)]vf,
where ] = j= 1. If we introduce the vector notation

- Vi . 0 _W2 (MQ) eT[W] (u2)—Wi (uy)]
(26) V= [ Vs ] and G= [ Wi (uy ) e~ TIWi(2) =W ()] 0 ,

then (I6) holds. This is the representation that will be used in the proof of our order of vanishing estimate
described by Theorem

Before proving that theorem, we establish an L7-bound for the matrix G given in (26)). To do this, we have
to recall some properties of 7'. Let @ € LY for some ¢ € [2, o] satisfy [|@|[4(5,) <M. The Cauchy-Pompeiu

transform of w is defined as
1 (0]
Toz) = / (&) e
T By é —Z
If ¢ > 2, then T (®) € L™ with ||T®||;~(g,) < CM, where C depends on g and d. Otherwise, if ¢ = 2, then
T (®) € W'? with

HTwHWI-Z(Bd) = HTw”LZ(Bd) + HVT(DHLZ(Bd) <CM.

For further analysis of T @ in the setting where ¢ = 2, we recall the following lemma from [KW15].

Lemma 6 (cf. Lemma 3.3 in [KWI3]). Set h = T for some o € L* (By) with @25,y <M. Fors>0
and 0 < r <d, it holds that

(27) ][ exp(s|h|) < Cr*Mexp(sCM + s>*CM?),

r

where we denote ][ f= |B,|l/ f
B, B,

Now we can show that G is bounded in L for some ¢ € (2,¢>].
9



Lemma 7. Assume that d € (1,2] and for some q; € [2,°0| and q» € (2, 0] ) < Mj for j=1,2.
Define the matrix function G as in 206)). Set g = q» if g1 > 2 and otherwise choose q E (2 q2). Then

Gl Lo(s,) < Maexp (CMY'),
where &x = 1 if g1 > 2 and a = 2 otherwise.

Proof. Recall that Gj; =0 and G5 = (~1)/Wa (u; ) el =D/ TW ()W) Since [W; () (2)] < [W; (2)] for

all z, then W; € L% implies that W; (uy) € L% as well with the same norm.
If g1 > 2, then

”T [Wl (l/tz) Wi (ul)]HL‘”(Bd) < CM;
and then
1Gll0s 5, < Moexp (CMy).

If g1 =2, choose g € (2,¢7) and set s = qqqz An application of the Holder inequality shows that

= (= l)jT[Wl (u2)=Wi (u1)] < ‘ T Wy (u2)—Wi (uy)]
HG L4(B HW2< ) La(By) Wallisa s 1€ L(Ba)
1/s
< Cyd*/*M, <][ exp (s |T Wi (u2) — Wi (u1)] |)>
By
< Cyd M Myexp (CM; +sCM7)
where the last step invokes Lemma [6] The conclusion follows. g

Now we prove the new order of vanishing estimate described by Theorem [2]

Proof of Theorem[2] Define v and G as in and so that equation holds in B;. Choose 1 < b <
a<dsothatb—1~a—b=~d—a. Thenlogh ~logd anda—b~d—1. Setv = |vi|+ |v2|. In order to
keep track of the dependencies in the constants, we’ll use a subscript notation within this proof.

Assume first that ¢; > 2. We see from (12)) and Holder’s inequality that

& <|IVull 2,y < IVarll 2,y + 1 Vil 2 s,y = HJ(WI(MI))VI

n HeT(wl (1)),

L2(By) L2(By)

T (Wi(2)

< Henwl (1)

vl + JIv2lliz s < exp(Co M) V12 s,

L=(B, [=(B,

It follows that ||v[| 25,y = éexp (—Cy,My). Similarly,

HVHLZ(B{,) < He_T(Wl(ul))Vul

—T(Wi(u2))
L2(B,) * ‘ e VWHU(&) < exp (G M) [Vl

< <\/; +Cy M +Cq2M2> exp (Cq, M) [|ul| = (5,) < ﬁexl’ (Co).

where we have applied the interior estimate described by and the upper bound from (T1). Since Lemma
shows that |G| 4, (5,) < Maexp (Cq, M, ), then an application of Theoremwith t = 2 shows that

CC(14+Cgn M-
Wl = r- PGl o S
r\X0 -

Since [v]|;2(5,) < exp(Cq, M) [[Vul|12(p,), then we can rearrange to reach the conclusion of the theorem for

the case g > 2
10



Now we consider ¢; = 2. Choose g € (2, qg) and 7 € (max{qu,to} ,2), then define # < oo to satisfy
70 1+ . Tt follows from the lower bound in (T4) and Holder’s inequality that

¢ < 1Vull sy < IV ogs,) + sznm(&)

<o,

vl + D] Ll < exp (Co?) Vs,

'(B L' (B

where we have applied Lemma@ Similarly,

—T(Wi (1)) —T(Wi(u2))
Wl <[l ™"V |l TV

2
)L,(Ba) <exp (C:M7) ||Vull 25,

< <\/;+C2M1 +quMz> exp (CM7) [l -5,y < T_Zlexl’ (GM1) .

Since Lemma (7| implies that [|Gl|,4(5,) < Maexp (C4.4;M7), then an application of Theorem 4| with our
choice of ¢ shows that

C‘”{H[Mz exp(Cy,M7)]" }Jrlogd {C’ 1pMi+log {%J%ZMZ)} }

HVHL’ B, (x0)) > 3

where p = ;. q 7. Since ||Vl s, < exp (G M7) [|Vull s (g, for any 7 > 1, then we reach the conclusion
of the theorem after further 31mp11ﬁcat10ns ([

4. UNIQUE CONTINUATION AT INFINITY ESTIMATES

Here we use Theorem [2] combined with an iterative argument to prove Theorem [I] Our arguments are
similar to those that appear in [DKW19] and [Dav19a], which were inspired by the work of [Dav14] and
[LW14]. We prove the theorem for g; > 2 and g; = 2 in slightly different ways, and therefore divide this
section accordingly.

4.1. The case of g; > 2. The proof of the theorem relies on an iteration scheme. Therefore, we begin by
presenting two propositions that are instrumental to this argument. The first proposition gives the initial
estimate, while the second gives the iterative step. The initial estimate is as follows.

Proposition 8 (Initial estimate). Assume that for some q1,q> € (2,2, co, & >0, W = W} +iW, : R? — C?
satisfies (6) and (7). Let u: R? — C be a solution to (1)) for which [§) and @) hold. For any & > 0 and any
S > Sb (Ro,CQ,Co,ql,qZ, 6(),l0,80), it holds that

8) e Vil ) 2 exp(-5°).

Bi)(20))

26((A ))—1—80 with § = min{qy,q>} and § = max {q1,q>}.

where o0 =

Proof. Let & > 0 be given. Assume that S is sufficiently large with respect to Ry, Co, co, 1, 42, 8, o, € as
we will specify below. Choose zg € R? so that |z9| = S — 1. Define

i(z) = u(zo+Sz)
W (z) =SW (z20+5z2).

Then Adi— W - Vii = 0 in B,. Assumption (6 implies that

. 1/q —2
HWl <S</ Wi zo+Sz)y‘“dz> e
L9 (By)

11




while (7) implies that [[W: || 1, (r2) < A (co, &), from which it follows that

2

1/q2
HW <S</ W zo+Sz)|‘hdz> <AS'" @,

L92(B,)
‘We see that

"

< HW

|

Li(By) Li( Bz Li( Bz) L92(B,)

2
< Cf?,mS ql +C@¢]2AS n.
2
Moreover, |-,y < exp {CO (3S)1_E} and from (9) we have
¢ 1Villl g,y = Vil o g,y = SVl o0, (0)) = S-
Observe that

1-2 -2
_2114+C;,. S ¢ C, . AS ¢ 2
log{exp [C()(3S)1 421] TCaa 1; 492 ’ } <cs' 8

Since § > 2, then an application of Theorem [5|shows that

q1-2 @2 ?f?qi
| 1 C<C‘1-‘115 M +CqpAS 2 ) 24(3-2)
HV HLZ(B]/z (20 ) = E HVMHLZ(BI/ZS) > <2S> > eXp <—CS 4(G-2) 10gS> s

where we have assumed that S is large with respect to Cy, g1, g2, and A. Assuming further that S is so large
that Clog$ < 5% (1— )%, we see that (Z8) holds, as required. O

Now we present the proposition which will be repeatedly applied in the proof of Theorem[I|when ¢; > 2.
Proposition 9 (Iterative estimate). Assume that for some q1,q> € (2,), co,8 >0, W =W, +iW, : R? — C?
satisfies (©) and (7). Let u : R*> — C be a solution to (I) for which (§) holds. Let € >0, &, € (0 e 50)

Suppose that for any S > S, (Ry,Co, c0,q1,92, 00, €1,€), there exists an o0 > 1+ € so that

(29) 1nf \|Vu||L2( > exp(—S%).

2o By )3(20))

a—T‘sl zfa(1—81)>1——

1
; — S\T-¢f _ 1 — TR
WithR=S+(3)"% — 3 and B { 1— q% +2¢€  otherwise » it holds that

(30) inf [|Vul (5, ) = €XP (_Rﬁ).

|z1|=

1

Proof. Define T = (3) "™ and setd = 1+ 5. Let z; € R? be such that |z1| = S+ T — 1 = R. Define
i(z) =u(z1 +T2)
W(z) =TW (z21+Tz).
Then Adi — W - Vii = 0 in B;. Assumption (6) implies that
2

- 1/q1
iz <T(/ Wi (21 +T2)| " dz> —7r'a,
L91(By)

Va 2 /g
=T </ Wa (21 +T2)[ " dz> =T % </ [Wa ()| dz) .
L72(By) By Bra(z)

12
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We may cover Br, (z1) with N ~ T2 balls of radius 1, so it follows from condition (7) that

1/q2 N 1/g2
-2 +8
z Wa@Pdz ) <T' % | Y exp(—gaco |z )
L2 (By) Bi(z)) j=1
2 1/q
2 S—1\'""ut® B
o {CT%@!—MM R ]

where we have used that each ball is centered a distance of at least 551 from the origin. Moreover,
_2 _2

[@]| (5, < exp [Co (§S+2T) an ] < exp (5 m CoT' ) = exp (COT a ) and from (29) we see that

with zg 1= S&-

¥

1]’

IVall 2y = T [|Vull 2 > exp(—eS%).

Bija(x0))
We are now in a position to apply Theorem 2] to the function i. Doing so yields

2

) 1\C [1+exp <C3T1’W 750#2517%%0)] 42T {C] T +cSa+exp(760S17%+60> +log(C2\/?)}
Wwwmﬂmz(ﬂ)

where C; = Cy+Cy, Up = 2 and all of the new constants depend on Ry, g1, and g,. If S is sufficiently
1— 2

large in the sense that 50[.125 St >C3(S/ 2)ﬁ (which is always possible because of the relationship

between € and &), then

)

- - _2
( 1 >2C2+2(5'T<C1Tl 91 +cS°‘>

IVl o, o) = 7 V2 (8,00 00) 2 | 57

2
If ¢ (1—£)>1— 2, then $* > T' " and then

Vel 28, ) = X (—CT“*“*M log7)

818
If S is sufficiently large in the sense that (§/2)2(-¢1)
follows that

31) 1Vl 2 5, ey = 5P (—Rﬁ> :

(S/2), then RF > CcT* (*~ D 10g T and it

On the other hand, if (1 — &) <1— q%, then the first term is dominant and

v > CT ™ log T
” MHLQ(BI/ Zl))_exp — og .

If S is large enough so that (S/2) ¢ BT > log (S/2), then we again see that (3T) holds. Since z; € R? with
|zi| = R was arbitrary, (30) has been shown O

Now we use Proposition [§] followed by repeated applications of Proposition[9]to prove Theorem I]

l+§
The proof of Theorem([l|for q; > 2. Let € > 0 be given then choose € € O,min{ I ZSO e q]1+§2 }) and
-2 £

g > 0. Choose Sy > max {S (Ro,Co,¢0,41,492, 80,10, ) , S (Ro,Co,0,41,92, 80, €1,5) }, where S, and S,
13



24(4=2)
4(g—2)

are as given in Propositions and@ respectively. Define o = + &, where § = min{gi,¢>} and

¢ =max{qi,q>}. An application of Proposition (8 shows that

- _¢%
ot IV, p) = 5P (=507).
1-2
By assumption, we have that 1 + 5 > 1—;-. Assuming that o4 > 1+ 5 for k=0,1,..., we are in the first
case of the choice for B from Proposition[9] so we recursively define

o —1
2
1
S\TE 1
Spp1 =S+ [ = -
k+1 k+<2> >

Then, for each such k, an application of Proposition [9]shows that

O+1 = O — €

. > Okt .
ot 1Vulia(s, ) > exp (=Sidi)

Observe that |0 — 01| > £, Therefore, there exists M € N with M <N := [4 (0 — 1 — %) /eg|] so that
o > 1+ %, while a1 < 1+ % In particular, for any R > Sy1 > Spr+1, it holds that

inf ||Vu||Lz( ) > eXp(-RaM+l) > exp (_RHg) _
|z|=R

Bz

An application of the Caccioppoli inequality described by (24)) shows that

192l2 5, ) < € L+ Wil + W2 ) o, ) < € Nl < €50 (RE) Nl o

assuming that R is sufficiently large with respect to C. Combining the previous two inequalities leads to the
conclusion of the theorem. O

Remark. The careful reader may wonder why we have avoided using the second case of the choice for f3,
ie, B=1-— q% + 2¢&;, from Proposition [9|in our iteration scheme. As the initial exponent is greater than
2, then we must always start in the first case. Each repeated application of Proposition [9 will produce an
exponent that is greater than 1. Therefore, the only way to move into the second case of 8 is by choosing
g sothat (1l —g) <1— q% Doing so implies that & > (721’ and then the resulting exponent is given by
p=1-— q% +2¢€; > 1+ €, which still exceeds 1. In other words, the second case of  doesn’t lead to any
improvements, so we have chosen to avoid using this case.

4.2. The case of g; = 2. Now we consider the case where W; belongs to the threshold space, L. In contrast
to the previous cases where g1 > 2, here we only need to run the iteration process twice.

The proof of Theorem|I|for g1 = 2. Choose ¢q € (2,q2). With v = % (2—max{q%’l,to}> > 0 define t; =

to+ jv for j =1,2,3. Define o > (1 - q%) thfg_tl > 2. For € € (0,1) as given, define & = ﬁ.

Assume that S is sufficiently large with respect to Ry, Co, g2, co, &, to, €, as well as g, t1, 1, t3, o (which
depend on the other terms), as we will specify below. Choose zg € R? so that |z9| = S — 1. Define

uo (z) = u(zo+Sz)
Wo (z) = SW (20 +5z2).
Then Aug — Wy - Vug = 0 in B,. Assumption (6] implies that

12
o1l 25, < S < [w (zo+Sz)|2dz> 1,
RZ
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while (7) implies that [[W: || 1, (r2) < A (co, &), from which it follows that

2

/g2
IWoalls sy :S</2\Wz (ZO+SZ)\q2dz> <AS" @,
R

Moreover, [[uo| =5, < ¢“ and from (9) we see that
||V”0”Lto(31) 2 S||V”||Lfo(31(0)) >S.
An application of Theorem [2] with d = 2 shows that
! L\C {1+<AS]_‘122 ) e C%} +cC1+clog{ <1+AS i ﬂ
196l ) = 19000, 2 (55

(-2
>exp| —CS\ @2/hia i ]og§ |,

where we have assumed that S is large enough to absorb all of the other terms into the dominant one by

12\ _he
making the constant larger. Assuming further that § is so large that Clog§ < s* (1 "2) a-a-n (1 — %) * we

see that
(32) ”VMHL‘Z(BI/Z () Z P (—lz0]%)  whenever |zo| >> 1.

1

Recalhng that gy = ( - define 7' = (3)® and setd = 1+ 5. Let z; € R? be such that |z;| =S+ T —
= R. With

i(z)=u(z1+Tz)
W () =TW (21 +T2),

we see that A — W - Vii = 0 in By. As in the previous proof, assumption (6 implies that HVTG HLZ(B ) <1
d

while

|

1/q 2 1/q
=T < |Wa (21 +Tz)|" dz> =T @« (/ (W (2)| " dz) .
L%2(By) By Bra(z1)

We may cover By, (z1) with N ~ T2 balls of radius 1, so it follows from condition (7) that

1/q , [N
12(8,) ( / [Ws (2)| " dz) < T % [Z exp (—61260 ’Zj’%)]
d Bl j=1
1
L G\ & /a2 s
<T = cT? exp | —q2co - <exp <—C()S ) ,

where we have used that each ball is centered a distance of at least 35! from the origin. Moreover,
||| =By < €0 and from (32)) we see that with zo := S+L

1/q
[

1k
V|, B)=T IVull (Bi)2(20)) > exp (—eSY).

15



Now we apply the order of vanishing estimate described by Theorem 2] again. With 73 as defined above and

— 13q
B = g Ve have

IVl = 7 1V 2
! c2[1+exp(c3_50usﬁo)]+2%[cl+co+cs°‘+exp(—c~0s5o)+1og<cz\/¥)]
- (or)
> exp (—CTH("H)‘E0 log T) ;

where we have used that S is large enough to absorb all other terms into the dominant one. Further as-
£ a1

suming that log (5) < 2 (5)™ = T (3) * shows that ClogT < T#/* from which it follows that

CT!+(@=Dé oo T < R'+%. As in the previous proof, if R is sufficiently large, then an application of the

Caccioppoli inequality shows that

HV“HLZ(BI/Q(ZI)) SC(L+ Wil + W2l ) HMHL“’(BI(ZI)) < CH“HL“(BI(ZI)) < exp (R%) H”HL&(BI(Q))-
It follows that
1]l =8, ) = exp (—R'*?).
Since z; was an arbitrary point of sufficient distance to the origin, the conclusion of the theorem follows. [J

5. CARLEMAN ESTIMATES

In this section, we prove the Carleman estimate given by Theorem 3] To do this, we rewrite the operator
in polar coordinates then use an eigenvalue decomposition to establish our stated bounds. The techniques
used here are very similar to those that appeared in [DZ19]], [DZ18]], [Dav19al], [DLW19], and the references
therein.

We use standard polar coordinates in R?\{0} by setting x = rcos @ and y = rsin 6, where r = \/x2 +?
and 6 = arctan (y/x). With the new coordinate r = logr, we see that

o, =e"! (cos@a —sin9a>, dy=e"' <sin68—|—cos68>

ot 20 ot J0
so that
(33) L :=2¢"09 =9, +idy.
The eigenvalues of dyg are ik, k € Z, with corresponding eigenspace Ey = span{ey }, where ¢, = ﬁeike SO

that HekHLZ(Sl) =1. Forany v € * (Sl), let Pyv = v denote the projection of v onto Ej. We remark that the
projection operator, P, acts only on the angular variables. In particular, Pv(¢,0) = Pyv(z,-) (0). We may
then rewrite the operator .Z as

(34) L =0 — Y kP.

kEZ

Changing to the variable r = log |z|, the weight function is given by
@(t) =1+ Llogt®.

Since our result applies to functions that are supported in Bg, \ {0}, then in terms of the new coordinate
t, we study the case when ¢ is sufficiently close to —eo. By a slight modification to the result described by
[DZ18, Lemma 2] (see also [DLW 19, Lemma 5.1]), we get the following lemma. For the proof of this result,
we refer the reader to either [DZ18]] or [DLW19].
16



Lemma 10. Let M,N € N and let {c} be a sequence of numbers such that |ci| < 1 for all k. For any
v € L*(S") and every p € [1,2], we have that

N
<C (Z |Ck|2> IVl o sty »
L2(S1) k=N

(35)

where C = C(p).
The following proposition is crucial to the proof of Theorem [3]

Proposition 11. Let p € (1,2]. There exists aty < 0 such that for any ©>> 1 and any u € CZ ((—oo, o) x S'),
it holds that

(36) Ht_le_“”(t)u <t e 700 2y

L2(dtd0) —

L(dtde)’
where C = C (p,1y).

Proof. To prove this lemma, we introduce the conjugated operator .7 of .Z, defined by
Lv=e 00 p <ew(’)v> )
With u = €*?(")y, inequality (36) is equivalent to

141
<Ct [t Le] o aras) -

-1
(37 Ig "HLz(dtde)
From (33)) and (34), the operator . takes the form
(38) Z=Y Q419 (1) —k)P =Y (O +t+7t"" —k)P.
keZ keZ

1) v— Zkvk, then an integration by parts shows that

We first consider p = 2. Since Zv=0,v+7T (1 +1t
k
8,v+‘c 141t~ 1 V—Zkvk

||-$rv||L2 drd) //
kEZ
//\a,v\ dtd@—i—//z —k]* w*dt a6

+//‘c(1—|—t_1)8,|v|2dtd9—/ Y k0 i drd® > [t~V 12

keZ

2
dtdo

which implies when p =2.
Now we consider all p € (1,2). Since Z Pyv = v, we split the sum into three parts. Let M = [27] and
keZ

M
=Y n, Pi=Y P, P;=Y P.

k>M k=0 k<0
In order to prove the (37), it suffices to show that for any p € (1,2) and any v € CZ° ((—o», #y) X S')

define

(39) (s <cr '

VHU(dzde) 1o (ara)

for 0 = h,1,n. The sum of all three inequalities will yield (37)), which implies (36).
From (38)), we have the first order differential equation

P L= (0 + 19 (1) —k) Pev.
17



Forv e C? ((—oo, o) X S 1), solving the first order differential equation gives that

Pov(t,0) = — / M550 p 21 (s.0) ds
(40) o
_ / HM=5+500-00) p 71 (5.0) ds.

—o0

We first establish (39) with (J = h using the first line of @0). For k > M > 27, if —o <t < 5 <15 <0,
then

T k
k(t =)+ 7(@(s) = @ (1) = = (k=) |t —s| + 5 log (s*/1%) < —5le=sl.
Taking the L? (S')-norm in and using this bound gives that

* 1
1P (e, ) | 251, S/ e B Lo (s, pagsr) ds:

—oo

With the aid of (33), we get

1P (e, )2 < C / e | Lo (s, | s s

for any 1 < p <2. Applying Young’s inequality for convolution then yields
1

T s ° 13
||PkVHL2(d;d9) <C (/ e zkzdz> ||$1'V||Lp(d,d9) <Ckr 2 ||$‘L'V||LP(dzd9)a

—o0

1

where - = % — %. Squaring and summing up k > M gives that

2 —342 2 —242 2
Y P20y SC Y, k7 Lol io(araey = CT 7 (1Lev o drao) »
k>M k>M

where we have used that p > 1 to conclude that the series converges. An application of orthogonality shows
that

141
1PVl 2(andy < €7 1LV v anae)
which implies (39) with (0 = A.
Now we prove (39) for [J = n using the second line of (0). For k < 0, if —oo < s <t <10, then

ki —5)+7(9(5)— 9 (1)) = — (1K) |t_s|+nog(1+ ‘H')

i
I

where we have performed a Taylor expansion. Repeating the arguments from above shows that for £ < 0,

1_3

T 2
1Pl 2 anany <€ (5 =K)" " 1L o anae)
Squaring and summing up k < 0 gives that
2 242 2
Z HPkVHL2(dtd9) <Ct ' HgTVHLP(dth)v
k<0

where we have again used that p > 1 to conclude that the series converges. As in the previous setting, (39)
holds with OJ = n.

Fix t € (—oo, 1) and set N = [7¢'(¢)]. Recalling that ¢(z) = + 3 log#?, an application Taylor’s theorem
shows that for all 5,7 € (—oo, 19)

0ls) ~ 0(1) = 9'(1)(s— 1) + 50" (s0) (s —1),

18



where s¢ is some number between s and ¢. If s > ¢, then

(41) k(t—s)+t(o(s)—o(t) < —(k=N)[t—s| - (s—f)
Alternatively, if s <17, then
(42) k(t—5)+7(@(s) — 9(t) < — (N~ 1—k) |t —s] — 5 (s—t)

For this reason, we split the sum corresponding to [ =/ and use both representations from (40).
First we consider the values N < k < M. From the first line (40}, we sum over k and use the bound from

®1) to get

M oM . )
Y Po(t,-) < / ) ¢ kWli=sl=37 (1) P Lrv(s,-) ds.
k=N 12(Sh) — ||k=N 12(sh)
Withc, =e ~(e=N)l—sl=5i5 (=) , itis clear that |cx| < 1. Therefore, Lemmais applicable, so we may apply

estimate (33)) to obtain

M
(Ze (k=N)|r—s| 355 (s— I)> [Z2v(s, )l o(sny
LZ(SI)

k=N

==
=

Mo t 2
Y o k=N)lt=s| =55 (s—1) P2 (s,0)
k=N

forall 1 < p <2. Since

e 2=M)li=s| < y e M5l < 14| —g| !,

Mk

k=N k=0
then
M °° at 2
Y Pov(t,-) < C/ e 2 (1+]r—s"%) [Zev(s, )l o (s ds,
k=N LZ(SI) —
where o0 = p . Given that
et 0 s 1 28 (s > Cloo) 7 (14 22 s — 1)),

il IT
then, since o > 0, it follows that

2
e Sl (14 s — )7

We see that

(43)

C/°° (1+’t—5‘7a)|f‘”ff"(sa')nm(sl)ds
T - (1+71/2[s —1])

12(S1)
For 0 < k < N — 1, we use the second line of (0], then sum over k and use the bound from (@2) to get

N—1 o
Z ka(t s ) < /

k=0 12 (S] ) -
Arguing as before, we similarly conclude that

Z ka(t, ) SC/ ( ’ ’ )‘ ’H T ( )||Lp(Sl)
k=0 12(s") oo (

1+71/2|s—1])
Combining and shows that

Al <C/w (L —=s|™*) [IsLev(s, )l
12(s") - (1+7'2]s—1])

T 2
o~ (N=1=R)lr=s= 355 (s—1) P Zev(s, )
k=0

ds.
L2(s])

(44) ds.

=i
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Applying Young’s inequality for convolution, we get

= (N 7
—1pl < IR il B
Ht Pﬁv‘ [2(did6) — ¢ /m <1+ 11/2|z!> | Izl

where é = % — % A direct calculation then shows that
1
1+ |Zra ¢ ¢ _l.a
———— ] dz| <Cr @'z,
/_m(lJrrl/zlz! -
Since —% +3= ﬁ - % + ﬁ — % =—-1+ %, then we have shown (39) with [J = [, thereby completing the

proof of the proposition.
We now present the proof of Theorem
Proof of Theorem[3] Since e?dtd6® = dz, then

Hl‘flefw(t)u = Htilefﬂp(t)ftuet = H (rlogr)™! efwmu‘
12(dtd0) 12(dtd®) 12(dz)
Hte_w(’)fu = "te_“p(t)_%/pZe’_ieo:?ue%/”H =2/ 7%/p (logr)e_w(’)éu’
LP(dtde) LP(dtd®) LP(dz)
and the result follows from applying Proposition U
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