Advanced Algebra I

INDUCED REPRESENTATION

In order to introduce the notion of induced representation, we start
by looking at some examples.

Example 0.1. Let H < G be a subgroup. Then there is a natural
groups action G x G/H — G/H by translation. Hence one has a
permutation representation G — C|[G/H]. This representation can be
described as following:

Let W = Cey where H denote the trivial coset in G/H. Let oW = Ce,
for o € G/H. Finally, we consider V = ®ycq/uoW. Then we obtain
a representation of G on V = C[G/H].

One notices that this construction works for any W. So let p :
G — GL(W) be a representation of H. We consider vector spaces
oW = {w,|Jw € W}. And we fix a representative s, € G for each
coset 0 € G/H. Now let

V= EBJGG/HUW

It’s easy to verify that there is a representation p : G — V given as
following;:

For s € G, ss, = s;h for some h € H and 7 € G/H. Then we consider
ps(we) = (prw)s.

A careful reader might notices that p depends on choices of represen-
tatives s,. However, different choices give isomorphic representations.
Thus it’s is unique up to isomorphism.

On the other hand, Let p : G — GL(V) be a representation. It’s
restriction gives py : H — GL(V') arepresentation. If 6 : H — GL(W)
is a subrepresentation of py, then we can find a G-invariant subspace
>, oW, where oW := p, W for any representative s, of 0 € G/H.

Definition 0.2. We say that p : G — GL(V) is a representation
induced by the representation § : H — GL(W) if V = @peq/uoW.

We remark that on V there are now two representations p and 6. We
will prove that they are isomorphic by the following Lemma.

Lemma 0.3. Suppose that (V,p) is induced by (W,0). Let p/ : G —
GL(V") be a representation of G and let f : W — V' be a linear map
such that f(Oyw) = p,f(w) for allt € H and w € W. Then there
exists a unique linear map F 1V — V' which extends f and satisfying
Fops=p.oF forallseq@G.

Proof. We first prove the uniqueness. If F'op, = pl o F for all s € G,
then for w € oW, we pick any s € 0 € G/H, one has p;—1w € W and

F(w) = F(psps—w) = p’iF (ps—w) = plf(psrw).
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Hence if F'is determined by f. It implies that if F” is another extension,
then F” = F. This proves the uniqueness.

To prove the existence, for w € oW, we define F(w) := pl f(ps—1w).
We first check that this is well-defined, i.e. independent of choice of
s € 0. Suppose we pick s’ = sh for some h € H. Then

P f(paiw) = plpl flon o5 w) = plf (Orpy o3 w) = plf(ps-1w).

Since V' = @oW, F is thus defined on V. Moreover, it’s clear that
Flw = f. O

Corollary 0.4. Suppose that (V, p) and (V',p') are induced by (W, ).
Then they are isomorphic.

Proof. Let f : W — V' = @oW be the inclusion. Since 0; = p} for
t € H, it’s easy to see that f(f,w) = p,f(w) for all t € H and w € W.
Then f extends to F' : V' — V. Since F'|y is an isomorphism, it follows
that F'|,w is an isomorphism by the construction of F'. Therefore, (V, p)
and (V') p') are isomorphic. O

Corollary 0.5. Suppose that (V, p) is induced by (W,0). Then p = 8.
Proof. Let p' = 6 and V' = @oW. Then one sees that
0,(w) = 0,(w) = pyw
for t € H and w € W. We take f = idy then we are done. U
We now ready to compute the character.

Theorem 0.6. Let (V,p) be a representation induced by (W,0). Let
R = {s,} be a system of representatives of G/H. For each u € G, one
has

—1 1 —1
o)=Y xelr W)Zm > xol(s'us).

réeRr—lurcH s€G,s~luse H

Proof. Since p = 6, we can compute it by § and we may assume that
p=20.

We first note that p, maps oW to ucW, where uo denote the coset
of us,. We have non-zero trace only at those subspace oW such that
oW = uoW. This is equivalent to ¢ = uo and hence equivalently,
s;lus, € H.

Now, we compute trace on oW with s;'us, = h € H. By definition,
0s(w,) = (6pw),. Hence

tr(By|ow ) = tr(6)) = xo(s; us,).
Add them up, then we get the required equality. Il

A convenience way to compute is
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Exercise 0.7. If C is the conjugacy class of u, and C N H decompose
into conjugacy classes Dy, ..., D, ofH Then

_ G~ 1D |

Xl =11 2 Z R

Example 0.8. Consider S3 < Sy. There is a irreducible representation
(W, 0) of degree 2 on Ss. It induces a representation (V,0) of degree 8

on Sy. It’s character has value 8,0,—1,0,0 on 1, (12), (123), (1234), (12)(34)
respectively. By orthogonal property, one has xz7 = X3 + X4 + Xs5-

We now fix some notations. Let V' be a representation of G and H <
G a subgroup. Then ResV denote the restriction of the representation
of GonV to H.

On the other hand, if W is a representation of H, then IndW denotes
the induced representation.

If V, V' are representations of GG, then Homg(V, V') denotes the G-
invariant linear transformation from V to V'.

Then the extension theorem can be rephrase as

Homyg (W, ResV’) & Homg (IndW, V').

Corollary 0.9 (Frobenius Reciprocity). If V' is a representation of G
and W is a representation of H < G, then

< XIndwW; XV >G=< XW; XResV ~H -

Proof. Tt suffices to prove this when W and V' are irreducible. Note
that < Ymaw, Xv >¢ is the number of copies of V' appears in the
decomposition of IndW, which equals to dim(Homg(IndW, V)). And
similarly, < xw, Xresv > g is the number of copies of W appears in the
decomposition of ResV, which equals to dim(Homy(W, ResV)). O



