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Stochastic volatility Models
o {x;}: the product process
Ty = U + O'tUt (1)

where

E(U;) =0 and Var(U;) =1 for all ¢,
Var(xlo;) = o2, and

o 1s a positive random variable.

¢ E(xt) = M,
E(zy— p)* = E(o;U;) = E(07),
and autocovariance

E(il?t — H)(ﬂft_k — ,U) — E(UtUt—kUtUt—k)
— E(O'tO't_kUt)E(Ut_k) = 0.

e Typically Uy = (x;— u) /oy is assumed to be
normal and independent of o;.

e (1) is motivated by the discrete time approx-
imation to the stochastic differential equa-
tion

dP
5 = d(log(P)) = pdt + odW
where x; = Alog(P;) and W (t) is standard

Brownian motion.



This 1s the usual diffusion process used to
price financial assets in theoretical models
of finance.

e In the world of time series analysis, write
the above sdf by setting dt = 1.
We then have

log(Pr41) — log(P) = p + o(Wipr — Wh).

e Although z; is a white noise, the squared
and absolute deviation, S; = (z; — p)* and
M; = |z; — pl, can be autocorrelated.

Cov(St, Si-k) = E(oioi_) E(UFULy,) — (EX

= E(ojoi ) — (E(o7))".

e Fact: Almost all sample paths W of Brow-
nian motion are of unbounded variation.
They are not differentiable.

How do we model ;7

e The distribution of oy is skewed to the right.
To ensure positiveness of the conditional vari-
ance, SV models use log(c?) instead of o7,
Consider a log-normal distribution.
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e Define

he =log(o7) = v+ viher + e (2)

where 7, ~ NID(0,07) and is independent
of Ut.

h; represents the random and uneven flow
of new information into financial market.

o r; = i+ Urexp(hy/2), where U; is always
stationary:.
x; will be stationary it and only if Ay is.
Or, |m| < 1.

e Moments of x; or Sy
For even r,

E(r; —p)" = E(U))E (exp(rhi/2))

r! roo ro;
p— e — -
o272l P (9 T 9
where pp = E(hy) = v9/(1 — ) and 07 =
V(h) = o3 /(1 —1).

All odd moments are zero.

e kurtosis:
E(x; — p)*
[E(iﬂt — M)2]2

= 3exp(o7) > 3
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The process has fatter tails than a normal
distribution.

e autocorrelation: Refer to page 129.

e Taking logarithms of (1) yields

log(S;) = hy +log(U?)
= Uh T+ 5 o
1 — ’le

— log(U2)

with non-normal innovations.

e The main difficulty with using SV models is
that they are rather difficult to estimate.

The SV model is also extended to allow for
long memory in volatility, using the idea of frac-
tional difference.

e A process is said to have long memory if its
autocorrelation function decays at a hyper-
bolic, instead of an exponential, rate as the
lag increases.

e In financial time series, it is often found that
the autocorrelation function of the squared
or absolute-value series of an asset return
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often decays slowly, even though the return
series itself has no serial correlations.

e A simple long-memory stochastic volatility
(LMSV) model can be written as

a; = Ottt
o = oexp(u/2),
(1 - B)dut = Tt
where o > 0, ¢’s are iid N(0,1), n,’s are

iid N(0, (7727) and independent of ¢, and 0 <
d < 0.5



Random Coefficient Autoregressive (RCA)
Model

e Historically, it is used to obtain a better de-
scription of the conditional mean equation
of the process.

e The RCA model can be used to account for
variability among different subjects under
study.

e A time series z; is said to follow a RC' A(p)
model if it satisfies

p
Ty = ¢o + ;1(@ + 0it) -1 + ay

where (014, ...,0,)7 is a sequence of inde-
pendent random vectors with mean zero and
covariance matrix g, and (O, ..., d0p)" 18
independent of {a;}.

e The conditional mean and variance of the

RCA model is
p
[t = '§1 Git—i,

2

p
0f = 02+ (141, . .. ) Ttep) 25 '21(xt_1’ . ,xt_p)T.
1=



Threshold Autoregressive (TAR) Model

e [t uses piecewise linear models to obtain a
better approximation of the conditional mean
equation.

e [t uses threshold space to improve linear ap-
proximation.

e A time series x; is said to follow a k-regime
self-exciting TAR(SETAR) model with thresh-

old variable z;_4 if it satisfies
1-¢¥'B—. . - gbz(jj)Bp)xt — ) 4 gl
fA L <zqg <Dy, 5=1,...,k where
— k and d are positive integers,

— B is the back-shift operator,
— /\;: Thresholds

They are real numbers such that —oo =
Nog< DN < < DN < A = 00,

— Regimes are defined by the past values of
the time series itself.

— the supscript (7) is used to denote pa-
rameters in the j-th regime,



— {ag‘j )} are iid sequences with mean 0 and
variance 0]2 and are mutually indepen-
dent for different ;.

— It 1s a generalization of linear autoregres-
s10ns.

— When d, p, and {A;} were known, the
model can be estimated by separating
the data into groups by regime and find-
ing the least squares estimates for the pa-
rameters in each regime.

e Consier a simple 2-regime AR(1) model

=18y Har e <0
105z 1 +a; ifx >0

Here a;’s are iid N(0,1).

Lt

— When z;_; is positive, it tends to take
multiple time indices for x; to reduce to
negative value.

— If x;_; is negative, then z; tends to switch
to a positive value due to negative and
explosive coefficient —1.5.

— This series exhibits asymmetric increas-
ing and decreasing patterns.
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Smooth transition AR (STAR) Model

e A criticism of the SETAR model is that its
conditional mean equation is not continu-
Ous.

e The thresholds A;’s are the discontinuity
points of the conditional mean function ;.

e Introduce smooth transitions between regimes.

e A time series x; is said to follow a 2-regime
ST AR(0) model if it satisfies

b
ry = ¢y + '21 G0.iTt—i
1=

rr_g — I\ p
+F ( r dS ) (Co + ;1 ¢1,z'$t—z'> + a;
where

— d is the delay parameter,

— A\ and s are parameters, representing the
location and scale parameters of model
transition,

— F(+) is a smooth transition function.
It often assumes one of the three forms,
logistic, exponential, or a cumulative dis-
tribution function.
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— The conditional mean of a STAR model
is a weighted linear combination between
the following two equations:

p
it = Co + ;1 G0.iTt—i
p
por = (co+c1)+ _Zl(¢0,z' + P1.4)Ti—i-
1=

The weights are determined in a contin-
uous manner by F((xp_q— A)/s)
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Markov Switching Model

e Markov switching autoregressive (MSA) model:

— Hamilton (1989)

x Want to model long swings in the growth
rate of output.

x Find evidence for discrete switches in
the growth rate at business cycle fre-
quencies.

x Output growth was modeled as the
sum of a discrete Markov chain and
a Gaussian autoregression:

Yi = Z: + X4,
where

Zt = Op t Oélst, St = Oor 1
Xy = 1 Xs1 4+ + 0y Xy_g + 0V}

V; ~ N(0,1), and

P(St = 1‘St_1 = 1) = P,
P(St — O‘St_l — O) = (q

— The transition is driven by a hidden two-
state Markov chain.
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— Time series: x; satisfies

p e
C1 + Tim1 Q10— +ay i s =1,

t =
p ; _
Co + X,—1 qﬁg,ﬂft_i + A9t 1f St = 1,

where s; assumes values in {1,2} and is a
first-order Markov chain with transition
probabilities

P(St — 2|St_1 — 1) = wq,
P(St — 1|8t_1 — 2) = W»

The innovational series {ay;} and {ag}
are sequences of iid random variables with
mean zero and finite variance and are in-
dependent of each other.

— A small w; means that the model tends
to stay longer in state 1.
1/w; is the expected duration of the pro-
cess to stay at state 7.

e A MSA model uses a hidden Markov chain
to govern the transition from one conditional
mean function to another.
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Fundamental Concepts in Pricing Theory

e An American call option is a contract giving
its owner the right to buy a fixed amount of
a specified security at a fixed price at any
time on or before a given date.

e Once bought an option can usually be sold
to someone else before the given date, termed
the expiration date.

e The fixed price is termed the exercise price.

e Options which can only be exercised on the
expiration date are said to be European.

e An option to sell is called a put option.

e The value of an option depends on the ex-
ercise price, the expiration date, and the
stochastic process governing the price of the
underlying security.
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Single-Period Option Pricing Models
Risk-Neutral Probability Assignments

e Single trading period:
Time set (trading dates): T = {0,T'}

e No complete information about the time evo-
lution of the risky asset (S;).
Model the value S; at some future date T’
as a random variable defined on some prob-

ability space (€2, F, P).

e Contingent claim: H which is a function of
St
potential liability inherent in a derivative se-
curity

e How do we find the fair price Hy of the op-
tion?

e Listimate H by its average discounted value,
i.e. F(BH) using some discount factor 3.

e How do we determine the probability mea-
sure P7

e [s there any natural choice?
Does P (the assignment of probabilities to
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every possible event) depend on investors’
risk-preferences?

e Can we get a preference-free version of the
option price?’

16



Example 1

e 3 = 1: the riskless interest rate r is set at
0.

e Any portfolio fixed at time 0 is held until
time T

e Suppose Sy = 10 at time 0.
St takes one of only two possible values,

20 and 7.5, with probability p and 1 — p,
respectively.

e Consider a European call option H = (Sr—
K)* with strike price K = 15.

e What is the investor’s attitude to risk (spec-
ification of p)?

e Look for a risk-neutral probability assign-
ment (q,1 — q) (i.e., Eg(Sr) = So).
Eg(AS) = 0 where AS = Sp — S

one-step martingale

e The above requirement leads to
10 = 20g + 7.5(1 — q)
so that ¢ = 0.2 and w(H) = bq = 1.
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e Consider the hedge portfolio approach to
pricing.
— a portfolio (6, 01) of cash and stock

— Determine what initial capital is needed
for this portfolio to have the same time
T value as H in all contingencies.

— Value of portfolio under 0 discount rate:
Vi=60y+ 015, t=0,T.

61: number of shares of stock held during

the time
— Gain from trade: G = {AS
- Vr=Vy+G.

Note that

Vo = Eo(W) = Eo(Vr — 01AS)
= Eq(VY).

— Find the hedge (g, 81) which replicates

the option.

h = (90><1—|—(91><(20),
0 = 90X1—|—91X(7.5>.

o= —3. 6, =04
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— At time 0, sell the option to obtain cap-
ital of 1 dollar, and borrow 3 dollars, in
order to invest the sum of 4 dollars in
shares.

Binomial Model

e 51 takes on (1 + b)Sy and (1 + a)Sp with
probabilities p and 1 — p. Here a < r < b.

e Find 6 and V} so that
P(BH = Vo +0AS) =1,
where 3 is the discount factor and S =
BS1 — So.
e Solve the following equations
BhY = Vo +0(B(1+b)Sy— Sy),
BRY = Vo +0(8(1 +a)Sy — So).
Here h® and A’ are the values of H when

S1=(1+a)Sy and S; = (14 b).Sp, respec-
tively.

o We get
h? — h° _5_V
(b—a)So_ 55

19
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the rate of change in V' relative to the change
in the stock price
6: the delta of the contingent claim

e For Eurpoean call option with strike K,

— K is between (1 + a)Sy and (1 + b).Sy

— riskless interest rate r > a (Then § =
(1+7)7

— H = (Sl — K)+I
h“:Oandhb:(l—l—b)So—K
We have

So(14+06) — K
9:
So(b—a)
1 r—a
Vo = 1+Tb_a[50(1+b)—K]

— The variability of the stock price S is
0% = (b—a)’p(l - p).
o is called the volatility of the stock.
— Risk-neutral probability assignment:
B~ —Sy(1 +a)
So(14+b6) — Sp(1l + a)
So(1+b) — 3715,
So(1+b) — Sp(1+a)

q:

l—qg =
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A General Single-Period Model

e Stock price takes the (known) value Sy at
time 0 and the random value S; at time 1.

e Use discount factor 8 to express all values
in terms of time-0 prices.

e X and S; stand for 3S and 3S5;.

e S and contingent claim H are both taken to
be random variables.

e Goal: Hedge against the obligation to honor
the claim.

Pay out H(w) at time 1. (Assume P is
known in advance.)

e Portfolio at time 0: @ shares of stock and ng
units of cash.

e Initial value of this portfolio: Vi = ng+ 6.5

e Place the cash in the savings account.
[t accrues interest at some positive rate r
and reaches 8 !ny by time 1.

e Wish this Eortfol_io to have value V; = H at
time 1 or V; = H. How do we find the fair
price Hy of the option?
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e Suppose we have access to external funds to
pay out H at time 1. (i.e., Adjust ny to
m = H — 657 without any restriction.
Then V1 =6051+m = H.

e Remains to choose 8 and V, to determine
hedging strategy (6,7n).

e Cost: the initial investment Cy and AC =
C1—Co=m —n.

e Note that
AC = BC, — Cy = B(Vi — 051) — (Vi — 05)
= H — (Vh + 6AS).

where AS = 3S; — So.

e The above equality means that the discounted
cost increment AC' is the difference between
the discounted claim H and the discounted
price increment AS.

e Determine 6 and Vy to minimize the risk
function

R = E((AC)’) = E((BH — (Vo +0AS))%).
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The regression estimates are

Cov(H,AS)
V(AS)

Vo = E(H) — 0E(AS).

9:

e Note that E(AC) = 0.
The average discounted cost remains con-

stant at Vj.

e The minimal risk is
Ruin = V(H) — 0°V(ASy)
= Var(H)(1 - p’)
where p = p(H, S1) is the correlation coef-
ficient.

The intrinsic risk of the claim H cannot be
completely eliminated unless |p| = 1.

e In general models, we cannot expect all con-
tingent claims to be attainable by some hedg-
ing strategy that eliminates all the risk-where
this is possible, we call the model complete.

Multi-Period Binomial Models

e Trading dates: 0,1,2,...,T for some fixed
integer 7T’
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e Price of the stock: Sy, Sy, 59, -+, St
St = (1 + b)S;_1 with probability p
Sy = (14 a)S;_1 with probability 1 — p

o 3= (1+r)",
r > 0: the riskless interest rate, a < r < b

e Consider the current value of H at time 1" —
1.
(One period before expiration)
Now consider this as the initial value of a
claim in the single-period model.

e Assume H = (S — K)™.
Writing h° for the value of H if Sy = (1 +
b)St_1 and h® similarly.
Current valueof H is given by Eg(H /(1+47))
where the measure @) is given by (¢,1 — q)
as

B 5_1 — So(l + a)
T S+ b) = So(l +a)
So(1+b) — B1S,
So(1+b) — So(' +a)

Vi = (1+7)" (gh" + (1 — q)h”)

l—qg =
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with

B (1 + T)ST—l — (1 + CL)ST_l r—a
T 0T 0)S —(1+a)Sr— b—a

e Two-Period Trading:
Apply this analysis to the value Vp_y of the
call H at time T" — 2.

e S7_5 can take one of the three values (1 +
b)2S, (1+a)(1+0)S, and (1+a)S at time
T.

The call H must have one of three values at
that time.
Write them as A%, h?®, and H®.
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General Discrete-Time Market Model

e Information structure
— Time set: T ={0,1,2,...,T}
0,1,2,...,7": admissible trading date
T': trading horizon

— (2, F, P): all possible states of the mar-
ket

— In example 1, ) is a finite probability
space (i.e., has a finite number of points

w each with P({w}) > 0).
Then, F = 2% and every subset of 2 is
F-measurable.

— The information available to the investors
is given by an increasing (finite) sequence
of sub-o-fields of F.

— Filtration: (F)er
an increasing family of o-field

FoCFC---CFr=F
Here F; contains only sets of P-measure

0or 1.
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— JF;: It contains the information available
to our investors at time ¢.
Assume the investors learn without for-
getting and inside trading is not possible.

e Market model

— Sy: ariskless (i.e., nonrandom) bond (or
bank account)

— 8! 1 <14 < d: drisk (ie., random)
stocks

— d: the dimension of the market model

e Value processes

— The discount factor: 3 = 1/57
It is the sum of money we need to invest
in bonds at time 0 in order to have 1 unit
at time .

— The securities SY, S, .-, 8% are traded
at times t € T.

— An investor’s portfolio: 6; = (6)o<i<d
e Market assumptions

e Self-Financing strategies

27



ARCH and Asset Pricing

e Maximize expected utility over uncertain fu-
ture events.

e Fingle and Bollerslev (1986, Econometric Re-
views)

e A representative agent allocates his wealth,
Wy, between shares of a risky asset ¢; at
a price p; and those of a risk-free asset xy,
whose price is set equal to 1.

e The shares of the risky asset will be worth
;41 each at the end of the period (if there
are no dividends, then y; 11 = pry1).

e The risk-free asset will be worthy r;x;, where
r; denotes one plus the risk-free rate of in-
terest.

e Mean-variance utility function:

2k — Vi .
Wti?n?fptqt{ (Y1 + 167) — Vel Qi) y

e Solution:
Dt = Tt_lEt(ytH) — %C]tf'“t_lvt(ytﬂ)- (3)

e Suppose ¢; = q, vy = 7, and 1 = 1. (3)
describes the asset pricing model.
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Estimation in stochastic volatility models

Suppose that {z;}} is generated by the product
process (1).

o 1; = u+o,U; with EU; = 0 and V(U,) = 1.

e Assume oy and U; are independent and F|U;| =

d. Then

ES; = E(z; — p)* = E(a})E(U})
= E(of) = E*(01) + V(0v),
EM; = E|xy — pu| = E(04)9.

° Estlmate based on the prm(nple of plug-in:
T=n" Ztlxt,M—n Ls? |y — 2z, and
S=n"ts" (x; — T)°

o E(Jt) = M /6 and V(at) =S —(M/§)*
e Those estimates depend on 0. A wrong spec-

ification of the distribution of U; may lead
to wrong estimate.

If Uy ~ N(0,1), ¢ is around 0.798.

e Many series have low values for the ratio
E(oy)/V (o). It implies that U, does not
have normal distribution.
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