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1.1 Ordinary (r,7") Flips

X smooth projective,

Y X — X log-extremal small contraction,
R = R7T[C], the log-extremal ray,

Z C X and S C X: vy exceptional sets,

b=y Z— S, Zs =9 1(s).

¢ is a (r,r") flipping contraction if

(i) ¢ : Z = Pg(F) — S for some rank r + 1
vector bundle F over a smooth base S,

(i) Ng/xlz, = Opr(—1)@0'+1),



Fact: Let ¢y : Z =Pg(F) - Sand V — Z a
vector bundle such that V| is trivial Vs € S.
Then V £ ¢*F' for some vector bundle F’.

Apply to V = OPS(F)(l) X NZ/X, we get

Nz/x = Opypy(=1) @ P*F".

Since Op,_( gm(—1) = ¢*L ® Op,_(m(—1) for
L € Pic(Z), on theblow-up ¢ : Y =Bl X — X,

E = PZ(NZ/X) = PZ(@E*F/) — @E*PS(F/> — PS(F)XSPS(F/)a

Ngy = Op,(n,0)(—1) = ¢"Op () (—1) @ " Op (y(—1).



Basic diagram: g = yo¢:Y — X, 7§ = g|g,

E=Pg(F) xsPs(F') CY

@\
%

Z =Pgs(F)CX 9|Cy 7' =Ps(F")

\

ScX
The pair (F,F’") is unique up to a twisting:

(F,F") ~ (F® L, F'® L*) for all L € Pic(S).

<

Theorem 1 Ordinary (r,7)-flip f : X --» X'
exists. Moreover, Y = I=f =XxgX CcXxX.



Proof. From 0 — T — Tx|c — Ngyx — 0 and
Neo/x 2 001D g Oc(—1)80"+1),
Kx.C=29(C)—2—((r—1) - (" +1) =+ —r
Pick a line Cy € ¢~ 1(pt), ¢(Cy) = C. Then
Ky.Cy = (¢'Kx +7E).Cy = (' —7) —r' = —r < 0.

Let H be very ample on X and L a supporting
divisor of C'. Let ¢ = H.C'. For large k,

kd*L — (¢p*H + cE)

is big and nef, and vanishes precisely on [Cy].
Thus Cy is a Ky-negative extremal ray and
¢ Y — X' exists by the cone theorem. O]



1.2 Analytic Local Models

F — S, F' — S: holomorphic vector bundles,

’QZ : Zzps(F) — S, @E/ : leps(F/) — 9,

E = 7 x g Z' with projections ¢ and ¢/.

Y = total space of N := ¢*04(—-1)®¢*0 ,/(—1),
L, = zero section, Ng/y = N.

We have analytic contraction diagram

El-y

o T N

Z(—Z>X Z/¢>X/

NP

SCTX



X and X' are smooth, S = Sing(X).

X = total space of Ny/x = Op ) (—1) @ P*F,

X' = total space of Nz ,x = Op,py(—1) @ Y"*F.
Again, (F,F’) and (Fy,F;) define isomorphic
analytic local model if and only if (Fy,F]) =
(F® L,F'® L*) for some L € Pic(S).

An ordinary (r,r)-flip is called an ordinary P"
flop or simply a P" flop.



2.1 Canonical Correspondences
M category of motives. Objects = smooth
varieties, morphisms = correspondences
Hom v (X1, Xo) = A* (X7 x X))

under composition law: for U € A*(X71 x X»),
Ve A*(Xo x X3), pijZX1><X2><X3—>XZ'><X',

VoU = p13,(p12U.p33V),

[U] 1 A"(X1) — A*(X2);  aw p2,(Upia).



Induced map on T-valued points Hom(T', X;):

Up : AY(T x X1) 2>A*(T X X»).

Identity Principle: Let U,V € Hom(X, X").
Then U=V if and only if Up = Vg for all T
(UX OAX = VX OAX/ implies U = V)

Theorem 2 For ordinary flops f : X --» X/,
the graph closure F := sz induces X = X' via
ST*OSTZAX and FoJ* ZAX/.



Proof. Forany T, idp x f : T x X --»T x X' is
also an ordinary flop. By the identity principle
we only need to show F*F = id on A*(X).

FW = pi(Ty.p"W) = ¢lL.o*W.

* I . Tk
W =W + ji(c(€).¢*s(W N Z, W))dimw,
Whel’e O — NE/Y — ¢*NZ/X — 8 — O and
s(WNnZ, W) is the relative Segre class.

Observation: the error term is lying over WnNZ.
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P x P 4>E'27’—|—3C4> Y2r—l—s—{—l

l

Zr—l—s

l

gs
Let W € AL(X). By Chow's moving lemma we
may assume that W intersects Z transversally.
dmWnZ . =¢4=k+0r+s)—2r+s+1) =
k—r—1. Since dim¢=1(WnN2Z) =¢+r <k, we
get ¢*W =W and ¢ 1(W)NE =¢~ 1 (Wn 2).
Hence W = W', the proper transform of W
in X’. (W’ may not be transversal to 7))

]P)T‘
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Let B be an irreducible component of W N Z
and B = ¢(B) C S with dimension /5 < /.
Notice that W/NZ’ has irreducible components
{¢/"1(B)}p. Let ¢"W' =W + > Ep.

Ep c ¢ 19~1(B), a P" x P" bundle over B.
For the generic point s € B, we thus have
dimEp,>k—Llg=r+1+{—Lg) >r=32r.

In particular, Ep ¢ contains positive dimensional

fibers of ¢ and ¢’ and ¢.(Eg) = 0. So F*FW =
W. The proof is completed. L]
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2.2 The Poincaré Pairing

Corollary 3 Let f : X --» X' be an ordinary
flop. If dmaoa +dimpg =dimX, then

(Fa.F38) = (a.B).
That is, F is orthogonal with respect to (—.—).

Proof. a.f = ¢*a.¢*8 = (¢"*Fa + £).¢0*3 =
(0" TFa).0*B = Fa.(¢hd™B) = Fa.TP. L

Remark: F—1 = F* both in the sense of corre-
spondences and Poincaré pairing.
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3.1 Triple Product for Simple Flops

f: X --» X" a simple P" flop, S = pt,

h = hyperplane class of Z = P",

h! = hyperplane class of Z/,

r=[hxP], y=[P" x h'] in E=P" x PT.

¢*[hs] — xsyr o £Us—l—lyr—l 4+ (_1)r—3xrys’
F[h’] = (=1)"°[n"],

'+ (—1) Ly

oy , ac A'(X).

¢/*a/ — gb*a—l—(a.hr_i)
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Theorem 4 For simple P"-flops, a € A*Y(X),
B e AI(X), v € AR(X) with i < j < k < r,
i+ k=dimX =2r+1,

Fa.F8.Fvy = .84+ (=1) (a.h" ") (B.A" ) (v.h"F).

Example: r =2, dimX =5, (4,7,k) = (1,2,2):
TaTB.Ty =d .04 = ¢ .¢"~ "
= (¢*a+ (a.h)E)(¢" B+ (B.Z2)(z — y))(¢™y + (v-Z2)(z — v))
= a.fy+ (8.2)(v.-2)¢".(z — y)*
+ (a.h)(v.2)¢"B.E.(x — y) + (a.h)(8.2)¢™v.E.(x — y)
+ (a.h)(8.2)(v.Z2)E.(z — y)*
= a.8.y + (a.h)(8.2)(1.2).
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3.2 Quantum Corrections (Outline)

The three point functions

<Oé,5,’}/> — ZdEAl(X) <a7677>073,d
= aBy+ D oy (B, 703 k] ¢"
+ Zd;ﬁk[C] <Ck, 577>O,3,d qd

and (—,—) determine the quantum product.
The difference of a.3.v is already determined.

[C]
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Deformations to the normal cone: X = X X ]P’l,
® : M — X be the blowing-up along Z x {oo}.
M; =2 X for all t # oo and M~ = Y U E where
E = PS(NZ/X D 0O). YNE=FE= PS(NZ/X) IS
the infinity part of £. Similarly &' : M/ — X' =
X'xPland M\, =Y'UE'. Y=Y'and E=FE"

When S = pt, £ £ E’. J. Li's degeneration

formula (A. Li and Y. Ruan) implies the equiv-
alence of (a, 3,7)g 3,4 With d # k[C].
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For simple IP’l—rops, the second term gives
> (@k[CD(BEICD (v.k[C]) (Ig o picy) 7).

/(€]
= (.O)(BO)(v-O)— AC]

by the multiple cover formula (Voisin).
For simple P2-flops of type (1,2,2),
<a767’7>073,k[0] — k(OﬂC)(ﬁZ)(’YZ)

1 * D3
: /mo,zmk) c3(k—1) (L mee30(=1)77),

with eg : M073(P2, k) — X and 7 : M0’3(P2, k) —
Mo 2(P?2, k). (Work in progress.)
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3.3 Some Explicit Formulae

For P"-flop with non-trivial base S, a € A*(Z)
has the form o = Y &% a;; € = c1(Oppy(—1)),
a; € A*(S). &€ = QE*OIP’(F)(_]') Y QG/*QF/.

Fo =Y F(E) D" = d(cr().3€) P a;.
Fet = (1) = P [er(F) + ca (FHD.
FE = (—1)2(% = ¢ [(cr + )€ + (T + crcd) — c2 + &5)]).

TE = (1)~ (e + A+ (I + exeh — 2+ )E
-+ (c‘;’ — 2c1c0 — coc] + c%c’l ~+ c1ch + ¢3)]).
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4.1 Deformations

Theorem 5 Ordinary flips deform in families:
let f : X --» X' be an (r,r") flip with base S and
X — A be a smooth family with Xog = X. Then
there is a smooth family X' — A and a /-
birational map F : X --» X' such that Fy = f.
Moreover, F is also an (r,r") flip, with base
S — A an one parameter deformations of S.

Key: the ray [C] is stable in deformations.
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Idea. Hilb g, x is a G(2,r+ 1) bundle over S.

Ny 2 010D g 9(-1)20+D) g 95+,

Hl(C,0(k)) = 0 for all ¥ > —1 implies that
Hilb oy is smooth at [C] for all ¢ C Z and
the natural map = : Hilb o /,x — A is a smooth
fibration with special fiber HiIbC/X. By the
stability of Grassmannian bundles we obtain
Z — & — /. The supporting line bundles L
for C on X is the unique extension of the sup-
porting line bundle L for C' on X. L]
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4.2 Degenerations

Fact. Every three dimensional smooth flop is
the limit of composite of P! flops.

Question: What is the closure of composite
of general ordinary flops?
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5.1 Generalized Mukai Flops

L € Pic(S). Will construct the local model as
a section of ordinary flops with F/ = F*® L.

Zzps(F)Cx g Z’:]Ps(F/)Cx/

7

ScX
Suppose 3 bi-linear map F xg F' — ng to a line

bundle ng over S. Op(py(—1) — ¥*F pulls back
to gE*OP(F)(—l) — g*F, hence a linear map
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¢*0z(~1) ®g ¢"04(~1) — §"(F @5 F') — g™ns.

Y := inverse image of the zero section of g*ng
inYy X=oY)DZ X' = (YY)D Z,6 X =
g(Y) D S with restriction maps ¢, ¢, ¥, ¢'. By
tensoring the Euler sequence

0—0x(-1) - y*F —-Q—0

with §* = 04(1) and notice that S*®Q = T7/s,
we get by dualization

0 — TE/S — 07,(-1)QY*F* — O, — 0.
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The inclusion maps Z — X — X leads to

0 — Nz/x — Nzyx — Nxyxlz — 0.

Ny/xlz = 0(X)|z = $*0(X)|s. Denote O(X)|s
by L. Recall Ny = Op (p)(=1) @ 9*F'. By
tensoring with ¥*L*, we get

0— Nyx ®Y'L* — Op,y(—1) @ 9" (F' @ L*) — 07 — 0.

So F' = F*@Lifand only if Ny, x = TE/S(X)?Z*L.
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5.2 Mukai Flops as Limits of Isomorphisms

For Mukai flops, L £ Og, F/ = F* with duality
pairing F' Xg F* — Og. Consider 7 : Y — C via

Y -7 0g=0=2ExC2

We get a fibration with Y; := =~ 1(¢), being
smooth fort #0 and Yo=Y UCl. E=YNCE
restricts to the degree (1, 1) hypersurface over
each fiber along & — S. Let Xy, X} and X; be
the proper transforms of Y, in X, X’ and X.
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For t = 0O, all maps in the diagram

/\
\/

are all isomorphisms. For t = 0 this is the
Mukai flop. Thus Mukai flops are limits of iso-
morphisms. They preserve all interesting in-
variants like diffeomorphism type, Hodge type
(Chow motive via [Y]+[€]) and quantum rings
etc. In fact all quantum corrections are zero.
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