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Morphisms in algebraic geometry

» f:Y — X a projective morphism, e.g. a blow-up
» Factorization, P = Px(&)

» If 1(Y) = 0~ 1(0) is a complete intersection, o € T(P,V)
LHT = Lefschetz Hyperplane Theorem.

» Usually need DNC = deformations to the normal cone

» For 7
LRT = Leray-Hirsch Theorem.
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Quantum cohomology

» Basis T; € H = H(X), dual {Ti},t =Y #T;, F(t) =

(a1, ...,am) = ) Z al,...,am,t,...,

BENE(X
> Fi = a,]k = (T;, T}, Tk>>rA§- = Fj; g*
Tixe Ty = Y Af(H) Ty
» Dubrovin connection on TH ® C[g°*[|{z} is flat

V:d—%A:d—%ZdtiQ‘@Ai
i

\

t>g:0,m+n,ﬁ

/9



Cyclic 2* modules

> t=ty+H +t,tg € H, t; € H?

Jtz ) =1+" +ﬁ;z r 1<Ti¢),(t)n>ﬂ

B t+t Ti
_ i ‘7 014 (4.8) < n>
=ez + E T ,(tz)

pomi ™ N\z(z—9) B

» TRR = QDE
Zai Za]] = ZAZ Zak]
k

» QH(X) = cyclic 2* module 2~ ] with base (frame)

Zai] = et/z T; (mod q') =T+



QLHT toric base/concavex bundle ¢c; > 0

v

L; — Pconvex,c € T'(P,®!_,L;),Y =071(0) — P
Factorial trick (L) := [T-7, (L + mz)

Y ._ p r

= 2,3 7°Tg x [ iy (L)g

Lian-Liu-Yau, Givental (1996):
P toric, semi-Fano ¢; (P) > 0, C* localization = J.

(Mirror Theorem) ¢1(Y) > 0,t € H' & H?,

(/1) (k) ~ (T2

v

v

v

up to mirror map t — T(¢) to match 1/z



QLHT general base/split bundle
» Coates—Givental (2005): P general, L; arbitrary.
Given J'(t)int € H(X), then I € 27JF,i.e. Ap,t — T(t)

IY(t,z,z_l) = p(T,z,q‘,za.)]Y(T,z_l)

» Birkhoff factorization
(z01)(t,2,27") = (z0]) (1,2 )B(7,2)

» 20;1 = ¢!/?T; = z0;] (mod ¢q*) = B=1d (mod ¢°)

D*1(t) = 9*°](7)

up to a generalized mirror transform T(t) on H(X) which
matches 1/zinp~1(t,z) IV (t,z,z71) =¥ (7,z7})



Quantum Leray—-Hirsch

\4

7 : P = Px(V) — X projective (toric) bundle
Leray-Hirsch, h = c¢1(0p(1))

v

H(P) = w*H(X)[h]/ (fv(h))

v

Factorial trick: V= @/_, L, € H(X),D = t'"h,} =t+D

1

S N X (7 DDA T
(tzz")= ), qﬁ]mﬁ(t)xeer( ﬁ)Hm

BENE(P) i=1

v

J. Brown (2009), 3p, T(#) : H(X) ® Ch — H(P),

P(t,z,z7Y) = p(1,2,4%,20.) [P (1,27 1)
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Lee-Lin-Wang (2011): PEY/X 4 VX = P
Picard-Fuchs ideal: ¢ € NE(P/X), 0, =0
h

O =T, 201, — q"¢
Lifting of QDE from X to P:

_ R* D._* —k -

20;20; I = Zk,B qF ePF Az‘j,ﬁ(t) Dg:(z) z0i I
B* € NE(P) is an admissible lift of f € NE(X)
r —(h+L).pr—1>0

Dg.(z) =1 I (2011, — mz)

i=1 m=0

The admissible lift exists, and the lifting of QDE is
independent of the choices of * modulo ((J,)



» I=YFT, € H(X), e =hT; € H(P), ndive quantization
¢ = 0% 1= (20,)' 207, = (20" 205
» — first order system of 0*° ] over t* = B th
20, (0% 1) = (9*°1) Cs(%,z)
» Birkhoff factorization B = gauge to remove z in C,
(1)(}z,2z 1) = (z0))(t,z ")B(T,2)

» t 1+ 7(t) matches 1/z of first column of (9% I)B with |
» Setz = 0 in the gauge transform: —(z9,B)B~! — 0

. dimH(P a i
By Cﬂ;oBal(t) = Z A 8tﬂ< )



App-], (ordinary) flops

>

v

Letf: X --» X' be a P’ flop, F,F' — S be v.b. of rank r

Excf = Z=DPs(F) 155, Nyp=¢Foo(-1)

T = [Tf]« : H(X) 2 H(X'), but 7 = ('
7 preserves Poincaré pairing, but not U

Theorem: .7 : QH(X) = QH(X’) as big quantum rings
under analytic continuations qﬁ — qf’7ﬁ

dim X = 3, MCF of 0p1(—1)?> — P! gives quantum
corrections of (.7 D)3 — D3 (Witten 1991)

dim X = 3 global case (Li-Ruan 2000: no degenerations)
Simple flops S = pt (LLW 2006), general S, split F, F/
(LLW I-II, 2011), quantum splitting principle (Qu-LLW
I11, 2013)
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Reduction to local models (J. Li’s degeneration formula)

X = Py(N& 6) S s X = Py(N' & 6)

~

S

X —Z — S,NE(X/S) = (£,7), H*(X/S) > D = t"h + °¢
H(X) = Z[hzé]/(fFrfN@ﬁ)/F = EBLZ'/F/ = @L;

fr(h) =TI +L),  fyneo(hE) =&[](&—h+L)

Not compatible with X’ since 7h=¢ — W, 7¢ = ¢
Lemma: .7 : ((,,0J,) = (Oy, O,)

h
O¢ =121, — g% [12z0:ni1
O, =209: [ [20zpi1; — qre’

QLR — .7 : VX = VX (analytic continuation)



App-1II, blow-ups (along c.i. center)
LetL; = Ox(D;),Z =Dy N---ND,smooth, & = @]_; L

EC— Y =Bl;X

Lk

70— =X
E* — I7 =Y =0 10) C P:= Px(&) forc € T(P,Q)

0—sS—>m1"¢ —Q——0

N

ye—ts Px(&

N

X



N =c1(0(1)) = S = Op(—y) and —y|y = E
QLHT (for exact sequence) + QLR —
[Ti=1(Di)g
(—=1)p
~ X et Hf’:rl(Di)ﬁ
: (=1m)pITiza(n + Di)g

Relative factor (hypergeometric modification)

_ L. - (Dl)ﬁ r—
Ig/X — ez TP (H(DZ—E)‘B(E)/S> (E)ﬁ 1

Y _ P
Ig=1Jp

i=1

As in QLR, (1) ndive quantization basis (2) Picard-Fuchs on
fiber (3) lifting of QDE on base X = 27]¥ = QH(Y)



App-111, (simple) (r,7') flips

Local model of (2,1) flips, Z = P?, Z' = P!
f:X=Pn(0(-1)*®0) -+ X' =Pu(0(-1)° 0)
H(X) = Z[h,¢]/(7,&(5 —h)?), dimH(X) =9

H(X') = zZ[W,§'/(W?,¢ (¢ — 1)), dimH(X') = 8
ki = ({—h)* = [Z] and K = Cky, T = [I}],

0 — K — H(X) -5 H(X') — 0

F7 1 H(X') — H(X) induces H(X) = 7 H(X") &+ K
7 ~! preserves pairing but not U, K* is not U-closed

_ ! _ I R R P AU ey S 2.
Useqi=qe,qa=q"e", gy =q"e", gy =q"e""



QH(X) vs QH(X')
» X'isbad, c1(X') = —h' +4¢
Dg/ = (Zah/)Z — qll (Zag/_h/)3, D,y/ = Zag/ (Zaér_h/)?’ — ‘1,2

Difficult to compute VX’
» Xis Fano, ¢;(X) =h+ 3¢

Dg = (Zah)3 — ql (Zag_h)Z, D’Y = Zag(zag_h)Z — qz

QH(X) is “easy”, I =].
» Question: Can we get QH(X') from QH(X)?
» Kihler moduli (q1,92) U(q), = 1/91,95 = q192) = Opi (1)

T <Dg,D7> = <Dg/, D’Y/>

outside Dy = {gq1 = 0} and D, = {g] =0}



Exact formula for VX

The following frame (recall I = ])

( E-mJ+ (-7,
ve =] —h(E—h)?Y, v, =0E-h)]+h(-h)?,
vg = (& =R+ (& - 1),
v =k = (E-0)7,

respects H(X) = 7 'H(X') &+ K when modulo 43, 4.
They are precisely

z0;] atte HHoH?, 1<i<)9,

and we get the Dubrovin connection:



Al = h*small =

Ay = g*smﬂll =

1
1
—q2 q2
1
1 1

q192

q192
—q2

q192

q2

q192
q2

q2

n |
q2




Irregular singularity in K

Set x = g1, y = g5 (and a slight change of basis), the
fundamental solution matrix S satisfies

oW xy
Xy Xy
1 Y 3y
Xy
z(xdy)S = 1 —Jxy
1
1 4
1
i —% 1 xy —1/x_

which is irregular in the K-block, of Poincaré rank one.



Block diagonalization w.r.t. H(X) = 7 'H(X') &1 K

> (Wasow 1960’s) + flatness of VX = there exists a unique
formal gauge transformation S = PZ

1 5
Ployz)=| 1 g '
8

L fs 1

such that z(x0y)Z = By Z, z(y 9y)Z = By Z, with By, B,
block diagonalized. (fi(x,vy,z) = —g9_i(x,y, —2))
» Under the new z-dependent frame 7, ..., 73, kq,

QH(X) = (5,(0), ...,75(0)) x C

» (91(0),...,78(0)) = QH(X') as 2* modules, but not rings.



Conifold transiitons X 7Y of CY 3-folds
> pi = ODP, NSi/X = T*SS, NC,»/Y = ﬁ(—l)z, 1< i < k

G cCcy
|s
S5;cX L pi € X
> = PY(X) = B2H(Y), p = WA (Y) — hYY(X)
X(X) —kx(8%) = x(Y) —kx(8*) = p+p =k
» y-exceptional curve classes NE(Y/X), p = p(Y/X)
A= (3)) € My Yo 3Gl =0
» r-vanishing cycles V < H3(X) — H*(X), y = dimV

K
B = (bj) € Mkxp Y, bij[Si] =0



Basic exact sequence
» The Hodge realization of y +p = k:
0= H2(Y)/HA(X) 2ok A v o

is an exact sequence of weight two Hodge structures.
» Indeed V = HY'H3(X) in limiting Hodge diamond

H3?H®
C = HYH° HY'H® ~IN Hy H® HYH?
Hy'H°

» The invariant subsystem is Gr}'H*(X) = H3(Y)
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B model Yukawa coupling near [X]

» V=C(Ty,...,I}), the a-periods r; = fr,- Q) are the
degeneration coordinates around [X]| € .#5 = A¥ x My

v

Friedman'’s (partial) smoothing of ODP’s: Let
Wi = apry + -+ aiyTy,

then D; = {w; = 0} C .#x is the loci with S; — p;
Dp = UX_, D; is not normal crossing

v

v

The transversal $-periods are u, = |, 8, () for some u

v

The Bryant-Griffiths—Yukawa couplings satisfy

AipAimQin

Z 271\/7 wi

Upmn = O

v

{tpmn} => VM (regular singular along Dp)



Local transition between A(Y) and B(X)

v

v

v

u=yy Ty, € H(Y/X), D' := {¥)_, bju’ = 0},
i=1,...,k. QH(Y) is regular smgular along D4 = D'

Lety = Zle yie; € CK, ¢!, ¢k dual basis on (CF)". The
trivial logarithmic connection on cko (Qk )V — Ckis

k
Zdyz )

i=1 Jt

VEk=ag4+

N\H

A'B = 0 = CF = image A ®* image B
V¥ restricts to the logarithmic part of V™ on V
VK restricts to the logarithmic part of V on H?(Y)/H?(X)

“excess A theory” + “excess B theory” = “trivial”
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Global aspects (arXiv:1502.03277)

» Let [X] be a nearby point of [X] in .#%. Then
) A(X) is a sub-theory of A(Y) (quantum sub-ring).
(2) B(Y) is a sub-theory of B(X) (invariant sub-VHS).
) A(Y) can be reconstructed from a “refined A model” on

x=x\{U._ S

“linked” by the vanishing spheres in B(X).
(4) B(X) can be reconstructed from the VMHS on H3(Y°),

v =y\{U_ G

“linked” by the exceptional curves in A(Y).



An example

» (Tsung-Ju Lee, H.-W. Lin 2015) Tautological systems
(Lian-Yau) in conifold transitions from toric
degenerations

Y C P =P(2,4)
P(2,4

X CG=G(24)

» 75:SL(4,C), 16 — 1 = 15 = 12 roots +3 torus action

> 75 = extended GKZ: Aut’(P) generated by T* and 14
roots:

REN)={aeM|Ipec,(ap) =-1 (ap)>0 V' #p}

(Cox 1995). The 2 roots +(1,1,1,1) are discarded since
they do not preserve Y. Thus (73, J C;) determine 1.
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» The definition of the linked GW invariant in (3) is really
a reformulation of the discreteness of components
appearing in the virtual cycle form of

<_>§ﬁ - Z <_>5¥,7'
T=p

» So far it is not effectively computable.

> It requires a blow-up formula of GW along Weil divisors.

THANK YOU



