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ABSTRACT. We explain how algebraic geometry comes into play in the
study of non-linear mean field (singular Liouville) equations

N
Au+e' =4m) (5,
i=1
on a flat torus E = C/A, where N, /y,...,{Ny € N, p; € E are distinct
points, and Jp, is the Dirac measure at p;.

The case with one singular source (N = 1) had been studied exten-
sively in recent years. We start with a survey of this case with emphasizes
on the constructions of Lamé curves X, and pre-modular forms Z, (o, 7)
which encodes the structure of solutions of the PDE.

We then discuss extensions to the case of general N. The basic tool is
the monodromy theory for generalized Lamé equations. Two aspects are
discussed: (1) For £ := Zfil {; being odd, an exact counting formula of al-
gebraic degree is proved. (2) For ¢ being even, the existence of generalized
Lamé curves parametrizing logarithmic-free solutions is proposed.
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0. INTRODUCTION

0.1. Mean field equations and generalized Lamé equations. We study
mean field (singular Liouville) equations with multiple singular sources
onaflattorus E =C/A, A = Zwy + Zws:

N
(0.1) Au+e" =4m) (6, onkE,
i=1
1
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with local singular strength /; € N at p; € E,1 < i < N, and p; # p;j if
i # j. Denote by L := YN, ¢;p; the divisor of singular source, and £ :=
degL = YN | ¢; the total singular strength.

We start by recalling some basic results on equation (0.1) (cf. [3, §1.1]). A
(local) developing map f of a solution u to equation (0.1) is a local mero-
morphic function away from L which is related to u by

(0.2) u = 8m + log L
(1+[£2)?
A classical theorem of Liouville says that any solution u is locally repre-

sented by (0.2) for some f. Moreover, the choice of f is unique up to the
obvious PSU(2) (Mobius) action

_pf—q _(p —q
fb—>Mf.—qf+ﬁ, M-(q r.))eSU(z)/il.

The integral condition ¢; € IN for all i implies that f extends to a global
meromorphic function on C. In particular

fz+w)=5f(2), flz+w)=25f(z),
for some S; € PSU(2). Then f is called a type I developing map if

f(z~|—w1) = _f(Z),

0.3) Flztw) =

1
m/
and a type II developing map if there are 6;, 6, € R such that
flz+wi) =" f(z),
flz+w) =" f(z).

From 515, = 5,51 in PSU(2), by choosing f suitably, one sees easily that
every solution u belongs to exactly one of these two types. We then call
such an f a normalized developing map of u.

(0.4)

This integrability structure of solutions is best explained by its associated
ODE of equation (0.1), which is a generalized Lamé equation:

N N
05 @ = (L mtn+ ez —p)+ Y Agz—p)+B)w=0,
i=1 i=1

where the potential term is the Schwarzian derivative S(f) (c.f. (3.1)) with

N
;/li:%fie%]N, EAiZO, A;, B eC.
i=1
The PSU(2) action corresponds to the requirement that equation (0.5)
has projective unitary monodromy group. We will show that the type I case
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corresponds to the case with ¢ being odd and equation (0.5) has finite mon-
odromy M, or equivalently the projective monodromy group is the Klein-
four group PM = Kj. The type II case corresponds to the case with £ being
even and equation (0.5) has unitary monodromy. The ratio f = w;/w; of
its two independent solutions then gives a developing map.

0.2. Known results for N = 1. Equation (0.1) for N = 1 (¢/ = ¢;) had
received significant progresses in the last decade through a joint effort on
non-linear analysis and its corresponding classical Lamé equation

(0.6) w" = (1(n +1)p(z) + B)w

with y = ¢/2[10, 3, 11]. The Lamé equation (0.6) (for all # € R>¢) had
been studied extensively since the 19th century, though a full account on
its monodromy theory is still awaiting. As a byproduct, advances on it had
also been made through such interactions.

Let ¢/(z)? = 4p(z)® — g20(z) — g3 be the Weierstrass equation of the
torus E = C/A, with g = 60E4(A) and g3 = 140E4(A) be the standard
modular functions (Eisenstein series).

For ¢ = 2n + 1 being odd, n € Z>y, the classical result due to Brioschi,
Halphen and Crawford says that there is a universal (weighted homoge-
neous) polynomial p,, (B; g2, g3) of degree n + 1 whose roots B’s correspond
to those equations in (0.6) which admit only log-free solutions (cf. the proof
in [3, Theorem 3.1] and the references in [17, §23.7]). Hence they have finite
monodromy PM = K4. A new proof to this result, as well as the explicit
construction of the developing maps f were carried out in [3, §3.4]. It was
also announced in [3, Remark 3.2.1] that the idea of this new proof could
be generalized to study the case with multiple singularities (cited as refer-
ence [11] there). Due to the increasing diversities of techniques, the writing
of that paper was postponed. Nevertheless the promised generalization is
now presented in this paper (see §0.3 below).

For ¢ = 2n being even, on the contrary, there is a polynomial ¢, (B; g2, ¢3)
of degree 2n + 1 such that (0.6) admits only log-free solutions if and only
if £,(B;¢2,83) # 0. An eigenvalue problem Lw := w” — [w = Bw of an
ODE with potential I satisfying such a property is known as a finite gap
potential. The integral Lamé equations with I = n(n 4 1)p(z) provides the
first non-trivial such examples. Since there is at least one log-free solution,
the set of log-free solutions are thus parametrized by the Lamé curve Y, :
C? = (,(B; g2, g3) which is an hyperelliptic curve of arithmetic genus ¢ = n
under the projection 7 : Y, = C, (C,B) — B.

The finer structure of Y, had been analyzed in details in [3] through both
analytic and algebraic methods. It allows us to go on to characterize the
loci where (0.6) has unitary monodromy. It starts with the Hermite—Halphen
ansatz [8, p.495-498]: for a = (a;....,a,) € C",

0.7) w, = e* L5 - M‘
( =5
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Then w,, w_, provide independent solutions to (0.6) if and only if [a] := a
(mod A) € Sym"E satisfies the following system of algebraic equations

n
(0.8) Yyal=0  0<k<n-2
i=1

where (x;, ;) := (p(a;), ¢’ (a;)). This defines the Liouville curve X,, C Sym"E
which can be identified with the unramified loci of 77 : Y;, — C. One crucial
result proved in [3, §7.6] says that X,, C Sym"E coincides with the projec-
tive hyperelliptic model of Y;. In particular, 0" € X, is a non-singular
point. The unitary constraint, which is the type II constraint (0.4) in this
case, can be written as a Green function equation on X;:

n
(0.9) Y VG(a;) =0, aeXy
i=1

where G is the Green function on E centered at 0 € E.

Then in [11, Theorem 3.2], it was shown that the addition map ¢, : X, —
E defined by 0,(a) = Y/, a; is a branched cover of degree 3n(n + 1).
Based on ¢;, and the Hecke function (see §1), a pre-modular form Z,(c, )
was constructed which has the property that every non-trivial zero (o, T)
(i.e ¢ & E[2]) corresponds to a unique solution a to equations (0.8) and
(0.9) via 0,(a) = 0. In particular, f := w,/w_, is a normalized developing
map of a type II solution u to the mean field equation (0.1) with N = 1.

I will review this procedure in more details in §2, with emphasizes on
the problem on explicit constructions of Z, (o, T).

0.3. Results and proposals for general N. The second aim of this paper is
to propose extensions of some results in N = 1 to the case N > 2.

Theorem 0.1. When ¢ = degL is odd, there is only a finite number of solu-
tions to equation (0.1). All the solutions are of type I and algebraically integrable.
Moreover, its algebraic degree dy is given by the formula:

(0.10) do=3]Ji+1) eN.

(The expression is an integer since some ¢; is odd).

That is, all the solutions can be effectively constructed by way of solving
certain explicit polynomial equations. This refines a previous result in [5]
which says that the topological Leray—Schauder degree of eqution (0.1) is
defined and given by (0.10). The proof of Theorem 0.1 is given in Theorem
3.5 and Corollary 4.2, whose basic idea is explained below.

For all £ € IN, we first construct an explicit polynomial system on A; and
B whose zeros correspond to equations (0.5) with only log-free solutions.

When ¢ is odd, the polynomial system has isolated zeros ({A;}, B)’s and
each of them satisfies PM = K, automatically. Thus the correspondence
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between equations (0.1) and (0.5) is exact and the problem is completely
reduced to the study of the (affine) polynomial system.

Counting roots of affine polynomial equations is in general not easy due
to lacking of an affine Bezout theorem. We projectivize the system and sub-
tract the infinity contribution from the Bezout degree. It turns out that the
infinity point Q is isolated and we need only compute its multiplicity. Here
a trick using confluent hypergeometric equation and its Kummer solution
is employed to determine the top degree terms g, of the polynomial equa-
tions in ({A;}, B) (see Lemma 3.3):

(0.11) e, = (f")zi Q(Ai—(éi—zj)Blﬂ), i=1,...,N.
- j=

This leads easily to a proof of Theorem 0.1.

When / is even, the situation is more involved, and we restrict ourselves
to the primitive case /; = 1forall1 <i < N = 2n = {. Based on (0.11),
the zero set V of the polynomial system on ({A;}, B) is shown to consist of
a finite number of points and complex algebraic curves.

At this point, I conjecture that, even for the non-primitive case, V does
contain non-trivial curve component Vj (cf. Conjecture 5.7). The conjecture
is clear if the set of singular sources {p;} is symmetric with respect to a
center point o € E:

{pi =0} = {=(pi—0)}.

In such a case each irreducible curve component of V consists of symmetric
log-free parameter ({A;}, B) in the sense that

An+i:_Ai/ z':l,...,n

such that the corresponding generalized Lamé equation descents to an ODE
on P! under the elliptic projection map E — P! (cf. Example 5.3).

Proposition 0.2. In the primitive case, the conjecture on the existence of non-
trivial curve component holds for the cases { = 2,4,i.e.n =1,2.

The case n = 1 is trivially true. The case n = 2 is proved in Example 5.4
by observing a factorization formula of elliptic functions

9210 — 913 = (Coa — C13+ C12 — 034) (Coa + C13 — C1a — (23),

where p;; := p(p; — pj) and {j := {(pi — pj)-

Based on the conjecture we further propose the existence of a two to one
ramified cover Y; — Vp which parametrizes log-free solutions. We call Y,
the generalized Lamé curve associated to the even degree divisor L. Also we
conjecture the existence of a correspondence between solutions of equation
(0.1) (i.e. ({A;}, B) with unitary monodromy) and the non-trivial zeros of
certain pre-modular forms analogous to the case N = 1.
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0.4. Structure of the paper. This paper is an expanded version of the talk
I gave at the first ICCM Annual Meeting on December 28, 2017, where I
explained joint works with C.-L. Chai and C.-S. Lin on mean field equations,
hyperelliptic curves and modular forms [3, 11], as well as part of results in [4]
concerning with a complete understanding of the geometry of critical points of
Green'’s function on tori which confirmed the conjecture posed in [10].

The first two sections (§1, §2) contains exactly the material presented in
my talk, where all the results are connected to the case of mean field equa-
tions or Lamé equations with one singular source (N = 1).

61 is mainly for the case N = 1 and n = 1 where Green functions and
Hecke functions play the main role. §2 is on the hyperelliptic geometry of
Lamé curves and constructions of the pre-modular forms. These lay the
foundation of the general cases n € IN (and N = 1).

The remaining three sections (§3 — §5) are attempts to extend the theory
to equations with multiple singular sources (N € IN).

Specific results are (1) Theorem 3.5 on the algebraic degree counting for-
mula (for £ odd), (2) Proposition 4.1 and Theorem 4.8 on finite monodromy
groups (for £ odd), and (3) Example 5.3 and Example 5.4 on the existence of
generalized Lamé curves in the primitive case (when {p;} admits a center
or when ¢ = 4 and there is no restriction on {p1, p2, p3, pa})-

In the appendix I explain the subtlety of explicit constructions of the pre-
modular forms Z, and how classical approach fails when n > 4.

1. GREEN FUNCTIONS AND HECKE FUNCTIONS

1.1. Green functions on tori [10]. The Green function G(z,w) onE = C/A,
A = Zw; + Zw> is the unique function on E x E which satisfies

1

—N,G(z,w) = dy(z) — TE

and [, G(z,w)dA = 0. Translation invariance of A, implies G(z,w) =
G(z —w,0) and it is enough to consider G(z) := G(z,0). Asymptotically

1
G(z) = — .- loglz| + O(JzP).

As expected, G can be explicitly solved in terms of elliptic functions. Let
z=x+iy, T:=wy/w; =a+ib € Hand g =™ with |q| = e ™ < 1. We
have the odd theta function

191(2,' T) = —1 io: (_1)”q(n+%)2e(2n+l)m’z.
n=—o0
Then on E; (notice the T dependence),

% (z; 1)
#1(0; 7)

1
+ >+ C(1)

G(z1) = %

2n
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for some constant C(7) depending only on 7. Then
_ G -1 Y\
(1.1) VG(z) =0 =37 = ((log &) +2an) =0.

Now we translate equation (1.1) into Weierstrass theory. Recall the Weier-
strass elliptic and quasi-elliptic functions with periods A [17]:

1 1 1
0@ =2+ ¥ (Goop ~a)
m- [oete T (e e ).

wEN*
o(z) := exp/zC(w)dw:z+~~ .
The function ¢ is entire, odd with a simple zero on lattice points and
oz + w;) = —eli=H 19 g(z),
where 17; = {(z + w;) — {(z) = 2{(3w;) are the quasi-periods. Indeed, ¢ (z)
is related to the theta function by

o(z) = en?2 12

81(0)°
Hence the main term in the right-hand-side of (1.1) is
(log 91(2)): = (z) — 1z
For simplicity we set w; =1, wo = 7 = a + bi, w3 = wy + wy, and
z=x+yi=rwy+swy = (r+sa)+sbi.
By Legendre’s relation 11wy — 1ow1 = 27ti we compute

(log %) + 27'[1% = ({(z) —mz) + 2ris

= (z) —mr —mswa + (w2 —72)s
= &(2) =11 —sm2.

Hence VG(z) = 0 if and only if

(1.2) Z:= —4nG,; = {(rwy + swa) — (ry1 +sy2) = 0.

Question 1.1 (Structure of critical points). How many critical points can G
have in E? What is its dependence in T € H?

The 3 half-periods are trivial critical points. Indeed,
G(z) = G(—z) = VG(z) = —VG(—2).

Letp = Jw;thenp = —pin Eand so VG(p) = —VG(p) = 0. Other critical
points must appear in pair +z € E.

Example 1.2 (Maximal principle). For rectangular tori E: (w1, wp) = (1,7 =
bi), the half-periods %wi, i = 1,2,3 are precisely all the critical points.
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Example 1.3 (Z3-symmetry). For the 60 degree torus E with T = p := ¢7/3,
it is easy to check that there are (at least) 2 more critical points

p= %w3, —p = —%(U?, = %a}3.

Question 1.1 is indeed the starting point of the whole project around
2003. In [10] we showed that there are at most 5 critical points and conjec-
tured the T dependence in a precise manner. The conjecture was recently
solved in [4] and I will give a sketch on it in this section.

1.2. Periodic singular Liouville equations. Geometry of the Green func-
tion G plays a fundamental role in the non-linear mean field equations. On
a flat torus E it takes the form

(1.3) Au+e" = pdy, pER,.
(The name comes from the fact that It is the mean field limit of Euler flow
in statistic physics.)
When p ¢ 87N, it was proved in [5] that the Leray-Schauder degree is
dp=n+1 if 8nm<p<8(n+1)m.

The degree is independent of the shape (moduli) of E. The interesting cases
(critical values) are p = 87rn where the degree theory fails completely.

Theorem 1.4 (Existence criterion via VG for n = 1). [10, Theorem 1.1]

For p = 8m, the mean field equation on E = C/A in (1.3) has solutions if
and only if G has more than 3 critical points. Moreover, each extra pair of critical
points £p corresponds to an one parameter family of solutions u,, where

lim uy(z) and  lim wu)(z)
A—ro0 A——o0

blow up precisely at z = %p.

The purpose of this section is to explain the above correspondence in a
more general setting for all n € IN obtained in [3].

1.2.1. Structure of solutions. Liouville’s theorem says that any solution u of
Au+e* = 0in a simply connected domain D C C is of the form

8f"?
A+

where f, called a developing map of u, is meromorphic in D.
It is straightforward to show that for p = 87157 € R,

u = log

" 1"\ 2
e s=ly -3 (5) —uejut =204 1) 5 +00),

That is, any developing map f of u has the same Schwartz derivative S(f),
which is elliptic on E. Hence there is a B € C such that

S(f) = —2(n(n +1)p(z) + B).



ALGEBRAIC METHODS IN PERIODIC SINGULAR LIOUVILLE EQUATIONS 9

By the theory of ODE, locally f = w;/w; for two solutions w; of the
Lamé equation L, gy = 0O:

1
(1.5) V' + 55Ny =y" = (1l +1)p(z) + Bly = 0.
Furthermore, for any two developing maps f and f of u, there exists S =

<Z _ﬁq> € PSU(2) such that

f=Sf:= pf=1 1,
AT
So we conclude that solutions to the mean field equation correspond to
Lamé equations with unitary projective monodromy groups.
Geometrically the Liouville equation is simply the prescribing Gauss
curvature equation in the new metric ¢ = e¢“go over D, where w = u/2 —
log v/2 and Qo is the Euclidean flat metric on C:

(1.6) Ko = —e"Au=1.

It is then clear the inverse stereographic projection C — S?

2x 2y —1+x2 +y?
X,Y,Z) =
(X,Y,2) (1+x2+y2’1+x2+y2’ 14+ x2+y2 )
provides solutions to (1.6) with conformal factor
_ u-llog2 _ 2
el — p2¥—21082 m

Starting from this special solution for D = A, the unit disk, general solu-
tions on simply connected domain D can be obtained by using the Riemann
mapping theorem via a holomorphic map f : D — A. The conformal factor
is then the one as expected:

o= SIFP

(1+1f[?)?

The problem is to glue the local developing maps to a “global one”. This
is a monodromy problem on the once punctured torus E* = E\{0}. Since
it is homotopic to “8”, we have for xg € E*,

m(E*,x0) =Z+Z
is a free group of rank two.

Lemma 1.5 (Developing map for 7 = ¢ € 17Z). Given A, for p = 4ml,
¢ € IN, by analytic continuation across A, f is glued into a meromorphic function
on C. (Instead of on E = C/A.)

Proof. The indicial equation of the Lamé equation (1.5)is A(A — 1) = 5(n +
1), hence the two local solutions around a lattice point takes the form w; =
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Z11¢1(z), wa = z7"¢y(z) with g; holomorphic and g;(0) # 0, and then
f = z%"1¢1(z)/g2(z) which is meromorphic at z = 0. O

Now there are two type of constraints on f: global and local.

e First constraint from the double periodicity:

f(z+wy) =51f, flz+wz)=Sf

with 515, = £5,5; (abelian projective monodromy).
e Second constraint from the Dirac singularity:
(1) If f(z) has a zero/pole at zg € A then order r = 1.

(2) f(z) =ag+ap1(z—z0)* + - - isregular at zy € A.

1.2.2. Type I (Topological) Solutions <= ¢ = 2n + 1. This means that

1
fetw)==fz),  flztw) =705
Then the loagarithmic derivative

g=(logf) =f/f

is elliptic on the doubled torus E' = C/A’ where A’ = Zw; + Z2w,, with
the only zeros at zo = 0 (mod A) of order ¢ = 2n + 1. Using Weierstrass
functions on E’, g(z) takes the form

™~

8(z) =) (C(z—pi) —C(z—pi—w2)) +c.

i=1
The equations 0 = g(0) = ¢"(0) = ¢ (0) = --- implies that f is an
even function (by a non-trivial symmetric function argument [3, §2.1]). So
f has simple zeros at £p;, ..., £p, and wy /2.
The remaining equations 0 = ¢’(0) = ¢"/(0) = ¢®(0) = - - - leads to the
polynomial system for p(p;)’s:

Theorem 1.6 (Type I integrability, p = 471(2n 4 1)). [3, Theorem 0.4]

(1) For p = 4ntl, ¢ = 2n + 1. All solutions are of type I and even. f has
simple zeros at w1 /2 and p; fori =1,...,n, and poles q; = p; + wa.
(2) For x; := p(pi), %i := p(qi), andm=1,...,n,

Yo =Y w = (e —e2) (R —e2) = 1,

for some constants c,, and y = (e — e1)(e2 — e3).

(3) (Brioschi—Halphen—Crawford) There is a polynomial p,(B; g2, g3) of de-
gree n + 1 such that p,(B) = 0 if and only of the corresponding Lamé
equation L,—,1/2 Yy = 0 provides a type I solution. This is also equiva-
lent to that it has finite monodromy group M (in fact PM = Ky).
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1.2.3. Type II (Scaling Family) Solutions <= n = n (¢ = 2n). Namely,
(1.7) flz+wn) =e*f(z),  flz+w)=c"f(z)

for two real constants 61, 6. If f satisfies (1.7) then e’ f also satisfies (1.7)
for any A € R. Thus

2A | £1 2
ur(z) = log 7 ieezgf(é%“zﬁ

is a scaling family of solutions with developing maps {¢f}, and u, is a
blow-up sequence. The blow-up points for A — oo (resp. —oo) are precisely
zeros (resp. poles) of f(z).

Now the logarithmic derivative ¢ = (log f)’ is ellipticon E = C/ A, with
highest order zero at z = 0. Namely z = 0 is the only zero of g and

ord,—o g(z) = ¢ = 2n.

Again, a symmetric function argument shows that the constraint on odd

derivatives 0 = ¢/(0) = ¢”(0) = - - - = ¢~ (0) implies that g is even [3,
Theorem 5.2]. Thus g(z) has zeros £ay, - - - , +a, and we may write
o' (11) o' (an)
7)) = ———~ e o N7
8 =56 - ol o) — p(ar)
which is further constrained by 0 = ¢”(0) = --- = ¢2"=2(0) (g(0) =

0 is automatic). This gives rise to the first n — 1 (algebraic) equations on
ai,...,a, (see §2 for the explicit equations). And then

f(z) = fO)exp [ g(e)dE

should satisfy the n-th “equation on monodromy”
/ 8 € \/le/ i=1,2,
L;

where L1, L, are the fundamental 1-cycles.
To study these periods integrals, for a & %A we define

) e ¢ (a)
;. FO = | o o
= [ (2@ —ca+o) —ca-0) ae.

Lemma 1.7 (Periods integrals and critical points). [12, Proposition 2.3]
Let a = rwq + swo, then modulo 47tiIN we have

Fi(a) = 2(w1{(a) — ma)

= 2(C(a) — riyy — smp)wy — 4rtis,
Fy(a) = 2(w2((a) — 12a)

= 2({(a) — rm1 — sy2)wa + 4mir.
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"

In particular, the ““monodromy equation” is equivalent to a non-holomorphic
equation in gradients of the Green function:

/ gdg =Y F(a) e V-1IR, i=12 <« Y VG(a)=0.
L: ‘ ‘
In the simplestcase p = 8w (n =1,{ =2),a; = p,a, = —p,

B 2 ¢(p)
£z) = fO)exp | o

leads to a solution if and only if Fi(p) € V/—1R for i = 1,2 which is then
equivalent to the critical point equation VG(p) = 0.

Theorem 1.8. [10, Theorem 1.2] For p = 87, the mean field equation (1.3) on a
flat torus has at most one solution up to scaling.

Corollary 1.9. [10] The Green function has either 3 or 5 critical points.

The first known proof of Corollary 1.9 is by way of the uniqueness theo-
rem in Theorem 1.8 which uses techniques in non-linear analysis including
the Moser symmetrization and sharp isoperimetric inequalities. Recently,
two elementary proofs were found together with more precise understand-
ing on the distribution of critical points when the moduli point T varies.

Our approach uses pre-modular forms [4], and another approach uses anti-
holomorphic dynamics [1]. The former will be presented in the next section.

1.3. Geometry of critical points over M ;.
Theorem 1.10 (Moduli dependence). [4, Theorem 1.2]
(1) Let Q3 C Myq U {oo} = S? (resp. Qs) be the set of tori with 3 (resp.
5) critical points, then Q3 U {oo} is closed containing v/ —1R, Qs is open
containing the vertical line [e™/3,v/—1c0).
(2) Both Q3 and Qs are simply connected with C := 0Q3 = 005 being
homeomorphic to S* containing co.
(8) Moreover, the extra critical points are split out from some degenerate half
period point when the tori move from (3 to Q5 across C.
(4) (Strong uniqueness) The map Qs — [0,1]2 by T > (r,s) for p(t) =
rw1 + swy is a bijection onto
A =1(33)(32)0)

On the line Re T = 1/2 which are equivalent to the rhombuses tori, the
proof was first achieved in [10, Theorem 1.6] by functional equations of 0.
The general case uses the theory of pre-modular forms which is based on
Hecke’s modular forms of weight one [9]. I will start with a sketch of the idea.

Consider Hecke’s weight one modular function for I'(N):

k1wt + kow ki +k
Znkok, (T) ::€< 1 1N 2 2;T> B 1771N 212

= —ZNN—k,N—k, (T).
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3+ by

FIGURE 1. ()5 contains a neighborhood of e™i/3,

0.75

0.25

FIGURE 2. The triangle A which is in bijection with Os.

Define the analogue of the Euler ¢ function by
Y(N) :=#{ (ki,k2) | (N, k1,k2) =1,0<ki<N-1},
and then we have the weight ¥(N) version for the full modular group:

Zn(t) = I Zngk(r) € My(n)(SL(2,2)).
(N,k1,k2)=1

13
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FIGURE 3. The fundamental domain for I'y(2).

For each T € H with Zy(7) = 0, it is a double zero (at least generically).
Also for odd N > 5, it is clear that v;(Zy) = v,(Zn) = 0. At T = o0, Hecke
calculated the asymptotic expansion of Zy and get

Voo(ZN) = ¢(N/2) = 0.
Then the degree formula for modular forms says that

T(N)

1 1

Let N be a large prime number, then ¥(N)/24 = (N2 —1)/24 is close to
the area of the triangle (see Figure 2)

A:=1(3,3), (3 7). (0,3)].

This suggests strongly an 1-1 correspondence between (25 and A under the
map T — (r,s) where p(T) = rwy + sws.

The actual proof uses deformations in r,s ¢ 3Z to make the above idea
rigorous. Let F C H be the fundamental domain for I'o(2) defined by

NI—=

F:={teH|0<Ret <1, |t—3%>1}

We analyze solutions T € F for Z,,(7) = 0 by varying (r,s).

For T € JF, E is a rectangular torus and the only critical points of G are
half periods (cf. Example 1.2). So Z,(t) # 0 for T € oF.

Based on this, we use of the argument principle along the curve JF to an-
alyze the number of zeros of Z, s in F. Using Jacobi’s triple product formula
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[17, §21.41] we may deduce that

2 eZm'z

27nz n —271iz 41
e
— 2711 Z 5 q — q ,
_e mz 1— emean

where z = r + s7. From here, it follows easily that

Lemma 1.11 (Asymptotic behavior of Z, s on cusps). [4, (5.6), (5.8)]
We have Z; s(—1/7) = TZ_s4(T), and for t € (0,1),

Zys(1) = 22 op(-1/7) = (1 -

r+o(1))

as T — 0. Similarly, Z,s(t + 1) = Zy15,(7), and forr +s € (0,1),

27T (1

Zys(T) = Zpyss(T—1) = —

—(r+s)+o(1)).

Lemma 1.12 (Non-Vanishing). [4, Lemma 5.2]
Forany Tt € H,

(i) C(Gwr + 3w2)) # i + 3772
(i) {(gwr + gw2)) # g1 + g2
This follows from the addition law. For example, for (ii) we choose z =
%(an +wy) = 6w3 and u = 3w3 Then

0 —LE__ r(as) + o~ Lwn) — 20(Lws)
o(z) = p(u) o o
= 31 + 312 — 30 (fws) = =3(L(fw1 + fw2) — #11 — £12).-
It remains to show that if
(1,5) € [0,1] x [0, 1]\{(0,0), (1,0), (0, 1), (, 1)}
then Z, ;(7) = 0 has a solution T € H if and only if that
(r,s) e Ai={(r,s) |0<rs<ir+s>1i}

Moreover, the solution T € F is unique for any (r,s) € A.
For the proof, notice that the cases (t,s) ¢ A are excluded by Lemma
1.11 and Lemma 1.12. From

1 1
Voo(Zg;) + El/j(Zg,) + gvp(Zg;) + 2 VP(Z3) =
p#o0,i,p

8
127
we see that Zi1 (p) = A (p) = 0 implies v,(Z3)) = 2 and all other terms

= 0. Thus T = p is a simple root to Z 11 (7) = 0 and such a property holds

forall (r,s) € A by Lemma 1.11.
This completes the sketch of proof of Theorem 1.10.
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2. CORRESPONDENCE P! «+— X,, — E AND PRE-MODULAR FORMS Z,,
We continue the discussion on type II solutions for general n € IN:
Theorem 2.1 (Periods integrals and type II solutions). [3, Theorem 0.6]

Consider the mean field equation Au +e* = pdpon E = C/A.
(i) If solutions exist for p = 8nrt, then there is a unique even solution within

each type I scaling family. (¢ = 2n, a,4; = —a; fori =1,...,n.) The
solution u is determined by the zeros ay, . .., a, of f through the recipe

-y

L) - pla)’
flz) = fO)exp [ g(@)de

(ii) The concentration of the zero of g at z € A:
ord,—o g(z) =2n

leads to n — 1 algebraic equations for a = {ay,...,a,}.
(iil) The n-th equation is given by [, g € /—1R, which is equivalent to

Y VG(a) =
i=1

2.1. Liouville and Lamé curves. We start by describing the n — 1 algebraic
equations which defines an algebraic curve X, C Sym"E, called the Liou-
ville curve in [3]. It turns out to be the unramified loci of another hyper-
elliptc curve Y, — C, called the Lamé curve, which parametrizes log-free
solutions of Lame equations.
Under the notations (w, xj,y;) = (9(z), 9(a;), ¢’ (a;)), we compute
1Y
8(2) Lowi—x/w

y] ] n .

Since g(z) has a zero at z = 0 of order 2n and 1/w has a zero at z = 0 of
order two, we get n — 1 vanishing conditions:

n n
Yoyxi =) ¢'(a))pa;) =0, 0<r<mn-2
L L

I
M=
SINS
_|_
M

Il
—

j=1

Theorem 2.2 (Hyperelliptic geometry [7, 3]). For x; := p(a;), y; := ¢'(a;),
the n — 1 algebraic equations

Y yixj =0, r=0,...,n-2,
definesa 2 to 1 map a — Y o(a;):
X, C Sym"E — P!, {(xiyi)} = ) xi.
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The proof relies on its relation to Lamé equations:

= ex dz = ex Y ) —C(a; —z) — {(a; d
f=ew [gds=exp [ V(2000 ~ Glai =)~ Clai+2)) dz

_ eZZLlC(m)ZﬁM = (-1 2,
- 10(z+a) w_g
where w,(z) := e#Z¢(®) ﬁ oz=a) is the Hermite-Halphen ansatz.
i=1 U(Z)U(ai)

Lemma 2.3. [3, Theorem 6.5, Corollary 6.7] We have a € X,, if and only if w,
and w_, are two independent solutions of the Lamé equation

dzw n
=~ (nn+ DpE) + @i =D YL p(a) ) =o.
Namely the map a — B, is givenby B, = 2n —1) Y p(a;) .

This is a long calculation which will not be repeated here. Instead, I will
review the classical argument leading to the explicit hyperelliptic model
C% = (,(B; g2, 83) (cf. [17,§23.7], [3, §7.3.1]).

Let w,(z) and w_,(z) be the ansatz solutions to the Lamé equation

w" = (n(n+1)p(z) + B)w.
Let X(z) = wa(z)w—_q(z). By the addition theorem,

no(z —|— a;)o(z — a;) L

nH (Ll )2 ~ = (_1)HH(@(Z)_
i i=1

i=1

That is, X(x) = (—1)" izl(x — x;) is a polynomial in x. By construction,
X (z) satisfies the second symmetric power of the Lamé equation:
#x
dz3
Hence X(x) is a polynomial solution, in variable x, to
p()X" +3p'(x)X" —4((n* +n —3)x + B)X' —2n(n+1)X = 0.
Thus X is determined by B and certain initial conditions.
Write X(x) = (—1)"(x" —s1x" "1 + -+ + (—1)"s,), this translates to a
linear recursive relation for y =0,...,n —1:
0=2(n—pu)2pu+1)(n+p+1)sn—y
—4(p + 1)B5n7;171
+282(1 + 1) (1 +2) (24 + 3)su—p2
—83(u+1)(p +2) (4 +3)sn—p—3-

We set s) = 1. For y = n —1 we get B = (2n — 1)s; as expected. Thus
all sy, ...,su, X(z), are determined by s;, i.e. by B, alone. A slightly more
work shows that the set 2 = {4;} is also determined by B up to sign. Hence

—4(n(n+1)p+ B)Eg —2n(n+1)p'X =0.
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a — B;is 2 to 1. A complete description of the hyperelliptic geometry is
given in [3, Theorem 0.7]. We list only some of its properties:

(i) There natural projective compactification X, C Sym"E coincides
with the projective model of the hyperelliptic curve Y, defined by
C? = £4(B, 82,83) = 4B, + 48355251 — §25u-15n — 83551

in affine coordinates (B, C), where sy = sx(B, g2, 43) = nBf4 ... €
Q[B, 2, 43] is an universal polynomial of homogeneous degree k
with deg¢» =2, deggs = 3,and B = (2n — 1)s;.

(ii) In particular, X, coincides with the unramified loci of Y, — C:
(B,C) — B, and the added infinity point 0" € X, is a smooth point.

(iii) Thus deg ¢, = 2n + 1 and X, has arithmetic genus ¢ = n.

(iv) X, is smooth except for a finite number of T, namely the discrimi-
nant loci of ¢, (B, g2, g3) so that £, (B) has multiple roots. In particu-
lar X, is smooth for rectangular tori.

2.2. Pre-modular forms. A closer look at the Hecke function Z leads to

Definition 2.4. [11, Definition 0.1] An analytic function h in (z,7) € C x H
is pre-modular of weight k € IN if it satisfies
(1) For any fixed T, h(z) is analytic in z and Z and it depends only on z
(mod A;) € Ey;
(2) For any fixed torsion type z (mod A;) € E{[N], the function h(t) is
modular of weight k with respect to T'(N).

Now we are ready to study the last equation on X,:

2.1) 0=—4n) " VG(a) =Y  Z(a).
Consider the fundamental rational function on E™:
zo(ay,... an) i=(a+ - +ay) = Y T(a;).
Let a; = rjwq + sjwy, then
—4m) VG(a;) = ) (§(ai) = rim — sin2)

=0 a) — (Qrim — (Y si)i2 — za(a)
= Z(Zai) —z,(a).

Hence (2.1) is equivalent to

(2.2) z,(a) = Z()_a;).

It is thus crucial to study the branched covering (addition) map
o n
(2.3) Ow:Xu —E,  a—ou(a) =) a.
i=1

Theorem 2.5. [11, Theorem 0.2, Theorem 0.3]
(1) degoy, = %n(n +1).
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(2) There is a universal (weighted homogeneous) polynomial
Wa(z) € Clga,83,9(0), 9'(0)][2]
of degree 1n(n + 1) with
Wy (z,) = 0.
Moreover, z, € K(X,) is a primitive generator for the field extension
K(X,) over K(E).
(3) The function
Zy(o;7T) := Wy(Z)
is pre-modular of weight 3n(n + 1). That is, it is T(N)-modular if o €
E;[N].
Idea of proof for (1): apply Theorem of the Cube in the theory of abelian
varieties [16]: for any three morphisms
f,gh:V, — E
and L € PicE, there is an isomorphism
(F+g+h)L= (f+2)'L®(g+h) L (h+f)'L
@f L 'e¢L o L
We apply it to the case V,, C E" which is the ordered n-tuples so that
V,/Su = Xy, and deg L = 1. We prove inductively that the map

fi(a) :=a1+-- -+ a
has degree 1k(k + 1)n!.
This is non-trivial for k = 1,2. It makes use that co € X,, is non-singular

and requires a detailed classification of Lamé functions in 4 species [17].
From k to k 4+ 1 with k > 2: let

fla) = fiala),  gla) =a,  h(a) = agp.
Then fi1 has degree n! times
Tk(k+1)+3+ 3k(k+1)— 1(k—1)k—1-1
=5(k+1)(k+2)
as expected.
Idea of proof of (2): the major tool is the tensor product of two Lamé equa-
tions w” = [;w and w’ = Lw, where I = n(n+1)p(z),
L=1+B, L=I+B,
For X,,(T) smooth, and for a general point 0y € E, we need to show that

the 37n1(n + 1) points on the fiber of X,, — E above 0 has distinct z, values.
It is enough to show that for 0, (a) = 0, (b) = oy,

Y G(ai) =} 0(bi) = B. =By
(and then a = b by the hyperelliptic property of X,).
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If w] = Lwy and w) = Lw,, then the product g = wyw, satisfies
q" —2(I + L)q" —6I'q + (B, — By)* —2I")q = 0.
If a = b, a third ODE (the second symmetric power) is enough, as is
studied in §2.1 in deriving the hyperelliptic property..
If a # b, by addition law we find that
Q = WaW_p + W_gWp

is an even elliptic function solution. It is a polynomial in x = p(z). This leads
to strong constraints on the corresponding 4-th order ODE in variable x,
and eventually leads to a contradiction except for a finite choices of 0. The
actual proof in [11] is lengthy and will not be repeated here.

Proof for (3) is immediate: since Z is pre-modular of weight one, it fol-
lows that Z,,(0; T) := W,(Z) is pre-modular of weight 3n(n +1).

Example 2.6 (n = 2). For zy(ay,a2) = {(a1 + az) — {(a1) — {(a2), on Xo:
z3(a) — 3p(a; + ax)zo(a) — @' (ag +a2) = 0.

On E? it has one more term — 1 (' (a1) + ¢/ (a2)). Thus,

Zo(0;T) = Wo(Z) = Z% = 3p(0)Z — ¢ (0).

Example2.7 (n = 3). Forz = z3(a) = {(a1 +ax+a3) — (a1) — {(a2) — C(a3),
on Xs:

z° — 1502 — 200'2* + (E go — 459%)2* — 129/ pz — 2> = 0.
Thus, Z3(0; 7) = W3(Z).

Both Z; and Z3 are known to [7] (cf. Appendix A). In principle, since the
addition map o, can be explicitly computed, the polynomial W, (z) can be
calculated from certain resultant via the elimination theory. Unfortunately
the computation is necessarily demanding. A slight short cut was observed
in [11] based on relations with the finite gap integration theory and some

explicit formulas in [15] on the twisted Lamé polynomials. This allows to pro-
duce some new examples. A couple hours Mathematica calculation gives:

Example 2.8 (n = 4). [11, Example 5.10] The degree 10 polynomial Wy(z) is
Wi(z) = 2'% — 4502% — 1200'2” + (32 > — 630p?)2° — 5040’2’
— 15(2800° — 49,0 — 115g3)z* + 15(11g> — 240%) 'z
— 9(140p* — 245> + 190g3¢ + 21g3)z*
— (40p° — 163g2p + 125¢3)p'z + 3 (2582 — 3p%) (')
The weight 10 pre-modular form Z4(c; ) is then obtained.

(2.4)

Forn =1,7, = Z = —4n VG is the Hecke modular function. The critical
point equation (<= type II solutions of MFE) is transformed into zero of
pre-modular forms. This now generalizes to all n > 1:
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Theorem 2.9. [11] The following are all equivalent:
(i) Solution u to the mean field equation for p = 87tn.
(ii) Periods integrals

/ g€ V—-IR
Lj

for j = 1,2. (The real coefficients give the w; coordinates of }_a;.)
(iii) Green function equation on X,:

Z VG(ll,) = 0,
i=1

where X,, is the unramified loci of the hyperelliptic curve Y.
(iv) Coincidence equation under the addition map o, : X, — E:

z,(a) = Z(on(a)).
(v) Non-trivial zero of the pre-modular form
Zy(0;7T) := Wy(Z).

For the last one, we notice that the branch point a € Y,,\X, (a = —a)
satisfies the Green equation trivially, which are excluded.

2.3. Chamber structure and wall crossing.

2.3.1. Deformations in p € R™. In [10], the PDE technique used in p = 87
is the method of continuity to connect to the unique solution for p = 47 by
establishing the non-degeneracy of linearized equations over [477, 87].

This requires Moser’s symmetrization and isoperimetric inequalities in
singular metrics. For general p, such a non-degeneracy statement is wrong.
Nevertheless, since solutions u, always exist for p = 87, 1 € N, it is
natural to study

%grr\l Uy.

If the limit does not blow up, it converges to a solution u for p = 87n.

For the blow-up case, we have the connection between the blow-up set
and the hyperelliptic geometry of X, — P!

Theorem 2.10. [3, Theorem 0.7.5] Suppose that S = {ay,-- - ,a,} is the blow-
up set of a sequence of solutions uy with px — 87tn as k — oo, then

S€ Yy =X\ {col.

Moreover,

(1) If px # 8mtn then S is a branch point (a = —a) of Y, — C.
(2) If px = 8mtn for all k, then S is not a branch point of Y,,.
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FIGURE 5. n = 3: the degenerate curves of branch points
for p = 24m.

23



24 CHIN-LUNG WANG

2.3.2. Deformations in T € M. For n = 1, the branch points are precisely
the half-periods. Their degenerate loci C (as degenerate critical points of
the Green function) form the common boundary

C:.= 803 = 805

For n > 1, similar idea applies to analyze the number of solutions of
mean field equations when T crosses the non-singular points of the degenerate
curves associated to a branch pointa € Y, \ X,,.

Recently it was proved in [6] that equation (1.3) on rectangular tori for
p = 8n7 has no solutions. Thus the chamber containing /—1R could be
taken as the initial chamber to start the deformation argument as in §1.

3. POLYNOMIAL SYSTEMS VIA SCHWARZIAN DERIVATIVES

We study equation (0.1) and its corresponding generalized Lamé equa-
tion (0.5). The parameter ({A;}, B) is constrained so that the solutions to
(0.5) are all log-free. This is equivalent to that f := w;/wy is log-free for
one (and then any) choice of independent solutions w; and w».

Throughout the paper we use the notations that

wij == o(pi—p;) and = C(pi —p))
whenever i # j.

3.1. Recursive relation for logarithmic-free solutions. The connection be-
tween equations (0.1) and (0.5) is established via the Schwarzian derivative

ST 3N
of the developing map f. Indeed, let v = log f’, then

S(f) = v — %(U/)Z = Uzz — %”g

(3.1) N N
= —2( Y i+ Dplz—pi)+ ) Ail(z—pi) + B)/
i=1 i=1
for some constants A;, B € C and 17; = 3¢; € 3IN. (Since S(f) is defined on
T and meromorphic with double poles on S.) The periodic constraint gives

N
(3.2) Fo:=) A;=0.
i=1
The local expansion at p; reads as
G+l L

4

f(z) =cio+cig1(z —pi)
v(z) = log(€; 4+ 1)ci 11 + Cilog(z — pi) + Z dix(z — pi)k,
(3.3) k>1

g.
v'(z) = . _lp, + Y ex(z—p) eipr=(k+1)dipin.
i k>0
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We compare the coefficients in (3.1) in this expansion. The (z — p;) 2
terms match automatically since —/; — %612 = —%Ei(& +2) = —-21(n; +1).
For (z — p;) 1, we get

2A;
7

Eiew = 2Ai — o=

For (z — p;)?, i.e. constant terms,
€1— %2&61'/1 — %61-2,0 = -2 2(17](17] + 1)@,‘]‘ + Cl]A]) — 2B,
j#i
hence

A?
(3.4) (0i —1)eir = —2<£71 - B - ;(51’]‘1‘\;’ +1;(n; + 1)@']’))-
i j#i

If /; = 1, this leads to a quadratic equation:

(3.5) A? =B+Y A+ 30
j#
Otherwise (3.4) detrmines e; ;.
Let k > 1. In general for the (z — p;)¥ terms,

k
(B.6) (k+1—{i)ejj1—5 ) eiseif—t =—2 2(51(]@1‘\]‘ +n(n; + 1)@1(;())
=0 F

The right hand side is a linear polynomial —2Lj in A;’s, where hg() denotes
the k-th Taylor coefficient of (z) at z = p;. Notice that pl(lk )= 0fork<1
and gfl.") =0fork <2.

Lemma 3.1. All terms in the LHS and RHS are modular functions of weight k + 2
if we formally assign weight one to A;j and {, and weight two to B and .

Proof. This follows inductively from (3.6). ]

To simplify notations, we denote

~ A,

~ _ 1 o 1

s = 5¢is and A; = 7
1

Then é;p = A;, and (3.6) becomes

k
(3.7) (bi— (k+1))8ixs1=—) & Cix_t+ Ly
=0
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For example,

(6; —1)é;1 = —(A? — B — Ly),

) 2 L
(Ei —2)61',2 = f — 1A1(A12 —B—Lo) +L1,
i
2 2 - 2
—3)8i3 = ——— A?(A? — B —Lg) — A;
(i =383 = —g—5 g7 A4 —B—Lo) = g—5Aila
1 -
i

This leads to a polynomial equation
F = ciAf"H + (lower degree) = 0.

3.2. Projective completion and analysis at infinity. For the projective com-

pletion in PN*1 5 [Ag : Ay : --- : Ay : B], the solution at infinity Ag = 0
again leads to A; = 0 for all i and with B free. Thus there is only one such
point Q = [0: ---:0:1]. The Bézout degree is
N
bL = H(fl + 1)

i=1

If we assume that £ = Y /¢; is odd, then some ¢; must also be odd and
hence b; is even. We will show that Q is an isolated solution of the homog-
enized system with multiplicity by /2.

To proceed, we notice that for the extreme case that there is only one
singular source at p = p;, N = 1 and ¢ = ¢; = 2n + 1, we must have
A1 = 0 (the linear constraint) and hence F = F; reduces to the Brioschi—
Halphen polynomial p, (B) which has degree n +1 = (/1 + 1).

Now comes the key point: to study the highest order terms by assigning
order 1 to A;’s and order 2 to B, we may mod out the lower order terms
Ly’s in the recursive relation. For F;, only A; and B are left in the top order.

Example 3.2. For small values of ¢; € N, the dominant term g,,({A;}, B)
with order ¢; + 1 of the polynomial F; is given by

qo = A,
q1 = —(AZ B)’
92 (21!)2 A(A?-2°B),
(3.8) 75 = (3—!;2(142 — B)(A2—32B),
R,

as can be checked by brute force calculations.
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Lemma3.3. Let { € N, (> 2,0y = A, ({ —1)é; = —(A%/¢*> — B), and
(3.9) (0 — (k+1))eq = Zetek by, 1<k<i-1.

Then the critical case k = ¢ — 1 gives

(—1)!

-1
- Zétééflft - 2
=0 (£)

Our proof of this elementary looking lemma turns out to be technical and
is deferred to the next subsection. A purely combinatorial proof is highly
expected though we are unable to find one at this moment.

/
H g 2] Bl/Z)
j=0

Corollary 3.4. If ¢ = YN ¢; is odd, then Q is an isolated point at infinity. Hence
all the solutions ({A;}, B)'s are discrete points.

Proof. Consider the chart B # 0 and let x;, = A;/B fori = 0,...,N. The
dominant polynomials at Q are given by

(3.10)

This forces that x; ~ u;x, x}/? with ui = ¢; (mod 2). Then

N
le ZVZ 1/2 — Z£x1/2 _Exo/z % 0
i=1

since ¢ is odd. O

Theorem 3.5 (Algebraic degree counting formula). For ¢ = YN, ¢; being
odd, the log-free parameters ({A;}, B) consist of a discrete set whose cardinality,
counted with multiplicity, is half of the projective Bézout degree. Namely,

N
HLI%I?L % 1(5 —I—l)
i=

Proof. Since the projective Bézout degree is given by [T~ ; deg F; = [T, (¢; +
1), it remains to show that the isolated point Q has multiplicity given by
half of it.

To compute the multiplicity at Q in the case with ¢ = }_/; being odd,
without loss of generality we may assume that /5 = 21y + 1. The equation
fn = 0leads to x3, = p?x for some odd integer 1 < u < fy. There are
ny +1 = 3 (¢ + 1) such choices.



28 CHIN-LUNG WANG

For each choice, we substitute xo = (x;/u)? throughout equations f;(x) =

0, which is indeed a function in xj instead of in x(l)/ 2 fori=1,...,N—1to
get (up to a non-zero constant multiple)

b b — 2jj b
1 1
Qi(xi,xn) =[] <xi - 7XN> =: [ ] Lij. (xi, xn).
ji=0 I ji=0
It is clear that the intersection multiplicity at Q is given by the sum of
multiplicities of the intersection

N-1
N._, (Lij=0)
among all choices of linear factors L;; in Q; parametrized by the N — 1

vector j = (ji,...,jn-1). The linear intersection is necessarily transversal
since Q is isolated. Hence it contributes multiplicity 1.
Finally, the total number of choices is given by
N-1 N
%(£N+1)>< H(&—I—l):% (&'—Fl).
i=1 i=1

This proves the theorem. U

3.3. Proof of Lemma 3.3. There are two ideas involved in the proof. The
first is to go back to the non-linear ODE (3.1) coming from the Schwarzian
derivative which leads to the recursive relation (3.6). The key point is that
now we only focus on one singular point, called it z = 0, and we throw
away all lower order terms Ly’s. Thus by “defining” ¢; = 2¢; and

14
w(z)=-+ Y ez,
Z k>0

the recursive relation (3.9) “should” corresponds to the ODE

(e+2) A
'~ du? = =2 (422 )+Z+B).
The problem is that for any given ¢ € IN, e is defined only up to k <
¢ — 1 and knowing the finite Laurent polynomial w(z) does not gives g, in
a direct manner.

Now comes the second idea. In order to read out g, from w(z), we re-
place ¢ by a complex variable s € C and define ¢ (s) and é(s) = —e;(s)/2
by the extended universal recursive relation (the reason to introduce the ad-
ditional minus sign will be clear soon)

w

k
G1) ) = g LA, k=1,
=0

with initial conditions
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In such a manner we see that é;(s) has a simple pole at s = ¢ and by its very
definition —gq, is precisely the residue
qo = —ress_g és(s).

For example, we calculate

A

6 -1 A? <A2 )

A
and

A

€3

55 —6 s—2
O = a6 A T4 5 =B)

However, it is unclear what the general formula for é(s) should be.
As usual, we study its corresponding generating function

(3.12) @(z,5) EINAC
k>0
Then @ satisfies the following ODE in the z variable:

s(s+2) A
— + B.
472 + z +

This takes the form of a standard Riccati equation and it can be transformed
into a linear equation in

W+ =

z /
g(z,8) = exp/ ®, ie. ®=(logg) = “’;

Indeed,
I O
g & 8
hence we arrive at the following confluent hypergeometric equation (CHG):
2) A
(3.13) ¢"—Q(z)g=0, where Q(z):= (S4+2 ) to+ B.

The Whittaker standard form of CHG equation is (c.f. [17], Ch.XVI)
g (A1 kL Ly
w ( 472 z + 4) w=0.

The Kummer solutions M, 1, (z) around z = 0 are given by

Mk,m( — g 2%z27F

Lvm—k —n2m+1;1),

where the value of the Gauss hypergeometnc function at 1 is

[(c)T(c—a—b)
[(c—b)T(c—a)

F(a,b,c;1) =
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Now we sets = —(2m+1), A= —kand B = %. Then

T S G\ (e TR

n=0 n! r<_s + n)r( - %S)
Denote by g1 the power series part. Then
! © (—1)" T(—s)I'(k—1 1
oo 1 s 1§ TN s )
g 2 2 TaA& o T(sent (- ls)
To read out the residue of the z* coefficient é,(s), we only need to consider
those z/ terms in g; and g} with j < . Notice that

I'(—s) B 1
T(—s+j+1) (=s+j)(—s+j—1)---(—3)
is regular at s = ¢ unless j = ¢ which gives rise to a simple pole. Hence the
residue is given by
(D (D) T+ 56+ 1)
L 1l T'(k—30)

(3.14)

¢ ¢
12 H E 2j)) 1))2

j=0

4
[1(A—3(¢-2)).

j=0

INE

This is exactly the proposed formula for g, since now B = Also it is
clear that under scaling it is enough to prove Lemma 3.3 for any particular
non-zero value of B. Thus the proof is complete.

The statement that each solution ({A;}, B) indeed gives a type I solution
to equation (0.1) will be proved in Corollary 4.2 after we develop some
basic monodromy theory of equation (0.5).

3.4. The primitive case / = N. Now we consider the primitive case of
equation (0.1), namely ¢; = 1foralli =1,...,N,andso ¢/ = N

N
(3.15) Au+e" =4mw) 6, onT.
i=1
We first summarize the derivation of the precise polynomial system for
any ¢ € IN and add a few remarks on it.
When ¢ = 2n + 1, we have seen that d; = 2%". The case ¢/ = 2n will be
analyzed in more details in later sections.
Let f be the developing map of u and let v = log f’. Then as an elliptic
function

(3.16)

for some constants A;’s and B. (Now 7; = 5 Land 7;(; +1) = 3 for eachi.)
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Recall that {;; = {(pi — pj), 9ij = ©(pi — pj), and let p; = Y;2; 0ij.
The periodic constraint gives rise to

(3.17) A;=0.

4
=

The local expansions at p; read as (now n; = 0)

f(z) :Ci0+Ci2(Z_Pi)2+"' ,
0(z) = log f'(z) =log2ci +log(z — p;) + Y _ dij(z — pi)/,
(3.18) i>1
1 . .
V(z) = ——+ ) eiz—p),  eii=(+ Vi
z—pi 5

We compare the coefficients in (3.16) in this expansion. The (z — p;) 2
terms match automatically. For (z — p;) !, we get

€ip = ZAZ'.
For (z — p,-)o, i.e. constant terms,

€1 — %261'1 — %61-20 = —%gai — ZZA]Q] — 2B.

j#i
The e;; terms cancel out and we get ¢ quadratic equations
(3.19) Aiz = ZA]'@']' + B+ %@i-

j#i
Together with (3.17), there are ¢ 4 1 equations on ¢ + 1 variables
Al,Az, . .,Ag and B.

It is natural to ask when should this system lead to a finite number of

solutions? The projective completion in P‘*' > [Ag : --- : A, : B] has
equations
A7 =Y AoAlij+ AoB + 3 Ajpi.
J#i
The additional solutions at infinity hyperplane Ay = 0 leads to A? = 0 for
alli=1,...,¢ which givesone point Q = [0:---:0:1].

We de-homogenize the equations on the chart B # 0 with coordinates
x; = A;/B. The equations become f;j(x) =0,i =0,...,¢, where

¢
fo(x) := ; X;,

filx) :=x7 —x0 ) Gijxj — x0 — 39ixg  fori # 0.
j#i

(3.20)
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Question 3.6. It seems that a complete solution to the following simplest
non-linear algebra problem is not known.

Let fi(x) = Qi(x) + Li(x),i = 1,...,m be a system of equations in x =
(x1,...,%n) with Q; being quadratic and L; being linear. Let V(f) be the
zero loci of fi(x) = 0 for all i. When is x = 0 an isolated point of V(f)? If it
is isolated, what is the multiplicity of 0 € V(f)?

Here we are seeking for a precise answer to the very special system (3.20)
with many symmetries.

Remark 3.7. Let f, be the type I developing map of the unique solution u to
Au+e" =4mé, onT.

The function f, is essentially unique up to f, +— 1/f,. Then the product

ansatz
2n+1

+1
f=11/
i=1
satisfies the type I relation but fails the prescribed constraints on p;’s, namely

f(z) # cio+cia(z— pi)* +0(|z]*),

due to the effect caused by the other factors. It is still a developing map for a
solution to (3.15) with a different set of singular data p;’s where f’(p;) = 0.

The product ansatz thus induces the map {p;} — {p;}. It seems that
a further study on the associated dynamical system is an important step
towards a complete understanding of equation (0.1) for odd /.

4. MONODROMY FOR SPECIAL GENERALIZED LAME EQUATIONS

4.1. Basic monodromy theory. Recall the generalized Lamé equation (0.5)
on a torus E:

N N
(4.1) w” — ( ’7:‘(’7:‘4'1)@(2—1?1')+2AiC(Z—Pz‘)+B>w:0
i=1 i=1

with ) A; = 0. We are interested in the case that 77; € %]N. Let ¢; = 2n;.

At any p;, the indicial equation is given by A(A — 1) — (7, +1) = 0
and the exponents are A = —#; and A = 7; + 1. By our assumption, the
exponent difference 27; +1 € IN, hence in principal the solutions might
have logarithmic terms. If the solutions are all free from logarithm, then
the two fundamental solutions are of the form

h(z) = (z—p)"g1(z),  Ia(z) = (2= p)"" (),

where ¢1(z), §2(z) are holomorphic near z = p; and g1(p;) = g(p;) = 1.
Thus the local momodromy matrix, in this basis, is given by

(4.2) oy, = (—1)"D.
Clearly (4.2) then also holds in any other basis.
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Fix a point z9 € E\{p;} and consider the monodromy representation

P = 0(piyLap) - T(EN{p1,..., PN} 20) = GL(2,C)

of equation (4.1). Let S; = p(1y;) for the standard homology basis 1 and 5.
It follows from the homotopy relation that

N
S315718:81 =[] op = (-1)'D
i=1

where £ := YN, ¢; = Y!_, 21;. For { even this reduces to 515 = $,5;:
p:m(E) = Zy1 & Zy, — GL(2,C).
For ¢ odd, this reduces to the almost abelian constraint 515, = —5,51:
p:m(E) — GL(2,C)/{£1}.
A basic question in representation theory is to see if M, the image of p,
lies in the unitary subgroup. For mean field equations, we ask the simi-

lar question for the projective representation in PGL(2,C). Recall that the
Klein four-group is the non-cyclic group of order four: Ky = Z/2 x Z./2.

Proposition 4.1. If ¢ is odd then PM = Kj.

Proof. Let v be an eigenvector of S; with S1v = Avand A # 0. Then
51(520) = —52510 = —)\(52’0).

That is, —A # A is also an eigenvalue of S; with eigenvector S,v. In partic-
ular, with respect to the basis v; = v, v2 = S,v1, we have

A0 0 b
51:(0 —A)’ 52:(1 0)'

The latter one follows from the explicit matrix computation on 515, =
—8,51. Equivalently we may use S1(S,v2) = $1S50 = $5510 = ASv =
A(S2v2) to conclude that S,vp, = bv; for some b # 0.

Since S7 = A?L, and S = bl. It is clear that in PGL(2,C) they generate
the Klein four-group Kj. O

Corollary 4.2. For ¢ being odd, each log-free parameter ({ A;}, B) gives rise to a
type I solution to the mean field equation (0.1).

Proof. By Proposition 4.1, each log-free parameter ({A;}, B) leads to a gen-
eralized Lamé equation with PM = Ky, hence it leads to an unique type I
solution to the mean field equation.

We know little about the full monodromy group M. In case of one singu-
larity it was shown in [3] that M is a finite group with |[M| = 8. In the next
section, we will prove similar result on M for multiple singularities when
there are symmetries on p;’s. The following lemma is well-known:

Lemma 4.3. For an algebraic second order ODE w" = Iw, the monodromy group
M is finite if and only if its projective monodromy group PM is finite.
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Proof. Let wy, w; be a basis of independent solutions and f = w;/w,. Then

, | Wiwy —wiwy

=g Ty
where ¢ is a constant since (wjw, — wiw))’ = 0. If PM is finite, ie. f is
algebraic, then w, is also algebraic, and then w; = fw, is also algebraic.
Hence M is finite. The converse is trivial. O

Remark 4.4. For ¢ being even, the relation 515, = 5,51 implies that they are
simultaneously diagonalizable if one of them is diagonalizable. However,
it can happen that none of them is diagonalizable. For example, they can
be upper triangular matrices so that

(1 a\ (1 b\ (1 a+b\ _
5152_(0 1> <o 1>_<0 1 >_5251'

This indicates that the existence of type II solutions are more subtle.

Proposition 4.5. If ¢ is even, there will be no corresponding type I solution to the
mean field equation, though it is still possible that PM = Kj.

Proof. The matrices S; and S; of the developing map f are necessarily di-
agonalizable. If 515, = 5,51 then they are simultaneously diagonalizable,
hence cannot generate a type I relation. U

4.2. The full monodromy in the primitive symmetric case. In this subsec-
tion we assume that / = N = 2n + 1 and consider only the primitive case
(3.15). For any log-free parameter ({A;}, B), we associate to it the primitive
generalized Lamé equation

0 0
(4.3) w' — (%Zp(z—pi)+2Ai§(z—pi)+B)w:0.
i=1 i=1

The condition that all solutions are free from logarithm (at all points p;’s)
is equivalent to that one nontrivial quotient f = w;/w, has this property.
And this is equivalent to the polynomial system (3.17) and (3.19) for A;’s
and B.

We have seen that PM = K4 in Proposition 4.1 and we may choose f to
construct a type I solution to (3.15). It remains to determine M.

We will prove a monodromy theorem for equation (4.3), which is free
from logarithmic solutions, using the method of logarithmic-free deformations
to deform the equation to a symmetric one. Namely

o
dz2
which is still free from logarithmic solutions.

—H(z)w=0 with H(-z)= H(z),

Lemma 4.6. Let { = 2n + 1 with p;’s all distinct, p,+; = —pifori =1,...,n,
and pyn,41 = 0. Then there are 2" logarithmic free parameters ({A;}, B)’s with
Apyi=—Aifori=1,...,nand Ay,11 = 0. Thatis, H(—z) = H(z).
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Proof. Under the assumption A, ; = —A;, (3.17) becomes Ay, = 0 and
the system (3.19) reduces to a system of n quadratic equations in n + 1 vari-
ables Ay, ..., Ay, B, together with a linear equation:
n n
—2) Al(pi) + B+ 3} o(pi) = A,y = 0.
i=1 i=1
The reduced system has no infinity solutions. Hence the number of solu-
tions counted with multiplicities coincide with its Bézout degree 2". O

Remark 4.7. For symmetric singular source divisor L, there are log-free pa-
rameters ({A;}, B)’s which do not satisfy A,,; = —A; in any reordering.

Theorem 4.8. Let { = 2n + 1. There are 2" out of the 22" log-free values of
({A;}, B), constructed from the system (3.17) and (3.19), such that the 2" type I
solutions to the mean field equation (3.15) are deformed from the symmetric (even)
type I solutions with respect to symmetric singular source L =Y p;.

For these 2" cases, the full monodromy group M is finite with |M| = 23,

Proof. Consider the projective monodromy representations

p =p{pi}, {Ai}, B) : m(E\{p1,. -, pani1}) — PGL(2,C)
of equation (4.3). The first simple observation is that each local projective
monodromy around p; is trivial. Indeed, by (4.2), this holds at any dou-
ble pole p with coefficient 7(y + 1), € %Z since we assume logarithmic
freeness. Thus the representation descents to

p=p({pi}, {Ai}, B) : m(T) — PGL(2,C).
By the continuous dependence of ODE in its parameters, we see that p is

continuous in p;’s as long as p; # p; for all i # j, and with the logarithmic-
freeness being preserved.

Lemma 4.9. Denote 711(T) = (a,b) = Z2. If thereis a ({p;}, {Ai}, B) so that
Imp = Ky, namely p(a)?> = p(b)?> = I, with both p(a) and p(b) non-trivial,
then this holds true for any of its logarithmic free deformations as described above.
Namely, the Klein four-group representation in PGL(2, C) is rigid.

Proof. This follows from a straightforward matrix calculation.
Let A = p(a) and B = p(b) in PSL(2,C). We may assume that

5. o)
Then AB = uBA, u € C* implies that
ap + br = pap
aq +bs = ubp + pa 'q
1

a 'r = uar

a~ s = ubr + pa~ls.
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Case (i) Ifr =0theny=1,s=p L,andb(p—p~ ') =q(a—al).

()-1: Ifa # a~',ie. a # 1, then A can actually be diagonalized and
b = 0, hence g = 0. By symmetry the case with p # p~! is handled similarly
and we are left with the case:

(i)-2: a = £1 and p = %1, b and g are arbitrary.

Case (ii) If 7 # O then u = a2,

(ii)-1: Again if a # a~! then we may assume that b = 0. Then ap = pap
implies that p = 0. Hence a* = 1 and then a = +i. The last equation forces
s=0andsor = —q_l. If we rescale the bases ¢1, e, to geq, 2, then

(1 0 01
a-si(h 0 m=(0 1),

This gives K4 C PGL(2,C).

(ii)-2: If on the other hand 2 = +1 and so 4 = 1, we may assume a = 1
and then b = 0. Thus A = I, and B is arbitrary.

Notice that under such classifications, the cases (i)-1, (i)-2 and (ii)-2 are all
contained in the upper triangular cone and the case (ii)-1 is the K, represen-
tation of Z? which appears to be an isolated point and can not be deformed
to the other cases. The proof is complete. U

By lemma 4.6, as far as the monodromy group is concerned, we may as-
sume that we are in the symmetric situation centtered at the origin: p,;; =
—piforl <i <mand p; = pan+1 = 0. We will investigate the monodromy
groups in more details by descending the equation to P! & S? under the
double covering ¢ : T — P. The argument proceeds as in [2] on Lamé
equation with only one singular point z = 0.

Let E be given by the Weierstrass equation under (x,y) = (p(z), 9'(z)):

3
y> = p(x) =42° — gox — g3 = 4H(x —e;).

i=1
We write H(z) = h(x) with  being meromorphic (rational) on IP'. Then

o _dwix_do ,
iz dxdz  dxP \F
Pw  dw , dw
PRl G

where D = d/dx. Thus the equation descends to
(4.4) p(x)D*w+ ip'(x)Dw — h(x)w =0 onP!,

or equivalently,

0" (z) = p(x)D*w + 3p' (x) Dw,

3
23X 4T (x —e)

By assumption and by (4.2), all poles of h(x) contribute only local mon-
odromy —1I, and in particular trivial projective monodromy (unless the

w=0.
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pole is e; for some i which is excluded in our case). Hence all projec-
tive monodromy are generated by the local momodromy matrices at x =
e1,e2,e3 and x = oo. Denote them by o1, 03, 03, and 0., respectively. We
have 0102030 = I € PGL(2,C).

Since h(x) has no poles at ¢;’s, the indicial equation at x = ¢; is then

AA=T1)+ A =A(A—]).
This shows that ¢; has eigenvalues 1, —1. It is a reflection and 0'12 = I.

Remark 4.10. The above geometric construction (double cover descent) cor-
responds to the algebraic decomposition p(a) = 105! and p(b) = g0t

The abelian relation ab = ba leads to 01020 = 0x0207.
Atx =00 = p(py), using t = 1/x we get the indicial equation
A= JA = gu(p+1) = (A+ 3)(A = (1 +1)),

where H(z) = (7 +1)/z*+ - --. For 5 = ny + 3, the eigenvalues are both
—i for ny even (e.g. ny = 0 in the current case), and they are both i for n,
odd. In any case, 0« is a scalar multiplication of order 4 and 0, = I in
PGL(2,C).

Thus o105 = 020q. Alternatively, c10203 = I, = 0102 = 03. And then
03 = 03 T — oy 1(71’ T — 0201. In particular, 0100 = 0207. Hence PM =
Zy x Zy = Ky is the abelian group generated by ¢; and 0, as expected.

It also follows that |[M| = 16 x 2" on P! and |[M| = 8 x 2" on E. O

Remark 4.11. (1) Whenever 7 € 1IN, the local projective monodromy at
z = 0 is trivial. By the uniqueness theorem for ODE, we see that the
solution quotient f = w; /w; is symmetric under z — —z.

(2) If » = ny € N instead, then the eigenvalues are 1, —1 for ny even,
and —1, 1 for ny odd. In any case 0« is a reflection and 02 = D.

(3) If ¢; is a pole of h(x) of order 2 with coefficient #;(1; + 1), then the
situation is analogous to the case x = oo since abstractly they are
just the branch points of p : E — PL. If ; = n; + 3, we get 0; = b.
If ; = n;, then as in the previous remark o is still a reflection. Thus,
in order to get PM = K4, we should not allow any p; to be deformed
to 3 A if we keep p; # pj foralli # j.

5. TOWARDS GENERALIZED LAME CURVES

The structure of the primitive mean field equation (3.15) depends on the
parity of £ € IN in a crucial manner. Hence we separate the discussions into
two subsections according to the parity of /.

5.1. Algebraic degree for / being odd. Recall the following special case of
Theorem 3.5 in the primitive case.

Theorem 5.1. For primitive singular source L with { := deg L = 2n + 1 being
odd, the point Q is an isolated zero of (3.20) with multiplicity 2!~ = 22",
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Below we will give a more transparent proof of it to motivate our later
discussion on the case ¢ = 2n. We first give its corollary:

Corollary 5.2. If { = 2n + 1 is odd then the number of solutions ({A;}, B)
counted with multiplicities is finite and equals 2°~1 = 22",

Proof of Corollary. The Bézout number of the projective system is 2‘. Hence
the actual algebraic degree, namely the number of solutions of the original
affine system counted with multiplicities, is given by

2f - 2[*1 — 2(71.

Notice that the affine solutions must form a discrete set. Indeed, if there
is a positive dimensional locus Z of solutions in the affine piece C‘*1, it
will intersect the infinity hyperplane nontrivially, namely Q € Z. But this
contradicts to the fact that Q is an isolated zero. O

The idea of the proof to the theorem is to use implicit function argument:
since the point Q has coordinates x = 0, we first eliminate x;, from the
system by x; = —(x1 + - - - + x4_1), and then substitute xq by higher order
terms using f;(x) = 0:

xo=(x14 - +x-1)* —x0 Zéljxj - %Wlxg-
j#l
If the resulting equations ﬁ-(xl,- < ,xp—1) =0fori=1,...,0—1givein-
dependent equations, i.e. Q is isolated, the multiplicity at Q can then be
calculated in the complete local ring at x = 0 as

dim C[xy,...,x1]/(x3,...,x2 ) =21

since the representatives of the quotient ring are ]_[f;ll x,mp =0,1.
More precisely, consider a neighborhood of Q so that |x;| < € << 1 for
alli=0,...,0.If fi(x) =0fori=1,...,¢and xg # 0, then

1/2
(5.1) X; = xé/2(1+2€inj+%piX0> = xcl)/z(l—i-O(E)).
j#i
But then the odd-numbered sum fy(x) = Y2 x; is close to a non-zero

integer multiple of xé/ 2 and is not zero. Thus Q isisolated.

We shall however analyze the local structure at Q more carefully so that
it can also be applied to the case when ¢ = 2n is even.

Proof of Theorem 5.1. We use the convention {;; = 0. Then f;(x) = 0 gives

(5.2) Xp = X% — Xp Zéljxj - %mx%-
After substitution by this expression into fj(x) =0fori=1,...,{—1,
(5.3) fi=x7—xj—x0 Y _(Zij — 0ij)xj — 3(pi — 01)x5.

By iteration, the terms in (5.3) with xo becomes of order three or more. More-
over the terms stabilized in finite powers only if it contain x2* for some
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k > 1. At the beginning, f; is not a Morse function since its quadratic part
contains only two directions x; and x,. But in the above limit (or comple-
tion), we get f; = x? — x? + x2g;(x). In particular its behavior is controlled
by the degenerate quadric

Qi = xz x%:(xrl—xg)(xi—w) =: L1+Lz_’ i:1,...,€—1,

1
with the global constraint L, := xq +--- 4+ xp, = 0.
The intersections at Q is linearized to the union of 2/~ intersections of ¢
hyperplanes
Ly =0Ly=0,---,L7 , =0,L,=0.

For each fixed choice of the set of ¢ hyperplanes, it is clear that x; = Fx,
and hence x; = 0 for all i when ¢ is odd. The intersection is transversal
since otherwise there will be non-trivial kernels. The proof is completed by
noting the additive property of intersection numbers. 4

5.2. Integrability for ¢ being even. If { = 2n is even, the system admits
non-trivial kernels (non-transversal) if and only if there are precisely n — 1
equations L; ’s which are selected (so x; = x). Moreover the kernel is one-
dimensional given by (after reordering)

X1 =" =Xp = —Xpy1 = " = —Xon,

ie., thelinet(1,---,1,—-1,---,-1),t € C.

This implies that the solutions variety V = {(Aj1,..., Ay, B)} is at most
a union of curves, all intersecting the infinity hyperplane at Q, and a finite
number of points.

There are special cases (primitive symmetric cases) where it is easy to
conclude that V contains curve components.

Example 5.3 (Center o of p;’s). Let £ = 2n be even.
Forn =1, we get A, = — A and the two quadratic equations for A1 and
Ay coincide since @1y = go1. Itis

A = (1AL + B+ 3pmn.

More generally, for n € IN, if there is a center o € T such that {p; — o} =
{=(pi — 0)}, or after reordering

Pnii—0=—(pi—o0) for i=1,...,n,

(such a center 0 always exists for n = 1) then there are special symmetric
solutions with A, ; = —A;fori=1,...,n.

Indeed, equation (3.17) is satisfied trivially, and the system (3.19) reduces
to a system of n quadratic equations on n + 1 variables Ay,..., A, and B.
This defines a curve V,, C C" which is compactified to V,, C P" by adding
the point Q at infinity.

Nevertheless, the curve components in V might exist in the general non-
symmetric cases. This requires a detailed study on the system in (3.20).
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Let C be the curve in C***! defined by the 2n quadratic equations in
(3.20) and H be the hyperplane defined by the linear equation Y2, x; = 0
which will be called the global constraint. To see if there are curve compo-
nents in V we need to analyze whether the kernel lines integrate to analytic
curves near Q. Equivalently we ask if there are irreducible components of
C which lie in H completely. In doing so, by (5.1), we take a branch of
x(l)/ 2 as the parameter ¢, and try to solve a curve germ of C near Q by (after
another reordering by alternating signs for convenience):

(5.4) () = (-1 Y apt*,  apn=1 i=1,...2n
k=1

subject to the global constraints in all degrees

2n .
(5.5) Y (=1)'ajx =0 forallk € N.
i=1

Now (3.20) reads as, fori =1, ...,2n,
0o r 2 2n ) ‘
(5.6) (L st) =2 0i(—1) L apt + 2+ S,

which leads to a recursive relation that uniquely determines 4, , inductively
in k and for all i, hence it determines the germ (x;(t)).

The process works for any of the 22 /2 = 22"~ curve germ of C near Q.
But there are only C2" /2 choices of such germs (x;(t)) starting at (x;(0)) =
Q = 0" € C?>"*! whose tangent lines at Q lie in H. So the problem is on
the global constraints (5.5) for k > 2.

To simplify the appearance of various signs, we define

(5.7) Li= -1z, li= Zéijf
j

where we always set the meaningless terms to be zero: {;; = 0 = g;;.
The #? terms correspond trivially as both are just 2. The > terms give

(5.8) 200 =Y (1) ;i1 = {i.

]

Then 2y (—1)'a;, = ¥(—1)"7;; = 0 by the skew-symmetry of J;;.
The t* terms give 2a;3 + alz,z =) éi]-a]-,z + %@i, i.e.

(5.9) ais =1y Cilik — 387 + 3 0i-
i
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Then we require that
Y (—1)a;s
i
(5.10) = 12 (DG — 5 Y (—1)'Ciu +

i,j,k 1]k
- %(2(—1)1@ ~L(-1E) =0,
where we have used Z(—l)i+j+k§ij§jk = — z(-1)i+i+kgijgik.
Example 5.4. For { = 4 (n = 2), equation (5.10) says that
2(p2a — p13) = —(L12 — 13 + 1a)* + (=01 — Qo3 + {oa)?
— (=031 + G2+ C3a)* + (= a1 + Qa2 — Tu3)*

Q0| W

L

(5.11)

The latter is factorized into
(—2021 — 023+ Coa — C13 + C1a) (— Qo3 + Coa + C13 — C1a)

+ (—Ca1 + Cap — 2043 — {31 + 032) (—Ca1 + Qa2 + 331 — 32)
= (=201 + 2004 — 2013 + 2043) (C13 + Q24 — C1a — (23)
=2(Coa — C13+ C12 — C34)(Coa + C13 — C1a — (23).

Hence we require that

(5.12) 024 — 913 = (24 — C13 + C12 — (34) (Coa + C13 — (14 — 23).

It turn out that (5.12) is an identity. This can be seen by viewing both
sides as elliptic functions in z := p;. A Laurent/Taylor expansion shows
that the principal parts (including the constant terms) of the common pole
at z = a4 coincide. (Here we need the fact that ({(a) + Z(b) + {(c))? =
p(a) + p(b) + p(c) if a+ b+ c = 0.) The extra poles at z = p; and z = p3
are cancelled out by the corresponding vanishing of the other factor.

The compactified curve C C P?"*! has degree 2* = 16. It has 2¢/2 = 8
tangent lines at Q. Among them, there are C3/2 = 3 lines which lie in H
completely. By the identity (5.12), each of the corresponding curve germs
has intersection multiplicity with H at Q at least 4.

We conclude that some component of C lies in H. This follows from the
fact that the total intersection multiplicity of C at Q is at least

(8—3)x14+3x4=5+12=17 > 16 = degC.

We remark that a straightforward, though notationally more involved,
extension of the argument in Example 5.4 shows that (5.10) holds:

Lemma 5.5. The following elliptic function identity holds unconditionally:
613 L(-Vei=2( ¥ ei- ¥ o5) = L(-1E
i i<j,even i<j,odd i

Hence the multiplicity of (x;(t)) at Q along each of the C2" choices of tangent
directions is at least 4.
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However this is not enough to conclude that V contains non-trivial curve
components Vy C C for any n > 3. Indeed, the conclusion will follow if
(322" = 1CA) + 3G x 4 > 22,
That is, if 3C2" > 22", This fails for n > 3 by a direct check.
For general 2k terms with k > 3, we have the recursive formula

k
1y 7 1
(5.14) Qi1 = 5 Y Cijlik — 3 Y A pliki2—p-
j p=2
So the global constraint is

. k
0=) (=1)ais = %Z( gl]a]k 2 Z ) (- ﬂi,pai,k+z_p-
ij p=2 1

i
For k = 3 both summands in the RHS are equal since by (5.8)

- Z(_1>iai,2ai,3 = 73 Z gl]al:)) ) Z g]lal3

i

Hence the equation 0 = Y(—1)ia;4 = ¥ (=1) Q]-ajg becomes
0= % Z (_l)iéijgjkgkm -3 Z €11€2 3 2 Q]pl

i,j,k,m
The first term equals %Ei,jlk,m(—l)l+]+k+m§ij§ kCkm Which vanishes by re-
versing the indices (i, j, k,m) — (m,k, j,i). Hence the constraint becomes
(5.15) Y (-1 = 3= D'digr

i

Similarly, for k > 4, the global constraint can be written as

Z(_l)i‘li,k+l = 2( Cz]a]k Z Z ﬂi,pai,k+2—p =0.
i i,j =3 i

Question 5.6. What are the precise conditions on p;’s in solving these com-
patibilities equations Y (—1)a;x = 0 for all k? Is equation (5.15) (for #°) an
elliptic function identity?

We conclude this section by stating a conjecture on the variety V even
for the non-primitive case:

Conjecture 5.7. Forany L = YN, £;p; with ¢ = deg L being even. The log-free
variety V consists of a finite number of curves and points. Moreover, there are
always non-trivial curve component Vo C V.

With the existence of the curve component V), we may then defined the
generalized Lamé curve to be the branched double cover Y — V, which
parametrizes the log-free solutions of the generalized Lamé equation (4.1).
The next question is then to seek for possible extensions of the theory of
pre-modular forms as in the N = 1 case.
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APPENDIX A. A REMARK ON THE CLASSICAL APPROACH TO Z,

A “two stpes” approach to the determination of Z; and Z3 based on the
addition law (A.1) and a classical cubic identity (A.3) of elliptic functions
was developed in [7]. One might hope that a more sophisticated appli-
cation of the Frobenius-Stickelberger type identities (e.g. [17, p.458]) may
lead to a construction of Z, for n > 4. The purpose of this appendix is to
show that this classical approach fails for all n > 4 (see Proposition A.4).

A.1. Explicit constructions for n = 2,3. We describe the first two cases
n = 2,3 in this subsection using a “two steps” procedure.

Example A.1 (n = 2). For z = z,(ay,a,), we have on Xj:
Wa(z) = 2% — 3p(a; + az)z — ¢/ (a1 + a2) = 0.
This is essentially equivalent to the addition law:
(A1) Z’ = p(a1 + a2) + p(a1) + p(az).
In particular, the weight 3 pre-modular form is
Z5(0;7) = Wa(Z) = Z°(0) = 3p(0) Z(0) — ' (0).
We start by applying the symmetrized operator § := 3(9,, + 94,) to z :=
C(0) — ¢(a1) — ¢(az) sucessively to get
0z = 3(p(a1) + p(az)) — p(0),
8z = 1(¢'(m1) + ' (a2)) — ¢/ (0).
We rewrite (A.1) in the following admissible form:
(A2) 22 = A(0z) = 3p(0) + 20z.
Then 226z = 3¢/ (0) + 26%z = ¢/ (0) + 3 (¢’ (a1) + ¢’ (a2) ). Hence
2’ = 3p(0)z + 2262 = 3p(0)z + ¢/ (0) + 3(¢' (1) + ¢’ (22)).
On X this reduces to W»(z) = 0. We emphasize that only (A.2) is used.
Example A.2 (n = 3). For z = z3(a), we have on X3:
Ws(z) = z° — 15pz* — 200'2> + (¥ g2 — 459%)2* — 129 pz — 20> = 0.

Here p and ¢’ are evaluated at o = Y3, a;.
Hence, Z3(0; T) = W3(Z) is of weight 6.

The derivation of W3(z) is more involved. It consists of two steps. The
tirst step is the following classical identity. We supply a detailed proof of
it since a variant of the proof will be used for our later discussions on the
general cases n > 4.

Lemma A.3 (c.f. [17, p.459]). Forz = (o) — Y_, {(a;) witho = Y2_, a;,
(A3) 2> =3(p(0) + ) po(a)z+ (¢'(0) = Y0/ (a))-



44 CHIN-LUNG WANG

Proof. We will prove it by viewing both sides as functions of s = a3 and
by comparing the principal parts on both sides. In doing so we emphasize
that the case n = 2 is used in an essential way.

For a better presentation on signs we work on f = —z3. Let 0, = a1 +
ay and f, = —zp = {(a1) + {(a2) — {(02). In the following, all elliptic
functions are evaluated at s = o if not written explicitly. Then

£f=10(a)+2(b)+2(s) —L(on+s) = ,+fz+ps+ Lo's?+0(s%),

by noting {(s) = 1/s + O(s?).
We want to compare

1 3f, 3f+3
P22 90F0 604 30+ Os)
s3  s2 s

with (all summations are fori = 1,2)
3( L (@) +p(s) + p(02+5) )+ (L9 () + 9'(5) = /(02 +9))
( (Y p(a) + o) +ps>(%+f2+ps+%p/sz>

-2
+5 + (e (@) — ) +0(s)
1 3£, 3 a;) +p)+3
130, (X p(ai) + ) +3p
s s s
+3()_p(a) +p)fa+ 30 + () ¢ (a:) — ') +O(s).
Now the case for n = 2 in (A.1) says that f2 =) p(ai) + . Thus the s~!
terms match and the equality for the constant terms is equivalent to

(A4) £=3pf— (¢ + 3} ¢ (@)
By symmetric differentiation, the n = 2 case implies also
(A.5) o' + 1Y 0 (a;) = 6(f3) = 260F, = 2f2(p — 1Y p(a

Thus the right hand side of (A.4) equals

f2(p +)_p(ai)) = £5,

which is precisely the left hand side.

This identifies the principal parts at the pole s = 0. For the other pole
s = —(a; + a2) the comparison follows from the case s = 0 under the
symmetry s — — (a3 + ap) — s. This proves the lemma. O

The important thing we learn from the above proof is in the last step: The
formula (A.5) is a non-monic polynomial relation for f, which has lower
degree than the monic one (whose minimal degree is 2). Though (A.5) is
merely a symmetric analogue of the addition law for (:

Cay) — L8 @) =@

z) = {(a +az) — {(a) — 2 p(ar) — plaz) ’
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it allows us to deduce higher monic polynomial relations like (A.4).
In the same way, by applying 6 := } Y2 1 9y, to (A.3), we may compute
6z% = 3226z in both ways to get a non-monic degree 2 relation

—3Y ot =—(¢ -3 oz — 1" -1 0+ (p+ Y 0o —3) 00

Here p; := @(a;) and the sum is from 1 to 3.
By multiplying z to (A.3) and replace z? terms which involve Y p; by the
above relation, we get a degree 4 monic relation

zt = 1202" + (109 —2) ez +3(p" =3 Y 0f) — 9o+ Y 0i)(p — 5 Y 0i)

It is unclear if we may proceed in this way to eventually get an expression
involving ¢ only. Our second step towards the proof of Example A.2 is a
more systematic usage of the symmetrized derivatives.

Proof of Example A.2. Before we apply 6 := 1 Y2 ; 9,, to (A.3) successively,
we need to first have a good sense about the expression "z for r € IN. We
compute

=3 2 p(ai)
=53¢ (a)
Z—ZZp(az gz— o' (o),
S'z= %Y pla)p'(a) — " (0).
The key observation is that, 2z and 6%z are good terms (which depend on
o only) allowed in our calculations, while 4z and 53z are terms not allowed

in our final formula which need to be replaced by known terms.
Now, in terms of 6"z in (A.6), we rewrite (A.3) as

(A.6)

(A7) 28 = A3(6%z) := 12pz + 920z — 8¢ — 96%z.

Here, and in the following, all g and its derivatives are evaluated at . This
implies that z4z is indeed a sum of good terms.

By applying J to (A.7) we get
(A.8) 3220z = 129z + 1206z + 9(6z)? + 926°z — 8p" — 95°z.
By multiplying z% to (A.8), it follows that z%53
By applying J to (A.8) we get

z is a sum of good terms.

62(02)% + 32°6°z = 129"z + 24¢'5z + 12p6°z

A9
(4.9) +27626%z + 928°z — 8" — 95*z.

By multiplying z to (A.9) we find that all the terms appeared are now good
terms. Hence it give rise to the polynomial W3(z) by explicit substitution.
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In fact in this last step we have 6’z = —p’ and 6*z = —p"” on the curve
X3. Thus we have

920z = z° — 12pz — ¢,
92228%z = —22° + 24p2* + 28023 — 72922 + 1209z + .
Then we get W3(z) by a straightforward manipulation with (A.9). U

A.2. Aremark onn > 4. A closer look at the proof of Example A.2 shows
that the overall important equation to start with is not the classical polyno-
mial identity (A.3) in z. Instead, the polynomial equation (A.7) on z and éz
with admissible coefficients (depending only on ¢) is what we really need for
the proof. (For simplicity we use the notation A(6*z) for it.)

To the authors” knowledge, historically a reasonably clean polynomial
identity of degree n with symmetric coefficients in ;s like (A.1) and (A.3)
was unknown for n > 4. For n = 4, naive generalization of the proof
of Lemma A.3 to get a degree 4 polynomial fails immediately. Thus we
try to get an admissible equation in z and 6'z’s instead. (These two type of
expressions are equivalent by (A.10) below.) As a result, we will be able to
prove that the degree 4 polynomial indeed does not exist.

Notice that while z = {(}_a;) — Y {(a;) is symmetric in the last variable
s =a,unders— —0, = —0,_1—35,

1
oz =Y (@) — p(on)

breaks such a symmetry. It thus distinguishes the two poles s = 0 and

s = —0,—1 which is a key property we shall use.
As usual, we have wt(p()) = j +2, wt(z) = 1 and wt(dz) = 2. Since
r 1 n r r
(A.10) 5tz = e Yo o (@) — o (ow),

wesee that Y o) (a;) = (62 + () (0;,)) is admissible of weight r +2
for all ¥ > 0. By the elementary properties of p function, this is equivalent
to that )" ¢/ (a;) (of weight 2j) and }_ ¢/ (a;) ' (a;) (of weight 2j + 1), j > 0,
are all admissible. (We notice that admissible terms of odd weights are good
terms when we restrict to X;,.) As before, we denote by o (without variable)
the admissible term p(03,), and similarly for other elliptic functions.
We have already shown in (A.2) and (A.7) that

Z% = 25222 + 3@(0’2),

Zg = 97230323 — 95%23 +12p(03)z3 — 8@’(0’3).
However, a naive generalization of this is not true for n > 4:

Proposition A.4. For all n € IN>4, there is no admissible polynomial equation
z"' = A,(0"z).

Here A, is homogeneous of weight n with coefficients in Q[p(f)] j=0,...,n—2-
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Proof. Letn > 2,z = z4,, 0 = 0y, § = 0y, and s = a,1. We omit the
argument in a function if it is evaluated at ¢. Near the pole s = 0,

Zny1 =2 —{(s) + (0 +5) = (o)
1
sz ps= o = (b~ )+

Since 9,11 = niﬂé + %Has, we have fork > 1

5§+1zn+1 (n+1) (§kz + p(k 1)) + v 11)kg3(k—1)(s> _ p(k—l)(a+ 5)

(-t 1 k k1) , (k=1)!
(n+1)k gk+1 + ((n+1) 0'z + ((n+1) 1) p( ) + (n_H)ka—l)

k+j—1 (k+j—1)! '
Z]>1 (].p( - (n+]1) Bt Chetj 1)]

where p(z) = z72 + Y2 cjz ,C) = @gz, cy = @gg,, and ¢y; 1 = 0 for all i.
Notice that the principal part has only one term.
Now let n = 3, and we will prove the case for n + 1 = 4. We have

1 2
= ———Z+(z +29) + (9 —2p2z)s

+(p* — 'z + 39" — %g2)s* + O(s%),

52

dyzs = 15+ (302 1p) — ¢'s = (39" — g2)s® + O(s"),
1
0324 = _%;3 +(£0%2— L) — (9" — 15582)5 + O(s?)
1
03zy = %;4 + (52— " + 582) + O(s).
Hence (we still denote 4 by J for simplicity)
1 z 1 1
23024 = 4—54—@4—(%&4—%%—1—%@) — (3’ + Z(Sz)s
+ 32702 + %Wz — 1972+ 50"z — (50" + 19" — 21582) +O(s),
1 z 1
52 = = 1 2(52 _
ZOZA= g a T g3 T 852 + (¢ Z)s

4
+ 15208°2 — 9"z + (30" — 13582) +O(s),

1 3z—p ¢
(624)% = it g o (302 10)" = (30" — 15582) + O(s).

We would like to represent

A 1 4z 627 +4p 42 +12p2 -2y
4S8 52 s
+2zt +12p2° + 6(p” — p'z) + (30" — 1582) +O(s).
by A4(6*z), whose general form is

125074 + b230%24 + c8°24 + d(024)% + ep 25 + fpdzs + g9'z4 + (hp" +ig2).
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The equations for s, 572,572 in zi = A4(0*z) read as
1=gia+gb+5c+&d (forl/s%),
4 = %a + %b (for z/s3),
6=1a (forz?/s?),
0= %a + %d (for 6z/5?),
4 = }La%— %b— %d+e+ %f (for /s?).

The middle 3 equations give a = 24, b = —64, d = —48. The first equation
then gives ¢ = 64, an the last equation reduces to

e+3f=0.
The equation for s ! then reads as —4z> — 12pz +2p’ = (—18¢p’ — 3624z) +
(—32¢' +366%z) + 249’ — 2epz — gg'. By collecting terms we get
2’ =926z — 95°z + (e — 3)pz + (7 + 19)¢.

Now we plug in the result for z°. By comparing with (A.7) we get e = 30,
g = —60. Hence f = —120.
The final equation for the constant term is given by

z' +12p2% + 6(p* — p'z) + (30" — {5%2)
=24(32%0z+ 3péz— Lp2* + 7o'z — (S0 + 10 — 75582))
— 64(19—62522 — %p’z + (%gg” — ﬁgz))
+64(50°z — 0" + gipg2)
—48((302 — 10)* — (10" — 15082))
+30p(2% + 2¢p) — 120p(36z — 1) — 609 z + hp" + ig,.
By collecting terms we get
2t = 182%0z — 3626°z + 278°z — 27(5z)?
+12¢p2z* — 3690z + 169’z + 750% + (h — 101)p” + (i + 1) g
From (A.7), by symmetric differentiation we compute

(A.12) 32%0z = 9(6z)? + 926%z — 98°z + 12¢p'z + 12z — 8.

(A.11)

Multiplying (A.7) by z and substituting 720z by (A.12), we get
2t = 92262 — 926%z + 12p7* — 8¢z
= 1826%z — 278%z + 27(62)* + 12pz* + 3600z + 28¢p'z — 240"
On the other hand, by substituting z%6z in (A.11) by (A.12), we get
2t = 1826%z — 276%2 + 27(62)% + 12pz* 4 3600z + 88¢'z
+ 7507 + (h — 149) 0" + (i + 1) go.

(A.13)

(A.14)
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Comparing (A.13) and (A.14) we must have
60 (0)z = —999?(0) — (h — 149)p" () — (i + 1) g2

The function z = { (a1 +a +a3) — {(a1) — {(a2) — {(a3), viewed as a func-
tionin t = a3, has a pole at t = 0. But the right hand side is clearly regular
at t = 0. Hence a contradiction.

This shows that for n = 4 no monic admissible polynomial equations
of degree n for z, may exist. The proof shows also that if A,(6*z) exists
for some n € IN, then A,_1(6*z) must also exist by looking at the residue
term in the Laurent expansion of z!! = A,(6*z,). By induction this implies
A, (6*z) does not exists for all n > 4. O

Thus in order to make Theorem 2.9 effective we have to construct the
degree 1n(n + 1) polynomial W, (z) directly without the intermediate step.
This issue is now resolved in [11] based on the method of resultant.

We conclude the appendix by

Remark A.5. The branched cover X,, — E is in general not a Galois cover.
Namely, W, (z) does not split into product of linear factors in K(Xj,).
Indeed, for n = 2 we may factorize W,(z) by division to get

Wa(z) = (z — 22) (2% + z2z + (25 — 3p(0))).

Thus the other two roots of W, (z) are given by

Wi = %( 2+ \/3(40(0) ).

We will show that w. are not single valued on X, for general tori.

The rational function h(a) := 4p(o(a)) — z3(a) has poles of total order
six by [11, Theorem 3.13]. By [11, Example 3.11], if g» # 0, they consists
of 3 poles with each of order 2, and for g, = 0, 0% € X, is of order 2 and
(g,—q) € Xz with p(+g) = 0is of order 4. In order for w.. being single
valued, the zeros of 1 must also be of even order.

If h(a) = 0 but p(c(a)) # 0 for some a € X, then it is easy to see
that there must be some zeros of 1 with odd order. Thus we only need to
consider the case that all zeros of h are also zeros of p(c(a)). Since

h(a) = 3p(a1 + a2) — (p(a1) + p(a2)),

we have p(a1) + p(a2) = 0 too. The addition theorem then implies that
©'(a1) = ¢'(az). But the equation for X; is given by ¢'(a1) + ©'(a2) = 0,
hence ©'(a1) = 0 = p/(ap). Thatis, a; = %wi, ay = %w]- and a1 +ap = %wk
is the third half period. Then we get the non-trivial equation ¢, = 0. Thus
for general E = E, W(z) does not split into product of linear factors.
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