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FUNCTIONS ON FLAT TORI

CHANG-SHOU LIN AND CHIN-LUNG WANG

ABSTRACT. This is a sequel to [8, 2] to study the geometry of flat tori. In
[8], we showed that the solvability of the mean field equation (MFE)

Au+e' =pd

on a flat torus E; with p = 87 is equivalent to the existence of extra pair
of critical points p of the Green function G. And such a pair, if exists, is
unique. It was also announced there that G actually attains its minimum
at £p. Here our first main result is to confirm this statement by way of the
variational form of the MFE. It implies that the solution u is a minimizer
of the corresponding non-linear functional Jg, () (c.f. (1.1)), hence settles
the existence problem of minimizers posed in [12].

We also prove the uniqueness of solution to the MFE when 0 < p < 87
and get the exact counting result of the number of solutions in terms of
the number of critical points of G when p is close to 87t. This allows us to
analyze the bifurcation structure of the MFE when p crosses 87t.
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0. INTRODUCTION

[
WO N We

Consider the flattorus E = E; = C/A, T=a-+bi,b >0and A = A; =

Zw1 + Zw, with wy = 1 and wy, = 1. Let G be the Green function on E:

0.1)

1
—AG=6y)—— onkE,

|E|
fEG:O/

where Jj is the Dirac measure at the lattice point 0 € E. We continue our
study, initiated in [8, 2, 6], on the critical points of G:

0.2)

VG(z) =0.
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Since G is an even function on E, all the half-periods %t are critical points
of G. A critical point p is called a non-trivial critical point of G if p is not one
of the three half-periods. Clearly, non-trivial critical points appear in pair £p.
It is natural to ask: how many pairs of non-trivial critical points might G have?
This has been answered completely in our previous paper [8]:

Theorem A. For any T € H, the Green function G(z; T) on the flat torus E. has
at most one pair of non-trivial critical points.

Thus G has either 3 or 5 critical points. Following [8] we denote by ()3
(resp. Q5) the subset of the moduli My = H/SL(2, Z) where G(z; T) on the
flat torus E; has exactly 3 (resp. 5) critical points. See [8, 7] for the actual
shape of the (simply connected) domain )s.

What is the nature of those extra critical points? We answer it in the
following theorem, which had been announced in [8, §1 Theorem A]:

Theorem 0.1. Suppose that the pair of non-trivial critical points {£p} of G ex-
ists, then £ p are the minimal points of G.

We will present a proof of it in §1 based on the mean field equation
(0.3) Au+e" =8mdy oneE.

In fact our proof shows that any solution to (0.3) must be a minimizer of
the non-linear functional

= 1 2 _ —8nG+u
Jan(u) = 2/EIVu| 87rlog/Ee

onu € H'(E)N{u | [;u = 0}. This completely solves the existence prob-
lem on minimizers raised in [12] when the two vortex points collapse into
one.

One important application of Theorem 0.1 is the following result:

Corollary 0.2. Suppose that the Green function G has non-trivial critical points,
then all the three half periods are saddle points of G. That is, the Hessian of G is
non-positive: det D*°G(%4r) < 0 fork =1,2,3.

Remark 0.3. Based on Corollary 0.2, a stronger result is proved in [7]. Namely
det DG (%) < 0 for k = 1,2, 3 if G satisfies the hypothesis of Corollary 0.2.

From the Weierstrass elliptic curve model y2 = 4x° — gox — g3 of E,
we know that the half periods E.[2] are precisely the branch points of the
map x = p(z) : E — PL. A quantity D(q) defined at any branch point is
strongly related to the geometry of E; at 4. In [1, 6] it was proved that if
is a bubbling sequence of solutions to (0.3) with p = py — 87 (as k — o),
px # 8 for large k, and with g the blow-up point, then g must be a half
period point. In fact, asymptotically

(0.4) or — 871 = (D(q) +0(1))e ™
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where Ay = maxg, uy and

i) [ ML i) o)

B |z —ql* Ee |z —q|*

Here h(z) = e 876(), G(z,q) is the regular part of the Green function, and
#(q) = G(q,9). See §2 for more details. D(q) plays an important role in the
construction of bubbling solutions to (0.3), as well as in other non-linear
PDEs, with px — 871. The sign of D(g) determines the direction where the
bubbling may take place, namely p, < 87 or px > 8m. If g is a not half-
period critical point then D(q) is still defined. But then D(g) = 0 since
px = 87t for all k (large).

In general it is difficult to compute D(g) for a given torus. Nevertheless
we will prove the following result in §2:

Theorem 0.4. For any half period q € E;, T = a + bi, we have
(0.5) D(q) = —47%be~¥C@) det D?G(q).

By Remark 0.3, we have D(g) > 0 if g is a saddle point. In particular if
T € )5 then D(q) > 0 for all half-periods. For any T € H, D(q) < 0if and
only if g is the minimal point.

Combining with a recent technique in analyzing uniqueness of blow-up
solutions [11], we will be able to classify all solutions to (0.3) for p in the
range (0,87 + €g) for some €y > 0:

Theorem 0.5. For any torus E+, there is a small number €y > 0 such that

(i) If T € Qg then (0.3) has only one solution for p < 87, no solution for
o = 87, and two solutions for 8t < p < 87T + €.

(ii) If T € Qs then (0.3) has only one solution for p < 87, infinitely many
solutions for p = 87, and four solutions for 8t < p < 87 + €.

In particular, the topological Leray-Schauder degree d,, which is 2 for
p € (87m,16m) [3, 4, 5, 6], does not reflect the actual number of solutions.
The proof is presented in §3, which relies also on the theory of Lamé equa-
tions in [2] accompanied with (0.3) as well as the blow-up analysis in [4, 11].

Remark 0.6. In [9] (see also [2]), we proved that (0.3) with p = 127 has
exactly two solutions on E; for T # e7i/3. By Theorem 0.5, we see that when
T € ()5 the bifurcation diagram of (0.3) is complicate for p ranging from 87
to 127t. It is a natural question to ask if (0.3) has exactly two solutions for
p € (8m,167) when T € Q3. Theorem 0.5 also reflects the difficulty in the
study the corresponding Lamé equations for the case n ¢ 1IN.

1. ON THE MINIMALITY OF EXTRA CRITICAL POINTS

Theorem 1.1. Let p be a critical point of G which is not a half period point, then
p is a minimal point of G.
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Proof. Consider the even, normalized, L% Sobolev space

HL(E) = {u € H'(E) | u(~2) = u(z), [ u =0}
and the non-linear functional
(1.1) Jo(u) = ;/E |Vul? —plog/Ee’PG“‘, u € H(E).

It is well known that, as a consequence of the Moser—-Trudinger inequality,
J, attains its minimum for p < 87. Let v, be a minimizer of J,. Then v, is
an even solution of

e~ PG+v 1

AU+P(W—|E|

):0 in E.

By the result of [8], when p — 87, v, converges to a smooth function v
which satisfies

e*87IG+ZJ 1

12) Ao+ 871(W _ ’E’) —0 inE.

It is then obvious that

u(z) = —87G(z) + v(z) — log /E ¢~87G+0

is an even solution to the Liouville equation
Au + 8me" = 8mdy inE.

Since

Jo(vp) = inf Jo(9),

pcH},
we have

1871(0) = (pierggv ]87r(4’)-

Let f be the developing map of u, that is,

/ 2
u(z) =lo 87lf(z)] forz € E.

STr PR
As before, for A € R we define ! and v by

8re**|f'(2)
(1+e*f(2)[?)

(1.3) ut(z) := log 5 = 81G(z) + oM z) + ¢,

where the constant ¢ is chosen so that f E v} = 0. Thus v is also a solution
to (1.2) and v”(z) blows upatz =pasA — 4o (ie. pisa zero of f).
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Next we would like to compute Js-(v). By differentiation with respect
to A, we have by (1.2)

d A aU fE ~srG! aavA
ﬁlgn(v)z/v V(5y) 87 W
787rG+v)‘av
_ 8ot
~ |E]JE oA

That is, Jg(0") is independent of A. In particular,

(14) /\LHB ]87r( /\)—(Plel’lf ]87{( )

Using (1.4), we shall obtain an upper bound of lim ]871(7/‘) by a choice of
suitable test function ..
We fix a half period point g € E and small § > 0. For any € > 0 we define

€2/6%+1 -
2log ~ 0 " 1 87G(z,q), ifz € Bs(q),
pe(z) = { 218 @y —qp TG0, 1z € Bile)
87G(z,q), if z € E\Bs(q),

where
3 1
G(z,9) =G(z—q)+ 7108 1z —q]

is the regular part of G(z,q) which is defined on z € T(q), the fundamental
domain of E centered at q. Notice that the above two expressions for ¢¢(z)
coincide when |z — g| = 4. Since G(z,q) depends only on w = z — g, we also
denote G(z,9) = G(z — q) = G(w), which is defined on the fundamental
domain T(0) centered at 0.

Obviously ¢ is an even function. Since [ G = 0, direct integration gives

1 2 (€2/82 4+ 1)|z — g2
(1.5) cezz—/ e = — lo = 0(e%loge
E[Je P T TE Joo) 8 ez —qP? (" loge),

where the notation O is with respect to the limit e — 0. Thus ¢ —cc €
HL (E) and

1 —8m
Jsr(@e —ce) = E/E|V(Pe|2—87ﬂog/Ee 871G H9e 1 O(e?loge).

We will estimate the energy term and the non-linear term separately.
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By Green'’s theorem, we have for w = z — g,

[1V9 = [ Vo +(snP [ IVGE-g)P
E Bs(q) E\Bs(q)

16|w|?
Bs(0) (€2 + |w|?)?

1 < 1 9G(w)
—32/ log——AG 32/ ]
" Bs(0) 8 €2+ |w|? (w) + 327 3Bs(0) 8 €2+ |w> v
. e
—82/ GAG+82/ Go-
(87) B5(0) (87) 3B;(0) OV

oG
— (87)? GAG — (87)? G—.
(87) /E\B&(O) (87) / Bs(0) OV

To estimate these terms, we first notice that (for > 0 fixed)

€2+ |w[?)
(1.6) = 167(log(1 + 62/€*) — 1) + O(€?),

1 _ 2
/éé((n logm = O(e 10g€> + 0(5)

6lw* 2.2 2 /(.2 4 52
/135()( 5 = 16mlog(1+6°/€”) — 1676~/ (€” + 67)

Since AG = dy — 1/|E|, AG = —1/|E|, and [ G = 0, it is easy to see that
each of three integrals involving G or G is O(8) and all boundary terms are
O(6) except

2

1.7
a7 0 JaB,(0)

G =32nt( —logé + 2my) +O(6),

where v = G(0) = G(g,9) is a constant independent of g.
Next we compute the non-linear term.
Since both VG(g) = 0and VG(z,q)|.—g = VG(0) = 0, we have

(1.8) G(z,9) = G(z) = v = G(9) + O(|z— qI?)
and
/ o 87G(2)+¢e(z) _ 87 / (e2/0% +1)° + O(e*loge)
19) ’B@ Bs(0) (€2 + [w]?)? +\ )2
<€—7; ) + O(e?*loge).
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On E\B;(gq), by (1.8) and direct estimate we have

/ o 87G+e :/ B87(G(z4)=G(2))
E\B;(q) E\B;(q)

(1.10) _/ (z4) 4())
9)\Bs(q) |Z —q|
= neSN(V*G(‘?))ﬁ +0(1),

where O(1) denotes a bounded number which is independent of ¢ and e.
By taking into account of (1.6)—(1.10), we get for 0 < € << ¢

Jsr(pe — ce)

= 87(log(1+%/€*) — 1) + 167(—logd + 277y)

é 51—2 - e2—1H52) +0(8) + O(2loge)
= 647G (q) — 3272y — 87t(1 + log 1) + O(8) + O(e* log€).

Let ¢ — 0 and then let § — 0. From (1.4) we conclude that

(1.11) Jsn(v") < 647°G(q) — 327%y — 87(1 + log 7).

From (1.3), u* blows up at p as A — +o0. By using the explicit expression
(1.3), a similar calculation as the above shows that

Jim Jan(0") = 642G (p) — 32712y — 871(1 + log 7).
—+00

Therefore (1.11) implies

G(p) < G(g),
which finishes the proof. |

Corollary 1.2. Suppose that G has five critical points. Then any half-period is a
saddle point of G.

Proof. Since the extra critical point p (reps. —p) is a discrete minimal point,
p p (reps. —p p

the index of VG at p (reps. —p) is 1. By the Hopf-Poincaré index theorem,

3
—1 = x(E-\{0}) =2+ i;ind%inG.

Since %wi is non-degenerate, VG has index +1 at it. Hence the index must

be —1 foralli = 1,2,3. This implies that %wi is a saddle point for alli. [

2. COMPUTATIONS FOR D(3wj)
Let u; be a sequence of blowup solutions to

(2.1) Auy + e = Px%0
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in E; and pr — 87. Suppose that p, # 87t. In [2, Theorem 0.7.5], it was
proved that u; blows up at a half period q. Let

A = max uy.
E

T

We recall a result in [6]:

Theorem 2.1. Let G(z, q) be the reqular part of G(z, q), namely G(z,q) = G(z —
q) + »=log |z — q. Let ¢(q) := G(q,q) and h(z) = e~87G(E), Then

ox — 87 = (D(q) 4+ o(1))e ™™,

where

h(z)e8™(Cza)—¢() _ | h
D(q) ::/ (2) T (q9) _ Eq)‘l'
. |z —q £ |z —q|

The quantity D(q) is well defined for any critical point of G(z,q). How-
ever, if g is not a half period then D(g) = 0 since such a blow-up can only
occur for p = 871. When g is a half period, D(g) has a geometric interpre-
tation. Indeed,

, o—87G(2) 87(C(2.) (7)) o—87G(4)
r—=0 \ JEA\B, (9) |z -4 R2\B,(¢) |z — 4|
—81G
— lim / o= 8760(9) 87(G(z—9)—G(2)) _ / ﬂ _
=0 \ JEA\B,(9) R2\B,(q) |z —q|

Note that 87(G(z — q) — G(z)) is a doubly periodic harmonic function in
R? with singularities —4log |z — q| at z = g and 4log |z| at z = 0. Thus
871(G(z —q) = G(2)) = 2log|p(z — ) — p(q)| + C

for the constant C = 87(¢(q) — G(q)). (The identity does not hold if g is
not a half period.) Therefore,

S(C(E=0)=G2)) = Bn(9()=C(D)|5(7 — 7) — p(q)|%

and

1
D — ,—87G(q) li </ o 2 _/ ) )
() =e i { oo |9(2) — p(q)] Re\,0) 2

Let T be a fundamental domain of E; with 0 ¢ dT. Let y be the image of
I' := dT under the map

Z(z) = —C(2) = p(q)2.
Denote by A (g) be the union of components bounded by < and covered

by T under ¥, and by A_(g) the union of components bounded by -y but
not covered by T under X. Then obviously

22) |A4(9)| —|A-(q)] = lim </ET\B,(0)|KJ(Z)_@({1>|2_/ 1 >

pa R2\B,(0) |z[*
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and so

(2.3) D(q) = ¢ D (AL (g)| = |A-(q)])

We will give another characterization of D(g) in terms of the Hessian of
G at g, hence establish a correspondence between the geometric interpreta-
tion and the degeneracy structure of the Green function. Recall [8, (7.7)]:

-1 21
24 _ 2
(2.4 detD°G = 2 <| (log 9)22|" + 7Re (log z9)zz>.
To write it in the Weierstrass theory we use (log 9).(z) = {(z) — 71z and
(2.5) (log 9)zz(zwi) = —p(3wi) — 1 = —(e; + 1)

Theorem 2.2. For any half period q,
A+ (a)] = |A-(g)] = —47*b det D*G(q).

Proof. Without loss of generality, we assume that ¢ = Jw; = 3 and denote
Ai(q) and A_(gq) by Ay and A_ respectively. By (2.2), we have

1
Al —|A_| =i / 2_ / )
Al =10 135( Ec\B,(0) 92)] R2\B,(0) |z[*

—lim (p(z)e1 + p(z)er) + bler|*,
r—0 E:\B,(0)

where T = a + bi.
To compute the first term, write the Weierstrass zeta function as { =
u+ivand then p = —{' = —uy — ivy = —uy + iuy. Hence

|| = u2 + u§ = Oy (utiy) 4 9y (uuy).

Using integration by parts, and noticing that the singularity at z = 0 is
cancelled out by the second integral, the first limit term then becomes

/uuxdy—uuydx:/u(vxdx—i—vydy) :/udv.
r r r

This can be calculated easily as

_%Im/rgdg' = %Im (71172 — M1772).

Applying the Legendre relation 17, = 17,7 — 2711, we get

M2 — mijz = (T — 27ti) — g1 (T + 27i) = 2ib|p |* = 27i (g + 7).

Consequently,

1
2.6 li / 2—/ ):b 2_ 71).
(2:6) rl—r>% < E;\B,(0) ()] R?\B,(0) |z[* ml e+ )
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For the second limit term, we first compute
i i

_ L dz A dz = _7/ d(Z dz
/ET\B,(O) 0(2) 2 T\B,(O)p 2 2 JT\B,(0) (€dz)

_ _;(/rgdz—/aBr(o)gdz).

This first integral gives 11T — 172 = 11T — 1T + 27mwi = —2bin; + 2mi. For
the second integral, in the limit » — 0 it tends to fozn e e ®(—i)do = 0.
Hence

lim E<\B,(0) plz) = —mb+m.

Putting everything together we get (c.f. (2.4) and (2.5))
Asl—|A|
= blm[* = 7(n + 1) + (nb — m)ér + (b — m)er + bler|?
= bler +m|* — n((er +m) + (e 1))
= —4’bdet D*G(}; 7).
The proof is completed. U

Corollary 2.3. Let uy be a sequence of blow-up solutions to (2.1) with py — 87
and q the blow-up point.

(1) g is a half period and a saddle point of G(z; T) if and only if py > 87t.
(2) q is a half period and a minimal point of G(z; T) if and only if py < 8.
3. UNIQUENESS OF SOLUTIONS
In this section we classify all solutions to
(3.1) Au+e'=pdy onE

for 0 < p < 87 + €y where € is a small positive number.

Recall in [8] we showed that equation (3.1) has a unique solution for
p = 4m, and a unique even solution for 471 < p < 87r. Here we prove the
uniqueness result without the evenness assumption.

Lemma 3.1. Equation (3.1) has a unique solution for 0 < p < 4rt.

Proof. We first show that for any solution u to (3.1) with p < 47, the lin-
earized equation

(3.2) Ap+e'p=0 onE

has only trivial solution ¢ = 0.
Suppose that ¢ is a solution to (3.2). Then a straightforward computation
shows that (¢, — u,¢,)z = 0. Since

u(z) ~ £-log |2,
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¢22 — u¢, is an elliptic function on E whose only singularity is a pole of
order one at 0. This forces that ¢.(0) = 0 and

¢z — Uz, =c1 onE

for some constant ¢y, or equivalenly

(e7"ps), = cre ™.
Notice that
(3.3) g2 (2)| < calz|' PP

for some constant c; > 0. Thus if p < 47,

1 Z
. —u _ 1 —u .
11—>0 E\B,(0) (e ¢Z)Z 2 11—>0 /83,(0) ¢ ¢ ’Z| ds =0,

and if p = 47t the above limit is finite. If ¢; # 0, this implies that
/e’”: 0 if p < 4,
E < oo if p=4m,
which leads to a contradiction. So we have c; = 0 and e *¢; is an elliptic
function. By (3.3) this again implies that e "¢ = c3 is a constant.
If ¢ # 0 then ¢ has a maximum point p and a minimum point g with
p # q. One of p,q is not a lattice point where ¢ = 0. This implies that
c3 = 0 and hence ¢; = 0. This leads to ¢ = 0 which is a contradiction to
¢ # 0. Hence we must have ¢ = 0.

Now the uniqueness follows from the fact that (3.1) has only one solution
atp = 4. t

Remark 3.2. In [8] we showed that the unique even solution to (3.1) with p €
[47t,87t] is non-degenerate in the class of HY, = {u € H' | u(—z) = u(z)}.
Now the proof of Lemma 3.1 allows us to remove the evenness assumption:
u is non-degenerate in the whole space H!, provided that 0 < p < 87t.

To see this, we may assume that the solution ¢ is odd. Therefore ¢,, —
u¢, is odd and by exactly the same calculation we have

4722 - uz(Pz =0 = 0.
This implies that e "¢; is an elliptic function on E, with 0 being its only
pole. However, since ¢ is odd, ¢; is even and the estimate (3.3) can be
improved to
"2 (2)| < calzPF/7T

If p < 87, we find 2 — p/27t > —2. This implies that e~ *¢; is a constant. If
¢ # 0, by evaluating it at a maximum or minimum point, with one of it not
a lattice point, we conclude that e *#¢; = 0, and then ¢ = 0 follows. (Notice
that if p = 87t then e "¢ = cp(z) for some constant ¢ # 0.)

Now we may conclude that the unique even solution u is always a min-
imum point of the non-linear functional J, in (1.1) for 0 < p < 87. In fact
we can prove a stronger result, namely Theorem 0.5.
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Lemma 3.3. Let u be a solution to (3.1) with p ¢ 87IN. Then u is even.

Proof. This was proved in [2] for p = 47l with [ being a positive odd integer,
so we assume that p & 47IN.

Let f(z) be a multi-valued developing map of u. The readers are referred
to [2, §8] for the details to treat these multi-valued functions as global ana-
lytic functions f(¢), which are defined on the universal cover { € H — E*.
In particular the cusp ¢ = 0 is mapped to the cusp z = 0in E*.

As in [2], we have S(f) = 2(n(n +1)p + B) for = p/8m for some
B € C. Thus f = w;/w, and f = w;/w; for two linearly independent
solutions w; and w; to the Lamé equation

(3.4) w'" = (n(n+1)p + B)w.

Since @;(z) := w;(—z) are also two linearly independent solutions to (3.4),
f := @1 /W, also defines a global analytic function f and we have

_ atb for some S = (* b
S oof+d’ T \c d

Consider the covering transformations on H: g1,4> € SL(2,R) deter-
mined by the two free generators of 711 (E*) = Z x Z. Let T < SL(2,R) be
the rank two free subgroup generated by ¢; and g», and r : T — PSU(2)
be the unitary representation associated to the solution u. The mapping
(=1) : z = —z on E* lifts to a map ¢ on H which is not a covering map
for H — E*. Nevertheless the composition : o 1, namely we apply (—1)
twice, does give a covering map for H — E*. That is, the matrix S? can be
represented as an element generated by S; :=r(g1) and Sy := r(g2).

By considering the action of (—1) in a simply connected neighborhood
U of 0 € E, we see that Sf = f(e?™z) = Bf(z) for some B € PSU(2,C).
Indeed, B = r(g5 'g; '9281) = S5'S;'S251. Under some normalization on
f, the matrix g is calculated in [2, Lemma 8.3.4, p.262] (suppress all index k
in the formula in the bottom of p.262) as

_ (IpPa+lgPa  —pg(a—a)
b= ( ).

f=sf ) € SL(2,C).

pa(a—a)  [plPa+|qlPa

where £(0) := limz_,0 £(¢) = q/p with [p|*+[q]> =1, p,q # 0,and a =
2™, Clearly a # & since 17 ¢ 3Z. In particular B # +1.

We claim that S € PSU(2, C). To prove it, we choose a new unitary basis

i0 ,
to diagonalize f to (eo eoig) for some ¢ # +1. Since
Q2 _ a’>+bc bla+d)
cla+d) d*>+bc)’

S? = B implies that eithera +d = O orbothb = 0and ¢ = 0. Ifa+d = 0

then a2 4+ bc = —ad + bc = —1 and d%2 + bc = —1, which leads toel? = —1,
a contradiction. Hence b = ¢ = 0 and ad = 1, a? = ¢!, d?> = e~ . Therefore,



MINIMALITY OF EXTRA CRITICAL POINTS 13

S € PSU(2,C) and f(z) = f(—z) gives rise to the same solution u. Hence
u(—z) = u(z) and the the lemma follows. O

Proof of Theorem 0.5. By Lemma 3.1 and 3.3, the uniqueness of solution holds
for 0 < p < 8. The statements for p = 87t was proved in [8].

For T € ()3, the unique solutions u, blows up as p * 87 (since equation
(3.1) has no solutions at p = 87). The blow-up point of u, must be the
minimum point which is one of the half periods. The other two half periods
g1 and g, are saddle critical point of G. By Theorem 0.4 and Remark 0.3, we
have det D?G(g;) < 0 and then D(g;) > 0. Under these conditions, by
the method in [4] we can construct a bubbling sequence of solutions u,; to
(3.1), for each i = 1,2, with p > 87t which blows up at g;.

Remark 3.4. In [4] the non-degenerate condition D(g;) # 0 was replaced by
some other non-degenerate condition. Nevertheless the similar process as
there still works in our current case (see e.g. the remark in [6] concerning
with the degree counting formula).

Indeed, for the Chern-Simons-Higgs equation, the same non-degenerate
conditions D(g) < 0 and det D>G(gq) # 0 were recently used to construct
such kind of bubbling solutions [10].

Now we need the following uniqueness theorem:

Theorem 3.5. Suppose that uy and iy are two sequences of solutions to (3.1) with
px — 871, and both sequences have the same blow-up point q.

If D(q) # 0, i.e. q is a non-degenerate critical point of G by Theorem 0.4, then
uy = iy for large k.

This is recently proved in [11] for the Chern-Simons-Higgs equation
Au+ %e“(l —e") = 8mdy,

but the proof given there also works for (3.1).

By Theorem 3.5, u,; are exactly all the solutions to equation (3.1) for
87 < p < 87 + €. This proves (i).

For T € )5, all the three half periods are saddle points of G. By Theorem
3.5 again, we must have three bubbling solutions. On the other hand, (3.1)
has a unique even solution u for p = 87 whose linearized equation in the
class of even functions is non-degenerate. Therefore for 871 < p < 87 + €p
there is a unique even solution u, which converges to to u as p ™\ 87.

By Lemma 3.3, (3.1) has only even solutions for 87 < p < 87 + €y, we
conclude that (3.1) has the only one even solution u, which converges to u
as p “\, 87t. Hence there are four solutions in total. This proves (ii) and thus
completes the proof Theorem 0.5. O
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