INVARIANCE OF QUANTUM RINGS
UNDER ORDINARY FLOPS: 1

YUAN-PIN LEE, HUI-WEN LIN, AND CHIN-LUNG WANG

ABSTRACT. This is the first of a sequence of papers proving the quantum
invariance under ordinary flops over an arbitrary smooth base.

In this first part, we determine the defect of the cup product under
the canonical correspondence and show that it is corrected by the small
quantum product attached to the extremal ray. We then perform various
reductions to reduce the problem to the local models.

In Part IT[10], we develop a quantum Leray—Hirsch theorem and use it to
show that the big quantum cohomology ring is invariant under analytic
continuations in the Kdhler moduli space for ordinary flops of splitting type.
In Part ITI [7], we remove the splitting condition by developing a quantum
splitting principle, and hence solve the problem completely.
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0. INTRODUCTION

0.1. Background review. Two complex manifolds X and X' are K-equivalent,
denoted by X =g X/, if there are proper birational morphisms (¢,¢’) : Y —
X x X’ such that ¢*Kx = ¢"*Kx'. Major examples come from birational mini-
mal models in Mori theory and especially from birational Calabi—Yau manifolds
in the mathematical study of string theory. K-equivalent projective mani-
folds share the same Betti and Hodge numbers. It has been conjectured
that a canonical correspondence T € A(X x X') exists which induces isomor-
phisms of cohomology groups and preserves the Poincaré pairing. For a
survey, see [19].

However, simple examples shows that the classical cup product is gen-
erally not preserved under .#, and this leads to new directions of study
in higher dimensional birational geometry. On the other hand, according
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to the philosophy of crepant transformation conjecture and string theory, the
quantum product should be more natural and display certain functoriality
not available to the cup product among K-equivalent manifolds.

Flops are typical examples of K-equivalent birational maps:

In fact they form the building blocks to connect birational minimal models
[4]. The simplest flop is the simple P! flop (Atiyah flop) in dimension 3.
It is known that up to deformations it generates, locally or symplectically,
all K-equivalent maps for threefolds. The quantum corrections by extremal
ray invariants to the cup product in the local 3 dimensional case was first
observed by Aspinwall-Morrison and Witten [23] and later globalized by
Li-Ruan through the degeneration formula [14].

The higher dimensional generalizations are known as ordinary P’ flops
(also abbreviated as “ordinary flops” or “P" flops”). The local geometry
is encoded in a triple (S, F,F’) where S is a smooth variety and F, F’ are
two rank r 4 1 vector bundles over S. If Z C X is the f-exceptional loci,
then ¢ : Z = P(F) — S C X with fibers spanned by the flopped curves
C = Pland Nz,x = ¢*F ® 0z(—1). Similar structure holds for Z’' C X/,
with F and F’ exchanged. See Section 1.1 for details. (We note that the
Atiyah flop corresponds to S = pt and r = 1.) Thus it is reasonable to
expect that ordinary flops play a vital role in the study of K-equivalent
maps. For example, up to complex cobordism, any K-equivalent map can
be decomposed into P! flops [20].

The study of invariance of quantum product under ordinary flops in
higher dimensions was started in [8]. The canonical correspondence is
given by the graph closure [I'¢] and the quantum invariance under

7 = [[/]. : QH(X) — QH(X')

is proved for all simple P" flops, i.e. with S = pt. The crucial idea is to
interpret .#-invariance in terms of analytic continuations in Gromov-Witten
theory.

Let us explain this point in a little more details. We use [1] as our gen-
eral reference for early developments in Gromov-Witten invariants. Let
Mg, (X, B) be the moduli space of stable maps from genus g nodal curves
with n marked points to X, and let ¢; : Mg ,(X, ) — X be the evaluation
maps. The Gromov-Witten potential

PO IGLAED VR M § T

n>0, BENE(X) [Mgn(X,B)]"" i1
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is a formal function in t € H(X) and Novikov variables gf, with B €
NE(X), the Mori cone of effective classes of one cycles. Modulo conver-
gence issues, it is a function on the complexified Kihler cone w € K$ :=
Hy' +iKx via

qﬁ — eZm’(ﬁ.w)‘

Under the canonical correspondence .%#, FgX and PgX’ share the same variable
t € H= H(X,C) = H(X/,C). However, .# does not identify NE(X) with
NE(X'). Indeed, for the flopped curve classes ¢ = [C] (resp. ¢’ = [C']), we
have
Fl=—1'"¢ NE(X').

By duality this implies that K§ N K$, = @ in H2. Hence FgX and ng/ have
different domains and comparison can only make sense after analytic con-
tinuations over a certain compactification of K¢ UK$, € H2. (Thus the
naive Kihler moduli K is usually regarded as the closure of the union of all
ng:(,'S with X’ =g X.) In other words, we set ﬁqﬁ = qgﬁ. Then ﬁFg can
not be a formal GW potential of X'.

In this paper, we will focus on genus zero theory, which carries a quan-
tum product structure, or equivalently a Frobenius structure [16]. Let {T} }
be a basis of H and {T" := Y} ¢"'T,} the dual basis with respect to the
Poincaré pairing, where g, = (T,,.T,) and (g"") = (guv) " is the inverse
matrix. Denote t = ) t"T), a general element in H. The big quantum ring
(QH(X), ) uses only the genus zero potential with 3 or more marked
points:

83P0

p
T = 9
Ty # T, Z atuatvat" B K, 1>0 ﬁZENE( X) n! (T T, T £ >0”+3 ﬁT

The Witten—Dijkgraff-Verlinde—Verlinde equation (WDVV) guarantees that *;
is a family of associative products on H parameterized by t € H. Equiv-
alently, for, it equips H a structure of formal Frobenius manifold Hx with a
family (in z € C*) of integrable (= flat) Dubrovin connections

Vi=d—z 1Y) dt' @ Tux
I3

on the tangent bundle TH = H x H.

There is a natural embedding of K¢ in H. With suitable choice of co-
ordinates we have g = ¢?™ with the Kahler constraint Imt, > 0. Since
now .7q" = g, {4%,9"} serve as an atlas for P!, the compactification of
C/Z = C*. This gives the formal H an analytic P! direction. In [8], for
simple flops the structural constants BWK ( ) for big quantum product
are shown to be analytic (in fact algebraic) in g°. Moreover, .7 identifies Hx
and Hy' through analytic continuations over this P!. Based on this, in [5]
the Frobenius structure is further exploited to conclude analytic continua-
tions from Fé( to FgX, for all simple flops and for all g > 0.
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0.2. Outline of the contents. This is the first of a sequence of papers prov-
ing the quantum invariance under ordinary flops over a smooth base. In
this first part, we determine the defect of the cup product under the canon-
ical correspondence and show that it is corrected by the small quantum
product attached to the extremal ray. We then perform various reductions
to the local models.

In Part II [10], we show that the big quantum cohomology ring is in-
variant under analytic continuations in the Kdhler moduli space for flops
of splitting type. In Part III [7], the final part of this series, we remove
the splitting condition by developing a quantum splitting principle, hence
solve the problem completely.

In particular, this is the first result on the K-equivalence (crepant trans-
formation) conjecture where the local structure of the exceptional loci can
not be deformed to any explicit (e.g. toric) geometry and the analytic con-
tinuation is nontrivial. As far as we know, this is also the first result for
which the analytic continuation is established with nontrivial Birkhoff fac-
torizations.

We give an outline of the contents of this paper below.

Conventions. Throughout this paper, we work on the even cohomology
H = H®*" to avoid the complications on signs. In particular, the degree
always means the Chow degree. Nevertheless all our discussions and re-
sults work for the full cohomology spaces.

0.2.1. Defect of cup product under the canonical correspondence. Let {T;} be a
basis of H(S) with dual basis {T;}. Let h = ¢1(07(1)) and Hy = cx(Qr)
where Qr — Z = P(F) is the universal quotient bundle. Similarly we
define 1" and Hj on the X’ side. The Hy’s are of fundamental importance
since

FH, = (—1)r_kH]/{
and the dual basis of {T;//} in H(Z) is given by {T}H,,j}.

Theorem 0.1 (Topological defect). Let aj,a2,a3 € H(X) with ) dega; =
dim X. Then
(Fa1.Fay.Faz)X — (ay.ay.03)%
= (_1)r X Zi*,j* (ﬂl.i'lHr,]‘l)X(le.i‘zHr,h)x(ﬂlg,.TiSHr,]é)X
X (Sjrtjpts—(ren) (F + F) T T, Ty )%,
where s; is the i-th Segre class.

0.2.2. Quantum corrections attached to the flopping extremal rays. We then pro-
ceed to calculate the quantum corrections attached to the flopping extremal
ray IN/. Using the calculation, we demonstrate that the “quantum corrected
product”, combining the classical product and the quantum deformation
attached to the extremal ray, is .#-invariant after the analytic continuation.
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The stable map moduli for the extremal ray has a bundle structure over
S:

Mo (P, dl) — Mo, (Z,d0) 2~ Z
e
S

In this case, the GW invariants on X are reduced to twisted invariants on Z
by certain obstruction bundles. We define the fiber integral

n i\/S n 1.7:
(TTL W) = tu (T, eht) € 4%(S)
as a p-relative invariant over S, a cycle of codimension v := Y j; — (2r +

1+ n —3). The absolute invariant is obtained by the pairing on S: For
Ei €H (S) ,

o o . . \S
(b B = (0 T )

If v = 0 then the invariant reduces to the simple case. This happens for
n = 2 since then j; = j» = r. Thus we may calculate extremal functions
based on the 2-point case by (divisorial) reconstruction. To state the result,
let

— i
f(q) T 1= (_1)r+lq

which satisfies the functional equation f(q) + f(g7!) = (—1)".

For 3-point functions, we show that W, := Yy (!, hi2, hi3) /5% with
1 <j; < rliesin AY(S)[f] and is independent of the choices of j;'s.

Theorem 0.2 (Quantum corrections). The function W, is the action on f by a
Chern classes valued polynomial in the operator 6 = qd/dg. (See Proposition 2.5.)
It satisfies

W, — (=1)""'W/ = (=1)"s,(F + F™).

This implies that the topological defect is corrected by the 3-point ex-
tremal functions. The analytic continuation for n > 4 points follows by
reconstruction.

0.2.3. Degeneration analysis. The next step is to prove that the big quantum
ring, involving all curve classes, are .7 -invariant. As a first step, this state-
ment is reduced to a corresponding one on f-special descendent invariants
on the projective local models

Xppe := E=P(Ny,x® 0) 5 S
and

X =E =P(Ny,x®0)5%s

by a degeneration analysis.
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To compare GW invariants of non-extremal classes, the application of
degeneration formula and deformation to the normal cone are well suited for
ordinary flops with base S. It reduces the problem to local models with in-
duced flop f : E --» E’. The reduction has two steps. The first reduces the
problem to relative local invariants (A | ¢, u)(EF) where E C E is the infinity
divisor. The second is a further reduction back to absolute local invariants,
with possibly descendent insertions coupled to E, called f-special type.

The local model p := gop : E — S and the flop f are all over S, with
simple case as fibers. In particular, the kernel of p. : Ni(E) — Ni(S) is
spanned by the p-fiber line class y and ¢-fiber line class ¢. .% is compatible
with p. Namely

Ny (E) 7 Ni(E')

%ﬁ

Ni(S)@Z

is commutative. Here we write a class  in Ny (E) as Bs + d/ + doy with
some Bg in Ni(S) and d,d, € Z. Thus the functional equation of a gener-
ating series (A) is equivalent to those of its various subseries (fiber series)
(A)pg,4, labeled by NE(S) & Z.

Theorem 0.3 (Degeneration reduction). To prove .7 (&)

a € H(X)%, ¢ < g, it is enough to prove the local case f :
descendent invariants of f-special type:

(fizx)? for all
E — E for

a E ~ /g E
FAA T8l T o) pody = AT A Tl -+ T p)g gy

forany A € H(E)®", ki e NU{0}, ¢j € H(E) C H(E), g < g0, Bs € NE(S)
and d> > 0.

0.2.4. Further reduction to the big quantum ring/quasi-linearity on the local mod-
els. While the degeneration reduction works for higher genera, for g = 0
more can be said. Using the topological recursion relation (TRR) and the divi-
sor axiom (for descendent invariants), the .7 -invariance for f-special invari-
ants can be completely reduced to the .7 -invariance of big quantum rings
for local models (Theorem 4.2).

We then employ the divisorial reconstruction [11] and the WDVV equation
to make a further reduction to an .#-invariance statement about elementary
f-special invariants with at most one special insertion.

To state the result, we assume now X = Xj,. = E. Since X — S is
a double projective bundle, H(X) is generated by H(S) and the relative
hyperplane classes h for Z — S and ¢ for X — Z. This leads to another
useful reduction: By moving all the classes /, ¢ and 1 into the last insertion
(divisorial reconstruction), the problem is reduced to the case

<f1, ey fnfl, {nTkh]§l>§s,d2
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with f; € H(S), dy € Z, where k # 0 only if i # 0.

By a further application of WDVV equations, the .#-invariance can al-
ways be reduced to the case i # 0 even if k = 0. Since ¢ is the class of
infinity divisor which is within the isomorphism loci of the flop, such an
Z-invariance statement is intuitively plausible. We call it the type I quasi-
linearity property (c.f. Theorem 4.5).

The above steps furnish a complete reduction to projective local models
Xjoc, which works for any F and F'.

To proceed, notice that these descendent invariants are encoded by their
generating function, i.e. the so called (big) | function: For T € H(X),

~1y . T qﬁ TH X
]X(T,Z 1) :1+E+ Z ETV <Z(Z_l/)),'l—,... ,T>

0n+1,8

The determination of | usually relies on the existence of C* actions. Cer-
tain localization data Iy coming from the stable map moduli are of hyper-
geometric type. For “good” cases, say c1(X) is semipositive and H(X) is
generated by H?, I(t) = ¥ IgqP determines J(7) on the small parameter
space H? @ H? through the “classical” mirror transform T = t(t). For a
simple flop, X = X, is indeed semi-Fano toric and the classical Mirror
Theorem (of Lian-Liu-Yau and Givental) is sufficient [8]. (It turns out that
T=tand I = Jon H'® H?)

For general base S with given QH(S), the determination of QH(P) for a
projective bundle P — S is far more involved. To allow fiberwise localization
to determine the structure of GW invariants of Xj,., the bundles F and F’
are then assumed to be split bundles. This is main subject to be studied in
Part II of this series [10].

Remark 0.4. Results in this paper had been announced, in increasing degree
of generalities, by the authors in various conferences during 2008-2010; see
e.g. [15, 21, 9] where more example-studies can be found.

0.3. Acknowledgements. Y.-P. L. is partially supported by the NSF; H.-
W. L. is partially supported by the NSC; C.-L. W. is partially supported
by the NSC and the Ministry of Education. We are particularly grateful
to Taida Institute of Mathematical Sciences (TIMS) for its steady support
which makes this long-term collaborative project possible.

1. DEFECT OF THE CLASSICAL PRODUCT

1.1. Cohomology correspondence for P’ flops. We recall the construction
of ordinary flops in [8] to fix notations.

Let X be a smooth complex projective manifold and ¢ : X — X a flop-
ping contraction in the sense of minimal model theory, with ¢ : Z — S the
restriction map on the exceptional loci. Assume that
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(i) ¥ equips Z with a P"-bundle structure ¢ : Z = P(F) — S for some
rank 7 4+ 1 vector bundle F over a smooth base S,
(i) Nz/x|z. = Op(—1)®U+Y for each ¢-fiber Zs, s € S.
Then there is another rank r + 1 vector bundle F’ over S such that
Nz/x & Opp)(—1) @ $"F'.
We may blow up X along Z to get ¢ : Y — X. The exceptional divisor
E=P(Nz/x) = P(¢"F') = ¢"P(F') = P(F) x5 P(F')

isa P" x P"-bundle over S. We may then blow down E along another fiber
direction ¢’ : Y — X’ to get another contraction ¢’ : X’ — X, with excep-
tional loci ¢’ : Z' = P(F') — S and Nz//x'| g —fiper = Opr(—1)®0+1),

We call the f : X --» X’ an ordinary P" flop. The various sets and maps
are summarized in the following commutative diagram.

EC—j>Y
v AN
, N .,

7z o x zhC o x!
"\
1[] /], lpi llJ/
SC——= X

where the normal bundle of E in Y is
Ny = ¢"Oppy(—1) @ ¢ Oppry (—-1).

First of all, we have found a canonical correspondence between the coho-
mology groups of X and X'.

Theorem 1.1. [8] For an ordinary P flop f : X --» X, the graph closure T :=
[Tf] € A(X x X') identifies the Chow motives X of X and X' of X', i.e. X = X'
via T'o T = Ax and T o T' = Ay In particular, F := T, : H(X) — H(X')
preserves the Poincaré pairing on cohomology groups.

In practice, the correspondence T associates a map on Chow groups:
T AX) = AX');, W= pl(TrpW) = ¢ip*W

where p (resp. p’) is the projection map from X x X’ to X (resp. X').

Secondly, parallel to the procedure in [8], we need to determine the ex-
plicit formulae for the associated map .# restricted to A(Z). The Leray-
Hirsch theorem says that

A(Z) = ¢ A(S)[h]/ fe(h)

where fr(A) = A"+ P*ci (F)A" + - -+ + P*c,11(F) is the Chern polyno-
mial of F and i = ¢1(Opp)(1)). Thus a class « € A(Z) has the form
a =Y, hi(p*a; for some a; € A(S).
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By the pull-back formula from the intersection theory, it is easy to see
that for a € Ax(Z) we have

¢*(i-0) = ji (r(&).§7a) € AL(Y)
where & is the excess normal bundle defined by
0— NE/Y — (P*NZ/X — & — 0.

By the functoriality of pull-back and push-forward together with the
above formula, we can conclude from .7 (i, (L hip*a;)) = ¥.F (i, (h}))il¢'*a;
that .# restricted to A(Z) is A(S)-linear. Here we identify the ring A(S)
with its isomorphic images in A(Z) and A(Z’) via ¢* and §"* respectively.

Under such an identification, we will abuse notations to denote ¢;(F),
P*ci(F) and ¢"*¢;(F) by the same symbol ¢;. Similarly we denote c¢;(F’),
P*ci(F') and ¢"*¢;(F') by c}. We use this abbreviation for any class in A(S).
And for &« € A(Z) we often omit i, from i« when « is regarded as a class
in A(X), unless possible confusion should arise. Similarly, we do these for
o€ A(Z') — AX)).

The A(S)-linearity of .# restricted to A(Z) allows us to focus on the
study of a basis for A(Z) over A(S). Recall that for a simple P flop we
have the basic transformation formula .Z (h¥) = (—1)"~*h’*. Unfortunately,
for a general P’ flop, this does not hold any more, so a better candidate has
to be sought out.

Note that the key ingredient in the pull-back formula is ¢,(&’). From the
Euler sequence

0— Oz (-1) = §*F - Qp =0
and the short exact sequence defining the excess normal bundle &, we get
& = §*Op(p)(—1) ® " Qp. A simple computation leads to

(&) = (1) ("1 — §"Hi¢ "' + ¢ Hyp* W' ™2 + - + (=1)'¢'"H}),
where H; = c,(Qp). Explicitly,
H=hWf+en™ 4. . +c
where 1" = ¢1(0pp(1)). Similarly, we denote
Hy = c(Qp) = K+ e ih" 1+ - 4 ¢

Notice that Hy = 0 = Hj, for k > r. Finally, we find that Hy, H; turn out to
be the correct choice.

Proposition 1.2. For all positive integers k < r,
F(Hy) = (1) H}.

Proof. First of all, we have the basic identities: /" ™! + c1h" + -+ 4+ ¢,41 =0,
P.p*h' = 0 foralli < r and §,.¢*h" = [Z']. The latter two follow from the
definitions and dimension consideration.
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In order to determine . (Hy) = ¢’ (c/(€).¢" Hy), we need to take care of
the class ¢/, (¢" H,_,¢*h'.¢*Hy) with 0 <i < r, here Hj := 1.
Ifi > r —k, then

FL(§"H,_¢™h'.¢* Hy) = §L(¢" H)_;¢" (W + ey i1 oo o))
= —@ (P H,_i¢* (ckrth "+ cpoh ™2+ + ok 1)) =0

since the power in his at mosti —1 < 7.

If i <r—k, then again ¢} (¢"*H,_,¢p*h'.¢*Hy) = 0 since the power in /1 is
atmosti+k <.

For the remaining case i = r — k,

§L(¢"H,_i¢*H.¢"Hy) = §L(¢"H,_;¢"I") = H,_; = Hy.

We conclude that

F(Hy) = (=1) ) (=1)""'¢,(¢" Hy_i¢" I .¢* Hy) = (~1)" "Hy.
i=0
]

Remark 1.3. Unlike simple P’ flops, here the image class of #* under .# looks
more complicated. As a simple corollary of the above proposition, we may
show, by induction on k, that for all k € IN,

F () = (=1)" K (agh™ + o/ + - + ) € A(Z')
where ap = 1 and a; € A(S) are determined by the recursive relations:
Cp = ay — crax_1 + Cotg_o + - - -+ (—=1)¥eq.
And symmetrically
FrHE) = (1) (aph" + ath -+ ap) € A(Z)

withay =1, a, =cla,_; —cha;_,+---+ (—1)k_1c,/< + cy.
To put these formulae into perspective, we consider the virtual bundles

A:=F —F*; A':=F—F™*.

Then a; = cx(A) and a; = cx(A’). Notice that since a; and a; are Chern
classes of virtual bundles, they may survive even for k > r 4 1.
It is also interesting to notice that the explicit formula reduces to

ﬂ(hk) — (_1)r7kh/k

without lower order terms precisely when F' = F*, the dual of F.
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1.2. Triple product. Let {T¥} be a basis of H*(S) and {T¥} ¢ H2-K)(s)
be its dual basis where s = dim S. It is an easy but quite crucial discovery
that the dual basis of the canonical basis {T¥h/} in H(Z) can be expressed
in terms of { Hy }x>o0-

Lemma 1.4. The dual basis of{ikijhf}jgmin{k,,} in H*(Z) is {i’kinr*j}jgmin{k,r}
in HZ(r+s—k) (Z)

Proof. We have to check that (Tl.k_jhj.”.lz“f_jH,_j) = land (Tf_jhf.".lx"f_j/Hr,j/) =
0 for any j # j'. Indeed,

(T T T H, ) = TS0 e ) = TS0 =1
since T®c; = 0 for all i > 1 by degree consideration.

Notations 1.5. When X is a bundle over S, classes in H(S) may be consid-
ered as classes in H(X) by the obvious pullback, which we often omit in

the notations. To avoid confusion, we consistently employ the notation T;
as the dual class of T; € H(S) with respect to the Poincaré pairing in S.
The “raised” index form, e.g. T# as the dual of T, € H(X), is reserved for
duality with respect to the Poincaré pairing in X.

Now if j > j then
k=j+G—(k=/)=s+(G - >s
which implies that Tl.kfj ik - 0. Conversely, if j’ < j then Tl.kfj ]!"Z.k*jl c
H26=0-7)(S) and
hJ‘Hrfj, = U p ot 4y c,,]-/hj
= _Crf]'/+1hj71 — W
Again since
(s=(G—jN+—j+z)=s+(r+z—j)>s
for z > 1, we have Tl.k_j ".Ix"z.k_j,cr_jurzhf —2=1 — (. The result follows. O

Now we can determine the difference of the pullback classes of a and .7 a
as follows.

Proposition 1.6. Fora class a € H**(X), let a’ = Fain X'. Then
o =gt Y Y (@ )rr—Cy)
i 1<j<min{kr} x+y
where x = ¢*h, y = ¢*I’.
Proof. Recall that
Nejy = ¢"07(-1) @ ¢" 07/(-1)
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and hence ¢1(Ng/y) = —(x + y). Since the difference ¢'*a’ — ¢*a has sup-
port in E, we may write ¢'*a’ — ¢*a = j.A for some A € H2 =1 (E). Then

(¢"d" = ¢*a)|e = j'jer = c1(Ng/y)A = =(x +y)A.

Notice that while the inclusion-restriction map j*j. on H(E) may have
non-trivial kernel, elements in the kernel never occur in ¢"*a" — ¢*a by the
Chow moving lemma. Indeed if j*j.A = j.A|g = O then j.A is rationally
equivalent to a cycle A’ disjoint from E. Applying ¢/, to the equation

(P/*ﬂ/—¢*a :]*/\NA/
gives rise to
PN ~ @lpa —plp*a=a"—a =0.
This leadsto A’ ~Qon Y.
Hence

1 /% 1
A= —m((ﬁb a)le— (¢*a)le) = “x+y

(@™ (d'|z) — ¢"(alz))
By the above lemma, we get

¢l =6 L @TH )T W)

i j<min{kr}

=Y Y @ffH_ )T Y.
1

i j<min{k,r}
Similarly, we have
xk—j =k—j i
(') = Z Y, (@ TH_ )Ty
i j<min{kr}
Since .7 preserves the Poincaré pairing,
M (i) k—1i . Me—i
(@.1;7H_j) = (Za.Z(-1)" VDT 7H, ) = (-1)(a.T; 'H,_;).
Putting these together, we obtain
<k Y — (=y)
A= E Z (ﬂ T ]Hr ])T ]?y.
i 1<j<min{ks} y
O

Remark 1.7. Notice that since the power in x (and in y) is at most r — 1,
the class A clearly contains non-trivial ¢ and ¢’ fiber directions. Thus this
proposition in particular gives rise to an alternative proof of equivalence of
Chow motives under ordinary flops (Theorem 0.2). Indeed this is precisely
the quantitative version of the original proof in [8].

Now we may compare the triple products of classes in X and X'.
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Theorem 1.8 (= Theorem 0.1). Let a; € H (X) fori=1,2,3withky +k,+
ks =dimX =s+2r+ 1. Then
(ﬁal.ﬁaz.ﬁag) = (ﬂl.ﬂlz.ﬂlg,) + (—1)r><
o I X Jen—1
Z(al.Till hHr_]'])(ﬂz.Ti; ]2Hy_]'2)(a3.Ti33 ]3HT_]'3) X

- =k —j1 ko —j2 ks —J3
Sjitjprjp—2r T T 2T 7),

where the sum is over all possible i1,12,13 and ji, j2, j3 subject to constraint: 1 <
jp <min{r,k,} for p =1,2,3 and j; + jo + j3 > 2r + 1. Here

51' = Si(F + F/*)
is the ith Segre class of F + F'*.

Proof. First of all, ¢'*Fa; = ¢*a; + j.A; for some A; € H?Ki~1(E) which
contains both fiber directions of ¢ and ¢’. Hence

(3?111.3?112.35613) = (¢’*ﬁa1.q§’*ﬁ’a2.(<p*a3 +j*)L3))
= (¢"Fa1.9" Far.*az) = ((¢"a1 + j1).(¢7a2 + ju)2) .97 a3).

Among the resulting terms, the first term is clearly equal to (a;.a2.a3).

For those terms with two pull-backs like ¢*a;.¢*a,, the intersection val-
ues are zero since the remaining part necessarily contains nontrivial ¢ fiber
direction.

The terms with ¢*a3 and two exceptional parts contribute

s« mki—ji (=) . Fko—J2 X2 — (—y)P
(P a3']*Ti1 < x+y ]*T12 x+y
= 9" aju (T TE (0 = () 2 (y) 4 () )

11 %)
times (al.i.]? H,_ i) (az.i.’;rjz H,_j,). The terms with non-trivial contribu-

tion must contain y7 with g > r which implies j; +j» —1 > r, hence such
terms are

_(_y)h(sz—l—(r—h)(_y)r—h + sz—l—(r—jl)—l(_y)V—jl-i-l 4 (—y)2
and the contribution after taking ¢, is

(1) (R TR g (<R )

where s} := s;(F’) is the ith Segre class of F'. Here we use the property of
Segre classes to obtain ¢.y7 = s;_, forg > r + 1.
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In terms of bundle-theoretic formulation,

i1+jo—r—1 i1jo—r—2 Hjp—r—1
Witz _ phti s1+ -+ (_1>]1 J2 S jy—r1

= ((1—Si+3/2+"')(1+h+h2+"'))j1+j27r71

1 c(F)
= s(F") ) = ( S(F)S(F/*))
( (1=n) /1 \(1—h) hr
- (C(QF)'S(F * FI*))f1+j2—r—1
= Hjyj—r—1+ Hjjp—r—251 + - 4 §j s jp—r1.

With respect to the basis {TF}, 5p Thn Tl-iz_jz is of the form

Il

« ki —j1 ko —jo ks — (2rH14p—ji—jo)\ ks —(2r+14+p—ji—j
Y (5, T T kT @r+1+p—ji ]2))T.3 @r+1+p=ji—j2)
1 2 3 3

i3
We define the new index j3 = 2r + 14 p — j; — jo and thus j; +j2 + j3 >
2r+1l,alsop=j1+j2+j3—2r—1.
By summing all together, we get the result. 0

There is a particularly simple case where no H; or Segre classes 3; are
needed in the defect formula, namely the P! flops.

Corollary 1.9. For P! flops over any smooth base S of dimension s, let a; €
HZki(X)fori =1,2,3withky +ky + k3 =dim X = s+ 3. Then

(fal.gaz.yﬂg) = (ﬂl.ﬂz.ﬂg) - Z(al.ﬁ)(az.]!}) (ﬂ3.’1\_;3) (T1T2T3)
with T; running over all basis classes in H2%i—1)(S),

There is a trivial but useful observation on when the product is pre-
served:

Corollary 1.10. Fora P" flop f : X --+ X', a; € H*(X), ay € H**(X) with
ki+ky <, then F(ay.ay) = Fay1.7ay.

This follows from Theorem 1.8 since all the correction terms vanish for
any az. In fact it is a consequence of dimension count.

2. QUANTUM CORRECTIONS ATTACHED TO THE EXTREMAL RAY
2.1. The set-up with nontrivial base. Leta; € H?*i(X),i=1,...,n, with

n
ki=2r+1+s+ (n—23).
i=1

Since

ai‘z = Z Z (ai.iz{iiijiHr_]'i)Tsﬁiijihj",

Si ji<min{k;r}
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we compute

<a1, LRI ,an>(})(,n,d€

~

n
kif]‘i X [ Tk —kl.,]'[ ;. 1 «
= E | | a;. T H,_:)e T Wi (R t.e N
/Mg/,,(Z,dé) i1 <( 128 r ]l) 1 (lp S; )) ( f n+1 )

S
Fki—ji L Fki—Ji o *
(0. T57H, ) [[ [ 15 ].‘Ifn*(| |eih]l.e(R1ft*en+1N)> ,
i=1 i=1

with the sum over all § = (s;....,s,) and admissible ]_": (ji,---,jn)- By the
fundamental class axiom, we must have j; > 1 for all 7.
Here we make use of

(Mo, (X,d0)]"" = [Mo,(Z,d¢)] Ne(R ft.ef 1 N)
and the fiber bundle diagram over S

Mo n+1(Z,d0) N = Nz/x

fti K i
Mo (PT,dl) —= My, (Z,dl) ———= 7
/
S

as well as the fact that classes in S are constants among bundle morphisms
(by the projection formula applying to ¥,, = 1 o ¢; for each i).
We must have }_(k; — ji) < s to get nontrivial invariants. That is,

n

Y ji=2r+1+n-3.
i=1

If the equality holds, then [T/, Tfii_j " is a zero dimensional cycle in S and
the invariant readily reduces to the corresponding one on any fiber, namely
the simple case, which is completely determined in [8]:

—ki1—7 _kn*'n j ‘n i 1 — T -
(T511 noL. Tsn ] )5<hh,...,h] >(S)1,125; _ (1—[ Tsi)stdn 3

On the contrary, if the strict inequality holds, by the dimension counting
in the simple case, the restriction of the fiber integral ¥, (-) to points in S
vanishes. In fact the fiber integral is represented by a cycle S]v C S with

codimension
vi=) ji—@2r+14+n-3).
The structure of S]v necessarily depends on the bundles F and F'.
One would expect the end formula for ¥,.(+) to be

sv(F + F*) N; a3
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with N;=1 for n < 3 so that the difference of the corresponding generating

functions on X and X' cancels out with the classical defect on cup product.
Unfortunately the actual behavior of these Gromov-Witten invariants with
base dimension s > 0 is more delicate than this.

Notice that the new phenomenon does not occur for n = 2. In that case,
ki +ky =2r+s, j1 = j» = r and we may assume that Ty, is running through
the dual basis of T;,. Since then the nontrivial terms only appear when T,
and T, are dual to each other, we get

(a1, a2)50 00 = Y (a1.Ts) (a2 To) (I, BrySmee

S
1 _ ¥
— (_1)(d—1)(r+1)a 2(01.Ts)(az.Ts)-

It is also clear that the new phenomenon does not occur for P! flops over
an arbitrary smooth base S. Thus before dealing with the general cases,
we will work out the first (simplest) new case to demonstrate the general
picture that will occur.

2.2. Twisted relative invariants for v = 1. Consider P’ flops with n = 3
and j1 + jo +js = (2r + 1) + 1 = 2r + 2, namely with one more degree (i.e.
v = 1) than the old case. We start with (j1, j2,j3) = (2,7,7). Since classes
from S can be merged into any marked point, the invariant to be taken care
is

(W2, 1, B X
for some F € H*5~1)(S). Equivalently we define the fiber integral

<1£[hff>25 = ‘I’n*(ﬁe:hﬁ) € A(S)

i=1
to be a p-relative invariant over S and we are computing
(210 B0 = (W, 0, )55 8)°
now. Notice that for ¥ = 2,6 > ji + j» +j3 > 5 hence (2,2,2) is precisely
the only new case to compute.

The basic idea is to use the divisor relation [11] (for n > 3 points invari-
ants)

(2.1) eih=eih+ ), (d"Diajal™ —d'[Diajar)”™)
d'+d'=d

to move various h’s into the same marked point. This type of process is
also referred as divisorial reconstruction in this paper. Once the power ex-
ceeds 7, the Chern polynomial relation reduces /" ! into lower degree ones
coupled with (Chern) classes from the base S. This will eventually reduce
the new invariants to old cases. While this procedure is well known as the
reconstruction principle in Gromov-Witten theory, the moral here is to show
that this reconstruction transforms perfectly under flops.
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Let A(X) = ¥, T, ® T" be a diagonal splitting of A(X) C X x X. That
is, {T,} is a cohomology basis of H(X) with dual basis {T"}. Apply the
divisor relation (2.1)we get
(B, B g = (h, W E07)

+ Y YA, T (TH B ) g — d'(h, Ty) o (TH, W BT .
d4d'=d Ji
The last terms vanish since there are no (non-trivial) two point invariants
of the form (i, T);) ¢
Since W1 = —cih" — coh"™! — - - — ¢, 1, the first term clearly equals
~(eL D WY = (-1 e B

For the second terms, notice that the only degree zero invariant is given
by 3-point classical cup product. Hence if ' = 0 then we may select {T*}
in the way that h.Fh" appears as one of the basis elements, say T° = #h' !
(this is not part of the canonical basis). Thus d” = d and the term equals

d(h, B, To)o(FW' L, 1),
_ —d(Cl.f)S<hr,hr>Zimple — _(_1)(d71)(r+1)(cl‘lt)5.

It remains to consider 1 < d” < d — 1. In this case we may assume that

Ty = fh" since no lower power in h is allowed. To compute TO explicitly,
since we are considering extremal rays, we may work on the projective
local model X, = P(Nz,x ® O) of X along Z.

By applying Lemma 1.4 to H(X,.), we get

Lemma 2.1. Let {z;} be a basis of H(Z) and { = c1(Op(nge) (1)) be the class of
the infinity divisor E. The dual basis for {z;&" ™17/} i<,.1 is given by {Z:0;} <41
where ' 4
®j = C]'(QN) = (?] —|—C1(N)€]_l +---+ C]‘(N).
In particular, ©}|z = c;j(N). Moreover, since N = §*F' & ¢ (—1), we have
cre1(N) = (1) T T —cih" - (=1) e ).

Now if zy = fh" and To = 200 = f', then T® = fO©, 1 and the invariants

become

d” (b, T, E07) g (Fep i1 (N, B Yo

= _(_1)(d’71)(r+1)(_1)r+1dn(£(cl + Ca))5<hr/ hr>;ijnple
= _(_1)(d/—1+d”—1+1)(7+1)((Cl + Cll)f)s

= — (=) N (e + )T

Summing together, we get

(B2, Yy = (—1)@-Do+D) (((—c1 LD —d((e + cg).f)S).
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By exactly the same procedure, as long as j» < r or j3 < r, the boundary
terms in the divisor relation necessarily vanish by the exact knowledge on
2-point invariants, hence

<hj1,hj2, ;hjs>d - (hjrl,hjﬁl, {h]é)d'
In particular, any invariant with j; 4 j» + j3 = 2r + 2 may be inductively
switched into (h?, 1", th");. Hence we have shown

Proposition 2.2 (n = 3,v = 1). For Y7, ji = 2r + 2 and f € H?¢~1)(S),
(W 1, ) g = (<)@ (51.5)° — d(er (F+ F) D).

As in [8], this implies that the 3-point extremal quantum corrections for X
and X' remedy the defect of classical cup product for the cases v = 1.
To see this, it is convenient to consider the basic rational function

. q (d=1)(r+1) d
(2.2) fg) = ———— = 2 -1 ,

which is the 3-point extremal correction for the case v = 0. It is clear that

f(q) +£(q71) = (-1)".
Since .Z (fh) = (—1)/th"l for j < r, the geometric series on X

Z(—l)(d_l)(’+1)(§1.f)s qdﬁ — (51-{)Sf(q€)

d>1
together with its counterpart on X’ exactly correct the classical term via
(51.0)°8(4") — ()R (51.5)°8(g")
= (51:D°(£(¢") +£(97)) = (1) (5:.0)°.
The new feature for v = 1 is that we also have contributions involving
the differential operator op = qf d/dq’, namely

—(c1(F+ F).HS Y (—1)“@ D0 g = — (e (F + F').F)° 0,£(q").
d>1
This higher order series does not occur as corrections to the classical de-
fect, though it is still derived from the v = 0 information together with the
classical (bundle-theoretic) data. Of course it is invariant under P” flops in
terms of analytic continuation.

Remark 2.3. Tt is helpful to comment on i/ and .% (£h/) to avoid confusion.
Since the Gromov-Witten theory of extremal curve classes localizes to Z,
thi is regarded as a|; for some a € H(X). If j < r, the familiar formula
Faly = (—1)/th" follows from Lemma 1.2, Lemma 1.4 and the invari-
ance of Poincaré pairing. However this formula is not true for j > r.
Instead, by the Segre relation ¢.h"™" = s,, we find that "™V = s h" +
(lower order terms). This observation will be useful later.
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2.3. Twisted relative invariants for general v. We will show that when
Yo 1ji = 2r+1+v (v < r—1), there is a degree v cohomology val-
ued polynomial W' (d) = Y¥_y w,;(F, F') d' with coefficients w,, ;(F, F') €
H?'(S,Q) such that for any class f € H2~V)(S),

(W i, BP) g = (=1) @D (W 1S (d)

V .
= (=1) @ DD Y (w,(F, F').5)S d.
i=0
Hence the 3-point extremal correction is given by
(W, 02, By, o= Y (W, 2, B g = (WEE F)S(8,)£(q").
d>1

and the corresponding ¢-relative invariant is equal to
(1 e ) = WEF (8,) ().
The constant term of W} is the vth Segre class of F + F*. This is what
we need because (as in the v = 1 case)
5u8(q") — (—1)1TThg f(g") = (—1)"5,.
That is, the classical defect is corrected.
Similarly, for the d' component withi > 1,

i 6,£(9°) = wyi (=6)' ((—1)" — £(g")) = (=1)" 1wy, 6}, £(4").
This is expected to agree with (—1)1+2*5w! 6i,£(g"). Hence we require
the alternating nature of W:
wy,i(F,F) = (=1)""w, ;(F, F).

Remark 2.4. We ignore the degree zero (classical) invariants in the formula-
tion since they depends on the global geometry of X and X’ and could not
be expressed by local universal formula (only their difference could be).

Recall that for 1 < v < r — 1, any 3-point invariant (Fi/1, 72, B3h3) 4
with1 < j; < rand Y j; = (2r +1) 4+ v is equal to the standard form
(W1, 07, th" )y where F = FiEf; € HX57Y)(S). The study of it is based on
the recursive formula on extremal corrections W, := <hv+1, h",h") frs :

Proposition 2.5.

v .
Wy =s,f+) W, ((=1)¢if — (=1)""cif —¢)).
=1

Proof. Asin [8], by using the operator J}, the divisor relation can be used to
obtain splitting relation of generating series

(LB = (0 WL B+ Y (R, T 2 0, (TP ) 4+ (s,.F)5.
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The last term is coming from the case with d; = 0:
Y (BB, T o0n (TV W) 4 = 6, (FR 7, 1) 4 = (s,.F)°F.
I3

Here the Segre relation /" = s,h" + (lower order terms) and the complete
knowledge of 2-point invariants is used.
By the Chern polynomial relation, the first term equals

14

v -
—g<hv,c]-hr+1‘],thr>+ LYY = — Y (W)
=

j=1 =1
For the second sum, we take the degree r + 1 part of T,’s being of the
form {f;n" 1 }]V:l with f; € H¥(S) to be determined later. Then as in the
previous calculation, using local models, the corresponding dual basis T#’s
are given by {tjH;_10,.+1}]_;. We need the h" part of
H;j 10,11
= (_1)r+1(h]'*1 + Clh]'*Z 4+t C]',l)(h’drl _ Clll’lr 4+t (_1)r+1C;+1)
in the standard presentation of H(Z). By ¢ := ¢(F + F'*) = ¢(F)c(F"), itis
(—1)"*! times the k" part of
W(&—cj)+h g1+ W2 o+ + 1.
By the Segre relation and c(F"*) = s(F)c(F + F"*), the term is
W'(E; + 5161 + 5262+ -+ +5j161 +5; —¢;) =" ((— )]c] —cj).

Now we let ; = (—1)/ ¢; — ¢j, and then the sum becomes

r+1 Z hv ', thr—H ]> H—l Z C _ C])f t)
j=1
The result follows by putting the three parts together. D

Theorem 2.6 (= Theorem 0.2). The -relative invariant over S
— <hj1,hj2,hj3><_s

withl < j; <r,v=Yji— (2r+1) <r —1is the action on f by a universal (in
c(F) and c(F")) rational cohomology valued polynomial of degree v in &y, which is
independent of the choices of j;’s and satisfies the functional equation

W, — ( )V—H W/ ( ) g,
for0<v<r-—1
Proof. Since Wy = f, by Proposition 2.5, it is clear that W, is recursively
and uniquely determined, which is a degree v + 1 polynomial in f with
coefficients being universal polynomial in ¢(F) and ¢(F’) of pure degree v.

Let
0 =0y =qd/dq.
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In order to rewrite W, as a degree v polynomial in 6f, we start with the
basic relation

of = £+ (—1)"1f2,
Since 6(fg) = (6f)g + fog, it follows inductively that " f can be expressed
as Py (f) = £+ -+ (=1)"0+Dm1fm+1 with P, being an integral universal
polynomial of degree m + 1. Solving the upper triangular system between
5"f’s and £ Vs gives f'T! = (—1)’”(”1)(5%/1/! + - = Qy(6)f with Q, be-
ing a rational polynomial. Clearly W, then admits a corresponding rational
cohomology valued expression as expected.
It remains to check that W, satisfies the required functional equation

W, — (=1)V"IW = (=1)"5,.

We will prove it by induction. The case v = 0 goes back to f+f = (—1)”
where f := f(g') and £ := f(g") = £(g~¢) under the correspondence .%.
Assume the functional equation holds for all j < v. Then

v .
Wy =suf+ ) W, ((=1)"¢jf — (=1)""Icif — ¢j),
=1

=s,f + Z (1) = (=) e — o).

By substituting
W= (~) W 4 (1),
into W), we compute, after cancellations,
Wv _ (_1)v+lwl

=s,f+ (=1)"s,f + Z 1)/5,_ ]c —§y_jcif — (—1)r_j§v,]-c;-)

=suf+ (-1)"s,f + (Sv —&)f — ((=1)"s;, —5u)f — (=1)"(sv — )

=sy(f+£f)—(=1)s, + (—1)'8,

= (=15,
where both directions of the Whitney sum relations

s(F) = s(F+ F™*)c(F™); s(F™) = s(F + F™)c(F)
are used. The proof is completed. U
Corollary 2.7. For any ordinary flop over a smooth base, we have
Fay,az, a3>X > (Fay, Fay, ﬁa3>x,

modulo non-extremal curve classes.
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2.4. Functional equations for n > 3 point extremal functions. For ordi-
nary flops over any smooth base, we will show that Corollary 2.7 extends
toall n > 4. Namely

!

tg;<a1/' T /an>X = <gﬂ1,' t /Lgsal’l>X

modulo non-extremal curve classes.

By restricting to Z and Z/, it is equivalent to the nice looking formula

y<hh,. .. ,{hjn> a7 (_1)Z]'i<h/h,. .. ,fh’fn>

for all 1 < j; < r, where for notational simplicity the n-point functions in
this section refer to extremal functions, that is, the sum is only over Z_ £.

Notices that .7 (fh/) = (—1)/th" only for j < r and it fails in general for
j > rif the base S is non-trivial. In fact, we have

Lemma 2.8.
y(hrﬁLl) o (gh)H»l — (_1)r+1y®r+1
along Z'
Proof. This is simply a reformulation of Lemma 2.1. ]

It is easy to see that .Z (k1. Fuin) % (—1)Lii(W'h, ... Eh'in) if some
ji > r. This appears as the subtle point in proving the functional equations
for n > 4 points. The above lemma plays a crucial role in analyzing this.

Theorem 2.9. Let f : X --+ X' be an ordinary P" flop with exceptional loci
Z=P(F)— Sand Z' = P(F') — S. Then for n > 3,

ﬂ<hj1’ e ’t_-h]n>X aS) <9h]1’ L. ,ﬁfhj">x/
for all jy's and F € HX¢=)(S) with v = Yy jy — (2r + 1+ n —3).

Proof. This holds for n = 3 by Corollary 2.7. Suppose this has been proven
up to some n > 3. The basic idea is that an iterated application of the
divisor relation using the operator J; should allow us to reduce an n + 1
point extremal function to ones with fewer marked points. The technical
details however should be traced carefully.

The first point to make is on the diagonal splitting A(X) = ¥ T, ® T".
Since the Poincaré pairing is preserved, .# T# is still the dual basis of .7 T),
in H(X’). Thus we may take the diagonal splitting on the X’ side to be
AX')=LZT, @ FTH

We only need to prove the case that all j; < r. The P! flops always have
v = 0 and the proof is reduced to the simple case. So we assume that r > 2.

We will prove the functional equation by further induction on j;. The
case j; = 1 holds by the divisor axiom and induction, so we assume that
j1 > 2. By applying the divisor relation to (i, ], k) = (1,2,3), we get

(Wi, h2, his, .y = (W=t et i

+ Z(hfl‘l,hf3,- .. ,Tﬂ>5h(hfz,--- , TH) —(Sh<hf1‘1,- .. ,T#><hjz,hj3,, o, TH.
2
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Since j1 —1 <, (W'71,. .., T,) can not be a 2-point invariant unless it is
trivial. Hence we may assume that (hfz, W, ..., T*) has fewer points.

The term (K11, h2+1 his, . .. ) is also handled by induction since j; — 1 <
j1. Thus we may apply .# to the equation and apply induction to get

9<hj1,hj2,hj3,- L) = <<g2'hjl—1’g‘hfz+1,ghf3,. )
+ Y (FW T, FHB, - FTNo 7y T (W2, TH)
z

— 5Lgh<ﬁhf1‘1,- .. ,yTﬂﬂthé,th‘s,... , FTH,

where ¥ 06, = 64y, 0 # by [8], Lemma 5.5.
Notice that in the first summand,

gf@l]’z,. ., THY = <9th/. o, FTH

if it is not a 2-point invariant. Also the 2-point case survives precisely when
jo = rand T# = pt.h". In that case, by the invariance of 3-point extremal
functions in the v = 0 (simple) case, the corresponding term becomes

Fou(W, T = F (h, 1, TH) |
=(Fh, Fh,FT" + (=1) =Sz, (FNW,FTH) + (-1)".
Also Ty |7 = ©,41|z. Hence by Lemma 2.8 the extra (—1)" contributes
—(FW T, ZWe, - TR — (FHY, FWB, - (FR)T.

Since j, = r, the LHS cancels with the first term in the divisor relation and
we end up with the RHS as the main term.
Now we compare it with the similar divisor relation for

(FW, Fhi2, FWs,. ..\ = (Fh.FhW =Y, Fhi2, Fho,. . .)
under the diagonal splitting A(X') = Y, # T, @ #T". Namely
(FW, Fhi, Fhs,. ..
= (FW Y, FhFW2, Fhe,. . .)
+ Y (FW L, FhB, - FT)o 51 (FH2, -, FTF)
H

— S (FWY, o FTN(FH2, FW3, - | FTH),

If j» < r then there is no 2-point splitting and .Fh.Zhi2 = Fh2!, hence
the functional equation holds. If j, = r then Fh.Fh" = (Fh)'"l. This
again agrees with the main term obtained above. Hence the proof of func-
tional equations is complete by induction. O

Formula for W]f = (hjl,- . ,hj’7>/ 5 can be achieved by a similar process
as in Lemma 2.5, whose exact form would not be pursued here. In general
it depends on the vector jinstead of ¥ j;.
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Remark 2.10. Theorem 0.2 and 2.9 (for the special case F' = F*) have been
applied in [2] to study stratified Mukai flops. In particular they provide
non-trivial quantum corrections to flops of type A, 2, Ds and Eg .

3. DEGENERATION ANALYSIS REVISITED

Our next task is to compare the Gromov-Witten invariants of X and X’
for all genera and for curve classes other than the flopped curve. As in [8],
we use the degeneration formula [14, 13] to reduce the problem to local
models. This has been achieved for simple ordinary flops in [8] for genus
zero invariants. In this section we extend the argument to the general case
and establish Theorem 0.3 (= Proposition 3.3 + 3.7) in the introduction.

3.1. The degeneration formula. We start by reviewing the basic setup. De-
tails can be found in the above references.

Consider a pair (Y, E) with E < Y asmooth divisor. LetT' = (g,n, 8,0, t)
with y = (p1,..., 1) € INP a partition of the intersection number (B.E) =
lu| :== X, pi. For A € H(Y)®" and e € H(E)®*, the relative invariant of
stable maps with topological type I' (i.e. with contact order y; in E at the
i-th contact point) is

Ale, (YE) . / ey AUeke

(Ale )y M v et Y E
where ey : Mr(Y,E) — Y", e : Mr(Y,E) — EP are evaluation maps on
marked points and contact points respectively. If I' = ][], T, the relative
invariant with disconnected domain curve is defined by the product rule:

(Alemi™ =TTA e
T
We apply the degeneration formula to the following situation. Let X be
a smooth variety and Z C X be a smooth subvariety. Let ® : W — 2" be
its degeneration to the normal cone, the blow-up of X x Al along Z x {0}. Let
t € Al. Then W; = X for all t # 0 and Wy = Y; U Y, with

¢ = q)|y1 YT = X
the blow-up along Z and
PICD‘YZZYZ = P(NZ/XEBﬁ> —ZCX

the projective completion of the normal bundle. Y1 NY, =: E = P(Ng,x) is
the ¢-exceptional divisor which consists of the infinity part.

The family W — A! is a degeneration of a trivial family, so all cohomol-
ogy classes « € H(X,Z)®" have global liftings and the restriction a(t) on
Wt is defined for all t. Let j; : Y; < Wy be the inclusion maps fori = 1, 2.
Let {e;} be a basis of H(E) with {e'} its dual basis. {e;} forms a basis of
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H(EF) with dual basis {e’} where |I| =p,e; =€, ® - ® e;,. The degener-
ation formula expresses the absolute invariants of X in terms of the relative
invariants of the two smooth pairs (Y3, E) and (Y2, E):

@p =X X & (jia0) [ ense) (aao) | L)

I ]760}‘3

o(Y2,E)

Here 1 = (I'1,I'2, I,) is an admissible triple which consists of (possibly dis-
connected) topological types

r;
Ti :H‘n ‘117

with the same partition y of contact order under the identification I, of
contact points. The gluing T'y +, I'> has type (g, 7, B) and is connected. In
particular, p = 0 if and only if that one of the I'; is empty. The total genus g;,
total number of marked points n; and the total degree B; € NE(Y;) satisfy
the splitting relations

r
1= ZLT1|1 (g1(7 Z\ 2 —1)+p
=81+8 |T1! - |Tz| +o
n=nj+ny,
B = ¢:P1+ pipo.
(The first one is the arithmetic genus relation for nodal curves.)

The constants C; = m(u)/|Auty|, where m(u) = [Tp; and Auty =
{o €S, | 77 = n}. We denote by () the set of equivalence classes of all
admissible triples; by (g and (), the subset with fixed degree  and fixed
contact order u respectively.

Given an ordinary flop f : X --» X', we apply degeneration to the nor-
mal cone to both X and X’. Then Y; = Y| and E = E’ by the definition of
ordinary flops. The following notations will be used

Y = BIZX%Yl%Yl’, E:= P(NZ/XEBﬁ), E = P(NZ//X/@ﬁ).

Next we discuss the presentation of #(0). Denoteby 1y =j : E — Y =
Yand i : E < Y, = L the natural inclusions. The class a(0) can be
represented by (j7a(0), j52(0)) = (a1, a2) with a; € H(Y;) such that

Hoy = ey and  $uaq + pary = a.

Such representatives are called [iftings, which are not unique.
The standard choice of lifting is

= ¢ a and ap = p*(a|z).
Other liftings can be obtained from the standard one by the following way.
Lemma 3.1 ([8]). Let «(0) = (a1, a2) be a choice of lifting. Then

a(0) = (a1 — 114€, 00 + 124€)
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is also a lifting for any class e in E of the same dimension as x. Moreover, any two
liftings are related in this manner.

For an ordinary flop f : X --» X', we compare the degeneration ex-
pressions of X and X'. For a given admissible triple 7 = (I'y,I'2, I,) on the
degeneration of X, one may pick the corresponding 7’ = (T, T, I) on the
degeneration of X’ such that I'y = T'}. Since

¢ e — ¢ Fa € 11,H(E) C H(Y),

Lemma 3.1 implies that one can choose &1 = &}. This procedure identifies
relative invariants on the Y; = Y = Y] from both sides, and we are left with
the comparison of the corresponding relative invariants on £ and E’.

The ordinary flop f induces an ordinary flop

FiE-E
on the local model. Denote again by .%# the cohomology correspondence
induced by the graph closure. Then
Lemma 3.2 ([8]). Let f : X --» X' be an ordinary flop. Let « € H(X) with
liftings a(0) = (w1, 2) and Fu(0) = («}, a). Then
a=a] = Fay=ab.

Now we are in a position to apply the degeneration formula to reduce

the problem to relative invariants of local models.

Notice that A;(E) = 1. A1(E) since both are projective bundles over Z.
We then have

¢"p = B1+ P2

by regarding B, as a class in E C Y (c.f. [8]).
Define the generating series for genus g (connected) invariants

Alewd? = ¥
B2ENE(E)

1 (EE)
|Aut | Al 8/‘u>8rﬁ2 qﬁz.

and the similar one with possibly disconnected domain curves

z 1
(A] ) E8) =
F;yzr:—y |AutT|

(A e up ™ g w0
For connected invariants of genus g we assign the xk-weight k871, while
for disconnected ones we simply assign the product weights.

Proposition 3.3. To prove F ()X = (Fa)X' for all a up to genus g < gy, it is
enough to show that

F(A e )ED 2 (FA | e u)EP

forall A, e, pand g < go.
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Proof. For the n-point function
(X =Y ()dus =" 3 (w)gpaPesT,
g ¢ BENE(X)
the degeneration formula gives

@X= ¥ ¥ Y Cylan |enmi P wa | el )i gt s

GBENE(X) neQp 1

=)L) L G

BT neqy
<<(X1 ’ elr,u>].“§Y1/E) q’Bl Kgr1—|l"1|> <<0€2 | e ]/l> o(Y2 )qﬁl 8 T2 |F2‘> xP.

(Notice that p is determined by y.) In this formula, the variable g1 on Y;
(resp. gP? on Y,) is identified with g#f1 (resp. q**F?) on X.

To simplify the generating series, we consider also absolute invariants
(a)*X with possibly disconnected domain curves as in the relative case
(with product weights in k). Then by comparing the order of automor-
phisms,

=Y m(u) Y (wa [ er, 1) (g | ef, ) 02 E) i
H I

To compare .7 (¢)*X and (Za)*X’, by Lemma 3.2 we may assume that
a1 = o) and wh = Fa,. This choice of cohomology liftings identifies the
relative invariants of (Y3, E) and those of (Y7, E) with the same topological
types. It remains to compare (c.f. Remark 3.4 below)

<062 | eI/V>.(E’E) and <§“2 | eI,‘u>°(E’,E)'

We further split the sum into connected invariants. Let I'* be a connected
part with the contact order y™ induced from y. Denote P : p =Y .ppu” a
partition of y and P(y) the set of all such partitions. Then

(Ale ™ = ¥ TTE ot | 2w,

PepP(u) meP I

In the summation over I'", the only index to be summed over is 7" on

E and the genus. This reduces the problem to (A™ | €, u >(E /)
Instead of working with all genera, the proposition follows from the
same argument by reduction modulo x&°. 4

Remark 3.4. Notice that there is natural compatibility on our identifications
of the curve classes which keeps track on the contact weight |y|. Namely,

the identity (a1 | ef, 4)*E) = (a1 | ef, 1) *("1E) leads to
T (a1 | g, w)*E) = gkl ! () | eq, )1,

while .7 (ay | e!, u)*(EE) =~ <§zx2 | !, u)*(E"E) Jeads to

Fp(oy | el p) BB 2 g~y (Za, | el ) (EE),
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Thus we may ignore the issue of contact weights in our discussion.

3.2. Relative local back to absolute local. Now let X = E. We shall fur-
ther reduce the relative cases to the absolute cases with at most descendent
insertions along E. This has been done in [8] for genus zero invariants un-
der simple flops. Here we extend the argument to ordinary flops over any
smooth base S and to all genera.
The local model )
ﬁ:zg{“)op:EiZgS

as well as the flop f : E --+ £’ are all over S, with each fiber isomorphic to
the simple case. Thus the map on numerical one cycles

px: N1 (E) — Ni(S)

has kernel spanned by the p-fiber line class y and ip-fiber line class ¢, which
is the flopping log-extremal ray.

Notice that for general S the structure of NE(Z) could be complicated
and NE(E) isin general larger than i, NE(Z) & Z"y. For B = Bz +d2(B)y €
NE(E), while Bz = p.pB is necessarily effective, d»(8) could possibly be
negative if (and only if) Bz # 0. Nevertheless we have the following:

Lemma 3.5. The correspondence .7 is compatible with N1 (S). Namely

z Ny(E)

%;f’/ﬁﬁedé

Ni(S)®Z

Ni(E)

is commutative.

Proof. Since N1(E) = i.N1(Z) ® Z7y and Fy = o' + {, we see that dy =
d) o .F and it is enough to consider p € N;(Z). Also F¢ = —/{', so the
remaining cases are of the form p = *Bs.H, for Bs € Ni(S). Then .#p =
§"*Bs.H} and it is clear that both f and .# B project to Bs. O

This leads to the following key observation, which applies to both abso-
lute and relative invariants:

Proposition 3.6. Functional equation of a generating series (A) over Mori cone
on local models f : E --» E' is equivalent to functional equations of its various
subseries (fiber series) (A) g, 4, labeled by NE(S) ® Z. The fiber series is a sum

over the affine ray B € (dr7y + 9*Bs.Hy + Z¢) N NE(E).

To analyze these fiber series (A)g, 4, with (Bs,d2) € NE(S) © Z, we con-
sider the partial order of effectivity (weight) of the quotient Mori cone
W:=NE(E)/ ~, a~bifandonlyifa—b e Z/(.

Notice that a > band b > a lead to a ~ b since ¢ is an extremal ray. Under
the natural identification, W can be regarded as a subset of NE(S) & Z.
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This is not the lexicographical (partial) order on NE(S) @ Z, though both
notions are all used in our discussions. For ease of notations we also use

[B] = (Bs, d2) := (P«(B), d2(B)) € W
to denote the class of f modulo extremal rays.
Given insertions

A= (ay,...,a,) € H(E)®"

and weighted partition

(en) ={(er, 1), -, (g0, 1p) },

the genus g relative invariant (A | ¢, )¢ is summing over classes B = Bz +
dyy € NE(E) with

]

n P
dega;+ ) _degej = (c1(E).B) + (dimE —3)(1—g) +n—+p— [u].

=1 j=1

In this case, d» = (E.B) = |p| is already fixed and non-negative.

Proposition 3.7. For an ordinary flop E --+ E/, to prove

F (A& w)gps = (T A& H)gps

forany A € H(E)®", Bs € NE(S) and (e, u) up to genus ¢ < go, it is enough
to prove the .F -invariance for descendent invariants of f-special type. Namely,

E ~ E
9<A/ T €1, ITkp€p>g,ﬁS,d2 = <ﬁAI T €1, ’Tkp£P>g,ﬁ5,d2

forany A € H(E)®", kj e NU{0}, ¢j € H(E) and Bs € NE(S), d2 > O up to
genus ¢ < go.

Proof. The proof proceeds inductively on the 5-tuple

(g/,BS/ |,u| — d2/n/p)

in the lexicographical order, with p in the reverse order.

Given (a1, --- ,an | & p)gps, since p < ||, there are only finitely many
5-tuples of lower order. The proposition holds for those cases by the induc-
tion hypothesis.

We apply degeneration to the normal cone for Z < E to get W — Al
Then Wy = Y U Y, with  : Y] & P(0(—1,—1) ® ) — E a P! bundle
and Y» = E. Denote by Eg = E = Y1 NY; and E, = E the zero and infinity
divisors of Y7 respectively.

The idea is to analyze the degeneration formula for

E
<ﬂ1, <o, dy, T‘ulilgll ce ,Typ71€p>g,155,d2
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since formally it sums over the same curve classes f§ as those in (ay, - - - , a4y,
€ 1)gps such that

n P

dega;+ |u| —p+ ) _(dege; + 1)

j=1 j=1
=(c1(E).p) + (dimE - 3)(1 —g) +n+p.

As in the proof of Proposition 3.3, we consider the generating series of

invariants with possibly disconnected domain curves while keeping the

total contact order d, = |i|. Then we degenerate the series according to the
contact order.

We first analyze the splitting of curve classes. Under Ny (E) = i.Ny(Z) @
Z7, B = Bz + d>y may be split into

Bl € NE(Y;) € NE(E)®Z%, B> <€ NE(Y,) = NE(E),
such that
(', B*) = (BE + ¢, B +e7)
is subject to the condition ¢.f! + p.p*> = B, i.e.

(I_)*:B}E+,BZZ:,BZI C:dZEO/
and the contact order relation
e = (Ef)F = (Ep)" = c+ (EB})" = do — (E.BP)".

As an effective class in E, 5}5 is also effective in E, hence ﬁ}:- = {+ my
with { € NE(Z) and m € Z. Itis clear that { = ¢.p: and m = (E.BL)E. It
should be noticed that

e=dy—m

is not necessarily smaller than d, since m maybe negative. This causes no
trouble since we always have that

B—PB*=(Bz+dy) — (B7 +ev) = §uPr + my = pp > 0.

The equality holds if and only if 8L = 0 and in that case we arrive at fiber
class integrals on (Y1, E) with ! = d,7.

In fact, more is true. It is automatic that [8] > [B%] under the curve
class splitting. The equality [8] = [B?] occurs if and only if BL consists of
extremal rays d;/. But extremal rays must stay inside Z, hence we again
conclude that 1 = 0 and get fiber integrals on (Y;,E). No summation
over extremal rays is needed for these integrals.

Next we analyze the splitting of cohomology insertions. It is sufficient to
consider (¢1,...,€) = e; = (ej,...,e; ). Since ]z = 0, one may choose
the cohomology lifting €;(0) = (/1. €;,0). This ensures that insertions of the
form 7 e must go to the Y7 side in the degeneration formula.
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For a general cohomology insertion « € H(E), by Lemma 3.1, the lifting
can be chosen to be «(0) = (a,«) for some a. From «(0) = (a,«) and
Fu(0) = (a', Zua), Lemma 3.2 implies thata = a’.

As before the relative invariants on (Y3, E) can be regarded as constants
under .#. Then

<[’Z11 s, Ay, Tylfleill t T;lp 1elp g,BS dy — Zm

*(Y1,E) (EE)
Z<Ty1—1ei1/ te T]Jp—lelp ’ e /]’l > v <[’Z1/ 7] ‘ ey, ,u/>g,‘35 + R/
I/
where the main terms contain invariants whose (E, E) components admit
the highest order with respect to the first four induction parameters

(8 Bs, || = da, n).
-

In fact, the potentially highest order term (a;,--- ,a, | ey, V>:_(zi§s
the dimension count at the beginning of the proof. Yet it is not clear a priori
whether it is also the highest one in p.

For the the remaining terms R, a term is in it if each connected compo-
nent of its relative invariants on (E, E) has either smaller genus or has p%
strictly smaller than s or has smaller contact order or has fewer insertions
than 1. Notice that disconnected invariants on (E, E) must lie in R.

For the main terms, by the genus constraint and the fact that the invari-
ants on (E, E) are connected, the invariants on (Y1, E) must be of genus zero
and the connected components are indexed by the contact points. Also each
connected invariant contains fiber integrals with total fiber class ! = d>7.

To get constraints about (ey, #') and p’ on the main terms, we recall the
dimension count on E and (E, E). Let D = (c1(E).8) + (dim E — 3)(1 — g).
For the absolute invariant on E,

occurs by

n P
Y degaj+ |u| —p+ Z(degeii +1)=D+n+p,
j=1 j=1
while on (E, E) (notice that now (c1(E).8%) = (c1(E).B)),
Zdega]—l—Zdegel/_D—i—n—i—p 17|
j=1 j=
Hence (e, ) occurs in (ep, i’)’s and in particular, R is .#-invariant by in-
duction. Moreover,
dege; —degey =p—p'.
We will show that the highest order term in the main terms, with respect
to all five parameters, consists of the single one
EE
Clp)(ar, -+ an | er, 1) 50
with C(pu) # 0.
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For any (ey, y’) in the main terms, consider the splitting of weighted
partitions

/

0

(er, ) = H(elk,yk)

k=1
according to the connected components of the relative moduli of (Y3, E),
which are indexed by the contact points of 1/’

Since fiber class relative invariants on P! bundles over E can be com-
puted by pairing cohomology classes in E with certain Gromov-Witten in-
variants in the fiber P! (c.f. [17], §1.2), we must have deg e + deg el <
dim E to get non-trivial invariants. That is

degep = Zdeg e < dimE — deg elt = degey
]
for each k. In particular, deg e; < degey, hence also p < p'.

The case p < p’ is handled by the induction hypothesis, so we assume
that p = p" and then degen = dege; foreachk = 1,...,p". In particular
I¥ # @ for each k. This implies that I¥ consists of a single element. By
reordering we may assume that I¥ = {i;} and (e, u*) = {(e;,, ) }-

Since the relative invariants on Yj contain genus zero fiber integrals, the
virtual dimension for each k (connected component of the relative virtual
moduli) is

2+ (dim Yy —3) + 14 (1 — )
= (4 —1) + (dege;, +1) + (dimE — degey ).

Together with deg e;, = deg ey, this implies that

We=pr, k=1,...,p.
From the fiber class invariants consideration and
dege; +deg et = dimE,

e; and e’ must be Poincaré dual to get non-trivial integral over E. That
is, ey = e for all k and (ey, ') = (er, ). This gives the term we expect
where C(t) is a product of nontrivial fiber class invariants

P
] (Y /E) Y _ dry
TT (e | € m) g7) = cug™
k=1
with ¢, # 0. ~
In order to compare with the series (a1, - - -, ay, Ty, 1€, -+, T;tp—leip>§,ﬁs,d2f
which satisfies the functional equation under .# by assumption, we need
only to match the formal variables involved. Under ¢ : Y1 — E we set

~Y

g7 — g"and under p : Y & E — E we set g7 — ¢° = 1. Similarly we
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identify formal variables in the E’ side. It is clear that these identifications
commute with .%. Hence

y<a1,_ s, A | e11y>§”35 = <9ﬂ1,‘ o /to%\an ’ e[/,u>§,/‘351

and the proof of Proposition 3.7 is complete. O

4. RECONSTRUCTIONS ON LOCAL MODELS

In this section, X and X’ are the projective local models (double projec-
tive bundles over S) of the flop

f:X: E = PZ(NZ/X@ﬁ) -—> X/ = E/ = PZ’(NZ’/X’@ﬁ)-

Since we consider only genus zero invariants for the discussion on big
quantum rings, the subscript on genus will be omitted. One special fea-
ture for genus zero GW theory is that there exists several reconstruction
theorems which allow us to deal with only some initial GW invariants.

By Leray-Hirsch,

H(X) = H(S)[, ]/ (fe(h), fnee(S))-

Soeverya € H(X) admits a canonical presentationa = fh’ff with0 < g r,
0<j<r+1landfe H(S). (Inthiscase Fa = {(Fh) (FE&) =& —W)'&
for i < r and for any j.) We abuse notations by writing ¢|a if j > 1.

Definition 4.1 (f-special invariants). An insertion T is called special if k # 0
implies that ¢|a. A (possibly) descendent invariant is f-special it is not
extremal (i.e. (Bs,d2) # (0,0)) and if all of its insertions are special. An
f-special invariant is of type I if ¢ divides some insertion, otherwise it is
called of type IL

4.1. Topological recursion relation and divisor axiom.

Theorem 4.2. The .%-invariance for descendent invariants of f-special type is
equivalent to the 7 -invariance of big quantum rings.

Proof. We only need to prove “<":

Consider the generating series (T, a1,- -, Tk, au) 5,4, Of f-special type
with (Bs,d2) # (0,0). Let k = Y k; be the total descendent degree. We
will prove the theorem by induction on k.

If k = 0, we may assume that n > 3 by adding divisors & or D € H%(S)
into the insertions. Since ({.¢) = 0 = (D.{), this only affects the series
by a nonzero constant, hence the .#-invariance reduces to the case of big
quantum ring.

Now let k > 0. Without loss of generality we assume that k; > 1. By
induction the results holds for strictly smaller descendent degree and for
any n > 1.

We first treat the case n > 3. By the topological recursion relation

1 = [D1pa]™",
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we get

<Tk1ﬂ], T ’Tknun>.35/d2

= ;(Tklflalr‘ Ty Ty>ﬁ’5,d’2<TV/Tk2a2/ T 43, "+ >5g,dg,

where the sum is over all splitting of curve classes such that (B, d5) +
(BS,d3) = (Bs,da).

Notice that on the RHS, the case (B5,d5) = (0,0) is excluded since &|a;
and it will lead to trivial invariants. The (8%, d}) series is then .#-invariant
since it has strictly smaller descendent order k; — 1 < k. (Recall that on the
X' side we may choose .# T, and .ZT" for the splitting since .# preserves
the Poincaré pairing.)

The (B¢, dy ) series is also .Z-invariant: It has strictly smaller descendent
degree and it has at least 3 insertions. So even if (B%,dy) = (0,0) we still
get the .#-invariance.

The case n = 1 can be reduced to the case n = 2 by the divisor equation
for descendant invariants. Namely let b be a divisor coming from the base
S or ¢ such that b.(Bs + day) # 0. Then (b.8) # 0is independent of d and

(b, Tat) gg.a, = (b.B)(Tktt) gs,a, + (Te—1aD) gy -

The case n = 2 can be similarly reduced to the case n = 3. If there is only
one descendent insertion, say (a1, Txa2) Bs.dp, then

(b, a1, Ta2) ps.a, = (b-B)(a1, Taz) s a, + (a1, Te—102D) g -

If there are two descendent insertions, say (741, Tc_;42) Bs,dy, then

(b, a1, T182) g0, = (b-B)(T141, Te—102) s,
+ (T_1a1b, kala2>ﬁ5,d2 + <Tla1/kalflﬂZb>ﬁs,d2~

All the other series are either 3-point functions or have descendent degree
drops by one. Thus by induction the proof is complete. U

4.2. Divisorial reconstruction and quasi-linearity. Theorem 4.2 reduces
the analytic continuation problem to the local models completely. How-
ever, in the actual determination of GW invariants (as will see in later sec-
tions), another natural set of initial GW invariants are those with at most
one descendent insertion. This suggests another reconstruction procedure.

Definition 4.3 (Quasi-linearity). We say that the flop f is quasi-linear if for
every special insertion v € H(X) UTt,H(E), ; € H(S) and (Bs,d2) # (0,0),
we have

§<{1/ Tty i_‘nfll “>§S/d2 = <Ell Tty Eﬂ*ll ﬁa>§s,d2'

We call invariants of the above type (with only one insertion not from
the base) elementary. Quasi-linearity is the .#-invariance for elementary
f-special invariants.
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Notice that the similar statement for descendent invariants, even for sim-
ple flops, is generally wrong if « = Ta with k > Obuta ¢ H(E) (c.f. [8]).

Theorem 4.4. Suppose that f is quasi-linear. Then all descendent invariants
of f-special type are F-invariant. Namely for « = (ay,...,a,) (n > 1) with
a; € H(X) Ut H(E) and for (Bs,d2) # (0,0), we have

e97<0c>i§5,dz = <9(X>§5,d2

More precisely, any series of f-special type can be reconstructed, in an .7 -
compatible manner, from the extremal functions with n > 3 points and elementary
f-special series.

We will prove the reconstruction by induction on (Bs,d2) € W, and then
on m which is the number of insertions not coming from base classes. This
is based on the following observations:

(1) Under divisorial reconstruction: ; + ¢; = [Dy;]*", and for L € Pic(X),

(4.1) e;L=e;L+ (BL)pi— ), (B1.L)[Dig,p,]""

B1+p2=p
([11], c.f. also [8]), the degree B is either preserved or split into effective
classes B = B1 + Bo.

(2) When summing over B € (dyy + ¢*Bs.H, + Z{) N NE(X), the split-
ting terms can usually be written as the product of two generating series
with no more marked points in a manner which will be clear in each con-
text during the proof.

We also need to comment on the excluded cases (Bs,d2) = (0,0):
(3) Let w; = my,a;. If k = Y_k; # 0, say &|ay, then the extremal invariants
survive only for the case = 0. Since My ,(X,0) = My, x X, we have

(4.2) <Tk1a1,. .. /Tk,,an>n,5:0 = /7 1)011{ X / ai---ay.
MO,n X
It is non-trivial only if k = dim My, = n — 3, and then

/al---an: Fai---Fay
X X

since the flop f restricts to an isomorphism on E.

(4) For extremal invariants with k = 0, since ¢|z = 0 and the extremal
curves will always stay in Z, we get trivial invariant if one of the insertions
involves ¢. Hence by Theorem 2.9 the statement in the theorem still holds in
this initial case except for the 2-point invariants (f11", f,h"). By the divisor
axiom

op(bih’, Bl = (h, (11", E2h") 4,
the 2-point invariants will satisfy the .#-invariance functional equation up
to analytic continuation only after incorporated with classical defect. Thus
we may base our induction on (Bg,d2) = (0,0) with special care taken to
handle this case.
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Proof. Let (Bs,d2) # (0,0). If m = 1 then we are done, so letm > 2.

Step 1. First we handle the type I case, i.e. with the appearance of ¢ in
some ;.
By reordering we may assume that x, = 7;¢a, s > 0. Write

N = flTkhl(:j.
We will reduce m by moving divisors in a; into «;, in the order of ¢, h and
¢. This process is compatible with .# since Z#a.7¢ = .7 (a.C).
For ¢, we use the equation
P1 = —n + [Dy)]""".
If k > 1 thenj # 0 and we get

(Bl wéa)poa, = — (BTl &, Ti18a) g,
+ Y BTl T, T g (TV - wla) g
M

For each i, if one of (B5,d5) and (B%,dY) is (0,0) then since both terms
contain ¢ the splitting term must vanish. So we may assume that
(Bs,d3) < (Bs,d2) and  (Bs,dy) < (Bs,d2)

and these terms are done by the induction hypothesis. (By performing this
procedure to ay,...,a,_1 we may assume that the only descendent inser-
tion is a;,.)
For h, if | > 1 we use the divisor relation (4.1) for L = & to get
<f1th]/ Tty nga>ﬁ5,d2
= (R, wlah)goa, + 6u (BT, Taa) poa,
- 25h<flh171€]1 Tty T]/l>,B’S,d’2<THI Tty nga>/3g,d/2"
I3

The only cases for the splitting term to have one factor with the same
(Bs,d2) and m are of the form (denote by f. some set of insertions «; €
H(S))

5h<f1hl_1§j, f*, Ty>0,0<TV, e, Ts§a>ﬂs,d2,

where the LHS has n’ points, or
(5h<f1h171€]’, Tty T‘Ll>ﬁs,d2 <T]4/ E*/ TSCa>O,O'

But — 1 < r forces the former LHS invariants to vanish: For j # 0 this is
trivial. For j = 0, the codimension (c.f. §2)

(4.3) p=|h—Q2r+14n"-3)<2r—2r=0.

The latter RHS invariants also vanish since they contain ¢.
If j = 0, the case (B5,d5) = (0,0) may still support nontrivial invari-
ants with 3 or more points. In that case m decreases in the RHS. For the
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other terms, the only possible appearance of type Il invariants (i.e. without
¢ insertion) is

(44) §h<{1hlil/ Tty T]J>‘B/S,d§ = <h/ ﬁhlil/ Tty Tpl>,3/5,d/21

where j = 0, which has at least 3 points and (0,0) < (B%,d5) < (Bs,d2).
For ¢, the argument is entirely similar. For j > 1, the divisor relation says
that

(0E, -+, 16a) poa,
= (B, wla)pg g, + 0 (BT Taa)pg g,
=Y S (Big T T g (TH, -+ T6a) g an
‘ll

We then have (8%, d5) < (Bs,d2) and (B%,d5) < (Bs,d2) as before. Notice
that only type I invariants appear in the reduction.

Step 2. Next we deal with the type II case: a; = fz-hl", 1 <i<mn In
case Bs = 0, we can add one ¢ into the insertions and then go back to
Step 1. From (4.4), (Bs,d2) will be getting smaller when the possible type
IT invariants appear again, so it is done by induction. Thus we can allow
Bs # 0 here. By adding base divisors into the insertions we may always
assume that n > 3.

We can not apply (4.1) to move divisors since it will produce non f-
special invariants. Instead, since n > 3 we may apply (2.1), the descendent-
free form of the divisor relation, as we have used in the proof of Theorem
2.9.

Suppose that [y > 0 and I, > 0 and we move h from a; to a;. We run
induction on /1. Namely we assume the .%-invariant reduction holds for
ap = Bl with j < Ii — 1. The initial case j = 0 holds since m drops by 1.
Then

(BH", B2k, 0, ) g a,
_ <i-_1hl1—1’ i_'2h12+1, a3, - - - >'85le

+ Zglhlrl,“:}”. .., Tﬂ>ﬁg,d§‘sh<fzhlzf' - T}l>ﬁ/s’,d§/
K

— &y (B, Tu>ﬂ’s,d§<52hlzf“3f e T gy

If I < r—1, the processes on X and X’ are clearly .%-compatible and the
splitting terms are all handled by induction. Indeed, if (85, d5) = (Bs,d2)
and m’ = m then (B¢,dy) = (0,0) which gives an extremal function with
m' < 2. The analogous codimension condition as in (4.3) forces the term to
vanish. Similar consideration applies to the case (8%,d5) = (Bs,d2) as well.

If I = r, the first term is no longer .%-compatible. The topological de-
fect of the second insertion is given by Lemma 2.8: % (h'*1) — (#h) 1 =
(—1)"*"1.7@, 1, where @, is the dual class of pt.h'¢’. Meanwhile, the
splitting terms also contain one term not of lower order in (Bs,d>) and m.
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By the codimension consideration as in (4.3), we have T# = foh" and the
term is given by
(BH Y as, F20,11) gg, 0,00 (E2h", 12" )0 0.
Comparing with its corresponding term on X’
(FFH Y, Fag, -, Foan, b F O 1) g a0 7n (BT W, LT Yo
and using the induction, we get the difference to be

— (hFH Y, Faz, -, Fon, bF O i) g g, x (1)

= —(RZW L BLZEMWT,. ) Bedy T (BZH L B(Zh) T, ) Bs.da-

This cancels the defect of the non .% -compatible terms.
Thus the whole reduction is .#-invariant and the proof is complete. [

4.3. WDVYV equations. We may strengthen Theorem 4.4 to
Theorem 4.5. If the quasi-linearity holds for elementary type I series

<{1/ Tty Enfl/ Tkﬂé>,
then the % -invariance holds for all series of f-special type.

The significance of this reduction will become clear after we introduce
the practical method to calculate GW invariants. The proof is based on

Proposition 4.6. Any type 1I series over (Bg,dy) can be transformed into sum
of products of (1) type I series over (B, dy) < (Bs,d2), (2) type II series over
Bs < Bs, and (3) extremal functions. Also, the processes can be done in a .-
compatible manner.

Indeed, with Proposition 4.6, Theorem 4.5 then follows from the proof
of Theorem 4.4: Simply replace Step 2 by the proposition and run the in-
duction. All type II special series eventually disappear. (Degenerate type 11
series with (Bs,d2) = (0,0) are simply extremal functions.)

The remaining of this subsection is devoted to the proof of Proposition
4.6. Notice that if dy # 0 then this is trivial: By the divisor axiom,

<a1’. .. Iﬂn>‘35,d2 — <a1,. .. /aﬂ/§>‘35,d2/d2'

Thus we consider (ay, -+ ,a,_1, fihf>/55,0 withay,...,a,-1 € H(Z).

Let {T;} be a basis for H(S) and {T;} be its dual basis. We start with the
case of three-point functions (a,b, T;h/)g, o for any a,b € H(Z). This cer-
tainly includes also the one-point and two-point cases by picking suitable
a,b € HX(S).

For any ¢,d € H(X), the WDVV equations

Y 0ijmFo 8™ dpaFo =) _ dikmFo & 9njiFo
m,n mmn
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lead to the diagram
[aVb— eV Ed] =[aVic— bV Ed.

We apply it to split the curve classes over (Bs,d» = 1) and get a linear
equation

(4.5) Y (a,b, Tl poo(TiHy Oy, &6, Ed)od, = Toa,
ij
where all terms in the LHS of WDVV with either (1) g5 < Bs, (2) d5 # 0,
or (3) with basis class insertion T, = TW &k (k > 0) from the diagonal
splitting, have been moved into the RHS. Since the original RHS of WDVV
are all type I series, any series in I, 4 over (B, d;) must satisfy B < Bs or
(B d3) = (Bs,0).
Let m = Y ;h'(S). We intend to form an N x N invertible system with
N = m(r + 1). The virtual dimension of the second series is

dy(r+2)4+2r+1+s.

Thus for d; = 1, we should require |c| + |d| = r + |T;| + j to match the
dimension.
Natural choices of {(c,d)} are

(4.6) c=cp =T, d=n.

The set {c,} is partially ordered by |Ti| and then by I.
We claim that the resulting system is upper triangular with non-zero di-
agonal. Indeed,

(T;H,—i©,11, "™, &M")o1 #0
only if |Ty| +1 = |Tj| +j.

The key point is to use the fiber bundle structure M, (X,) — S for
B = dl + dy7y as in the extremal case (where d, = 0). The fiber is given by
M, of the toric local model for the simple flop case.

Thus if |Ty| > |Tj| then |T;| +|Ti| > s and the invariant is zero. Even
in the case |Ty| = |T;|, and so I = j, we must have Ty = T; to avoid trivial
invariants. The other cases |T;| < |T;| belong to the strict upper triangular
region which do not affect our concern.

It remains to calculate the diagonal fiber series (sum in d > 0)

Z(iHr—j@r+1/ T, ¢h o1 = (W (& — h)rﬂr(?jﬂréhr);fiﬁle-

1

We had done a similar calculation before for the extremal case in [8], Propo-
sition 3.8. In the current case we have

Lemma 4.7. For simple flops, the fiber series in d with dy = 1 are given by

iy : ~1)ig'q", 0<j<r—1;
WI(E—h r+1 =j+1 Wy, = (
(W& — )y, M, e ) gy { O



40 Y-P. LEE, H-W. LIN, AND C.-L. WANG

Proof. By applying the divisor relation to move one ¢ class with respect to
(i,7,k) = (2,1,3), we get (notice that &(¢ — h)" ! = 0)

<hrfj(€_h)r+1 gj+1 C:hr>d2 .

= E (&, 1, Ty)odg (T, (& — )™ )1 = 0 (&, Ty (T, T (§ — h)™ 1, Eh")o

— < (C—h)r+l,€j+lhr>1.
By another divisor relation (4.1), we can keep track on the 2-point invari-
ants as follows:

<hr7j(§_h)r+l €j+1hr>
= (Y& —n)*,¢n 255 ¢, T (T W (& — h)™ o

= (" I(E )", IH ) =
= (@I =m0
Here we use the fact that there is no extremal invariants with any insertion

involving ¢ (notice that (& — k)" = &(- -+ ) since k"1 = 0).
Next we move the divisor class & in I" to the left one by one:

<¢j+1hr—j(€ o h)r+1,hr>1
— <l/)f+1hr—j+1 (é{ o h)r-i—l hr—l> + 5h<¢j+2hr—j(é’ . I’Z)r+1,hr_1>1
—25;1 LT o(TH, 1/;J+1hr J(g h)”l)

= W“(h Ay (G )T =
= (@ (h+dy) T (&~ ) )
Note that (W1, T,,)o = 0 since the power of / is less than .
Finally, the divisor axiom helps us to obtain the result:
(@1 ()™ (@ = )™ )
= (/T (h+dy) (G = i)+ (! (B dyp) (&~ h) )
= (@/(h+dp) "I (C— )",

which is the constant term in the z expansion in

(¥ I’D—z] (h+dz) W~y )

k>O

1 ,
— jt2 * rypr—j(x _ 1,\r+1
z el*(z(z_lp)el(h+dz)h (C—h) )

According to the same discussion of quasi-linearity in [8], if d —d < 0
then Py vanishes after multiplication by ¢. Here "~/ (¢ — h)"™! does contain

at least one ¢. Hence we only need to consider d, > d. Now d, = 1, thus
d=0orl.

1
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Ifd = 0, then W"h" /(& — h)"*! is nontrivial only if j = r and in this case
we get h" (¢ — h)"™1 = "¢t = pt. It is clear that the constant term of z in

1
TR

Zr+2]ﬁ~Pt — Z?’+2 (

is equal to 1.
Ifd =1,then Jg =1/(h+2)"" (& 4 z). Thus

w2l 2 —
(h+2z)*1(& + z)
_Zj+2 hr_j((;'—h)rﬂ
22 (1+h/z)(1+¢/z)
o J1,r—j r h hz h/ é
— in ](C’_h)‘H(]__E_*_i_...(_1)]i‘+...)<1_g+...>_

z2 i)

Since &(& — h)""! = 0, the constant term is given by
(1§~ h) = (1) = (1),
The proof is complete. U

Now we consider n-point functions with n > 3. The WDVV equation is
for triple derivatives of the ¢ = 0 potential function. Let t € H>2(X) be
a general insertion without the fundamental class and divisors. Then we
have

@7) Y {a,b, T g o(t)(TiH,— 1Oy i1, The L, &0 )01 (1) = Li(t)
ij

where any series in I, 4 over (B%,d,) must satisfy py < Bg or (B5,d5) =

(Bs, 0)-
By dimension counting, one more marked point increases one virtual
dimension while t has Chow degree more than one, so we find that

(TiH,— @1, T, 10, (1) = (TiH,— @41, T, 81 o

is in fact independent of t when |T;| + j = |Ti| 4+ I. The linear system (4.7)
is thus .7 -compatible by the quantum invariance of simple flop case [8].

In any case, if | Tx| > |T;| then the invariants are still zero. In particular
the N x N system is still upper triangular. Moreover the diagonal entries
are still given by the original 3 point (finite) series. Thus the series

<g, b, Tihj>,35,0 (t>

are solvable in terms of the expected terms.
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