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Abstract: Given a projective variety X, a smooth divisor D, and semipositive line
bundles (L1, h1),..., (L, hm), we consider the “multiply twisted pluricanonical
bundle” F := ®Z1(KX +D+L;)on X and Fp := ®11(KD+LZ-\D). Let .7 be
the multiplier ideal sheaves associated to h;|p, j =1,...,m. We show that, under
a certain conditions on curvature, HO(D, Fp ® 1.9+ %) lies in the image of
the restriction map H°(X,F) — H°(D, Fp). Our result is inspired by Siu’s proof
of invariance of plurigenera and its simplification made by Paun. We emphasize its
nature as a multiple version of extension theorem of Ohsawa-Takegoshi type (the

case with m = 1), whose proof is also given here in detail.
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1. INTRODUCTION

In this work we study the problem of extending “multiply twisted” pluri-
canonical forms from smooth divisors in a complex projective manifold. We
first state the main theorem and then review some earlier results. Definitions

and notation can be found in Section 2.
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Theorem 1.1. Let X be a projective manifold of dimension n, D C X a smooth
divisor with canonical section sp.

Let hp be an almost semipositive metric (cf. 2.8) on the line bundle D such
that |splp,, is essentially bounded on X, i.e. bounded by a fired number almost
everywhere, and let (L1,h1),...,(Lm,hm) be semipositive line bundles (cf. 2.3)
such that the restriction of the singular metric hj to Lj|p is well defined, i.e. not
identically +00 along D.

If there is a real number p > 0 such that

2AY _1®h] 2V _1@hD

as currents on X for j =1,...,m, then for every section o of
m
Q)(Kp + Ljlp) @ AIp -+ Iy
j=1

on D, where . denote the multiplier ideal sheaves #(hj|p), there exists a global
section o of
m
Q)(Kx +D+Lj)=m(Kx+D)+Li++Lpn
j=1

on X such that G|p = o A (dsp)®™ (cf. 2.1).

Extension theorems of this type (for m = 1) date back to the work of Ohsawa
and Takegoshi [11] on extending holomorphic functions from submanifolds of
Stein manifolds with weighted L? estimates. Their key idea is to use a modified
Bochner-Kodaira inequality to achieve the L? estimate for a skewed 9 operator.
This theorem was generalized by Manivel [10] to the case of holomorphic sections
of vector bundles. Variants of their theorems were used by Angehrn and Siu [1],
in their study of Fujita’s conjecture, to prove the semicontinuity of multiplier
ideal sheaves under variation of the singular metrics, and used by Siu [18, 19],
in his proof of the invariance of plurigenera, to extend pluricanonical forms from
the central fiber of a smooth projective family of complex manifolds to the total

space.

The argument exploited in [19] was generally referred to as a “two tower” ar-
gument by Siu. Indeed, in [19], the theorem of Ohsawa-Takegoshi type (m = 1)
is for the canonical bundle twisted by a suitable line bundle. In passing from
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a single canonical bundle to pluricanonical bundles, Siu combined the extension
theorem with Skoda’s theorem on (effective) ideal generation as well as a supre-
mum norm estimate. Later Paun [13] simplified Siu’s approach by showing that
the supremum norm condition can be replaced by an L? one and the invariance
of plurigenera can be deduced directly from the extension result without using
Skoda’s theorem. More precisely, he proved the following result:

Theorem 1.2 (Paun [13]). Let 7 : X — A be a projective family over the unit
disk and (L,h) a semipositive line bundle on X such that the restriction h|x, is
well defined. Then every section of (mKzx, + L|x,) ® #(h|x,) on Xo extends to
a section of mKx + L.

His proof consists of an elegant single tower climbing induction argument.
The induction is on the multiple of the canonical bundle twisted by the fized line
bundle L equipped with a fized singular metric h. It is then natural to ask, when
climbing the tower, can we add different line bundles each with its own singular
metric instead of just a constant pair (L,h). If this can be achieved, one may
possibly obtain an extension theorem of “multiply twisted” pluricanonical forms.
In fact, Demailly proved the following result:

Theorem 1.3 (Demailly [3]). Let X and 7 be as in Theorem 1.2 and (Lj, hj)
(1 < j < m) semipositive line bundles on X such that hj|x, are well defined.
Suppose S (hj|x,) = Ox, forj =2,...,m. Then every section of (mKx,+L1|x,+
o4 Ly |x,) @ F(hi|x,) on Xo extends to a section of (mKx+ Ly + -+ Ly,).

Note that, although Theorem 1.3 enables one to add different line bundles L;,
only one of them is allowed to be equipped with a singular metric whose multiplier
ideal sheaf is nontrivial. This motivates us to look at the statement like Theorem
1.1, which removes this restriction. This was recently achieved in [20].

Theorem 1.4 ([20]). Let w : X — A be a projective family over the unit disk
and (Lj, hj) (1 < j < m) semipositive line bundles on X such that hj|x, are well
defined. Then every section of (mKzx, + Li|x, + -+ + Lm|x,) ® AAF2 -+ I on
X extends to a section of (mKx+L1+---+Ly,) on X, where Z; is the multiplier
ideal sheaf 7 (hj|x,) on Xo.

Inspired by the results of Tsuji, Takayama, and Hacon-McKernan respectively
in connection with their work on pluricanonical series [15], [14], and [8], we proved
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our theorem under the setting of pairs of a complex projective manifold and a
smooth divisor whose associated line bundle satisfies some conditions on cur-
vature. The projective family case is relatively easier in that the line bundle
associated to the central fiber is trivial, hence it can be ignored in the necessary
curvature condition, i.e. the curvature inequality in Theorem 1.1 holds automat-
ically.

Most of our arguments in the proof of Theorem 1.1 follow closely Paun’s one
tower argument. The major new input to overcome the non-triviality of multiplier
ideal sheaves .#(h;|p), which occurs during the intermediate inductive steps, is
a more careful choice of the auxiliary twisting ample line bundle (denoted by
A in our argument). This bundle needs to be sufficiently ample to take care of
both the required metric properties and the global generation for related coherent
sheaves. The complete discussion is presented in Section 3 and Section 4.

For completeness and self-containedness of this article, we include in Appendix
1 (Section 5) a proof of the Ohsawa—Takegoshi type theorem which we will use.
The proof is exactly the same as the proof in [19], except that we deal with the
situation in which the line bundle D is not trivial. A similar statement appeared
in [17], Theorem 2. It is worth noting that Friedrichs and Hérmander’s results ([5]
and [7]) on the density in the graph norm (cf. Remark 5.2) plays an essential role
when using the Bochner—Kodaira formula to get a priori estimates. This density
result requires the weight functions to be smooth or to have at most suitably mild
singularities. Therefore, to allow hp to be a singular metric, one has to reduce
the proof to the case when it is smooth. We discuss such a reduction in detail for
completeness, although it might be well known to experts. In addition, Theorem
1.1 is a refinement of [17], Theorem 1.

In fact we only dealt with the case hp being smooth in our first version sub-
mitted on October 2010 since we were still struggling on this subtle regularization
issue at that time. We developed our treatment in Appendix 1 following ideas of
Siu which we learnt from several of his lectures and private notes. We consider a
locally biholomorphic projection from a Stein manifold to a Euclidean space and
apply the convolution method on the target Euclidean space.

We also noticed that in a recent preprint by Demailly, Hacon, and Paun [4],
an extension theorem similar to Theorem 3.1 has been proven. They also gave a
detailed discussion on the process of smoothing singular metrics. Their approach



Extensions of Multiply Twisted Pluri-Canonical Forms 905

is basically as follows. First one imbeds a Stein manifold V' (which will be the
complement of some suitable sufficiently ample divisor H in the projective man-
ifold X under consideration) in an ambient M (which is an Euclidean space in
their case). Then, by a theorem of Siu (Theorem 4.2 in [4]) one can construct a
Stein neighborhood W of V' in the ambient space M which admits a holomorphic
retraction r : W — V. To smoothen plurisubharmonic functions on V', one first
pulls them back to W via r, which are still plurisubharmonic. After applying the
usual convolution method in the Euclidean space M to regularize the pulled back

functions, one takes their restrictions on V.

These two methods are different. Although both methods crucially use the
Stein property and convolution, the difference lies in that the approach in [4] is
“injective” and ours is “projective”.

We are able to extend Theorem 1.1 to allow L;’s to be R divisors instead of
genuine line bundles. We are grateful to the referee for asking this question. Since
the proof requires some other techniques, we will present it in a separate work.
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and March 2010 at National Taiwan University sponsored by the National Center
for Theoretic Sciences and Taida Institute of Mathematical Sciences. Two major
references we studied are Siu’s Harvard lecture notes on “Complex geometry” and
the excellent online book “Complex analytic and differential geometry” written
by Demailly. We are grateful to both authors for their inspiring writings and
generous sharing. Also we would like to thank the referee for pointing out a gap
in an earlier version of the proof of Lemma 5.1, which led us to formulate the
almost semipositivity condition for hp in our Theorem 1.1.

C.-L. would like to express his sincere gratitude to Professor Eckart Viehweg
for providing crucial help during his early stage of mathematical career.

2. PRELIMINARIES AND CONVENTIONS

2.1. Adjunction. Given a smooth divisor D in a compact complex manifold X,
we use the same letter D to denote the line bundle associated to D. In order to
justify the restriction of sections of adjoint line bundles on X to get sections of
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adjoint line bundles on D, we need to take a closer look at the adjunction formula
Kp ~ (Kx+D)|p. Locally D is given by a set of equations {s, = 0} with respect
to an open cover {U,}. The relations s, = gogss on Uy N Ug give a 1-cocycle
{9ap} of the sheave 0% which defines the line bundle D, and tautologically the
locally defined functions s,’s give a canonical section, denoted by sp, which is
unique up to scaling and will be fixed throughout all arguments. The short exact
sequence

0— Np/x = Txlp = Tp —0
implies a canonical isomorphism by taking wedge product:
(We adopt the additive notation for tensor products of line bundles.)

On the other hand, ds, is a local frame of NB/X on U,. Let e, be a local
frame of D on U, for all . The relation s, = go3s3 and eg = gogen implies that
{dsa®eq} defines a global frame, denoted by dsp, of the line bundle NI*)/X +D|p,
and hence N, /x T D|p is trivial. This induced the isomorphism

KDZKD+NE/X+D‘D:KX|D+D‘D

by sending n to n Adsp.

2.2. Singular metrics and pseudonorms. The term “singular hermitian met-
ric” or “singular metric” always means a hermitian metric whose local weight
functions are locally Lebesgue integrable, and hence smooth metrics are counted
as singular metrics. For such metrics h we use ©j to denote their curvature
currents. Locally we have h = ¢~ ¢ with ©), = —90loge % = 0.

Let X be a complex manifold of dimension n and L a line bundle on X with
a singular metric h. Let s be a (Lebesgue) measurable section of mKx + L.
Suppose s and h are represented by functions f(z) and h(z) in terms of local
coordinates z = (z1,...,2"), 2/ = a7 + /=1y, of trivializing charts of L.

2
Definition 2.1. We define a measurable (n,n)-form (s);* by setting

2
() = h(z)m | f(2)|mdat Ady' A Ada™ A dy”

2

locally. (s); is clearly well defined and is nonnegative with respect to the canon-
ical orientation on X associated to dz' A dy' A --- A dz™ A dy". Therefore we
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define
(shn = /X ()i < oo

This number is called the pseudonorm of s with respect to h.

Suppose g is a smooth hermitian metric on Tx with Kahler form w. g induces
n

a hermitian metric on the canonical bundle Kx, denoted as g,. Let dV,, = —
n!
be the volume form on X induced by g. It is easily seen that

2

2 2
(= 151750 Ve

Using this expression one sees directly the following facts:

(i) Suppose L and L’ are two line bundles with singular metrics h and A’
respectively. For any measurable sections s of mKyx + L and s’ of L', and [ € N

we have
L2 22
(2.1) (s@ ) = I8 ()i
and
2 2
(2.2) (sh)im, = (s)pr.

(ii) If s; is a measurable section of m;Kx + L; and h; is a singular metric
on Lj, 7 =1,...,r, then we can deduce from the usual Holder inequality the
“Holder inequality for pseudonorms”:

(2.3) (51® - @ s )t bme < (st (s )

2.3. Almost semipositive line bundles and pseudoeffective divisors. A
semipositive line bundle (resp. an almost semipositive line bundle) is a pair (L, h)
of a line bundle L and a singular hermitian metric h on L such that \/j@h is a
closed positive current in the sense of Lelong (resp. the sum of a closed positive
current and a smooth (1,1)-form), or equivalently, each of its local weights is a
nontrivial plurisubharmonic function, i.e. not identically —oco (resp. the sum of a
nontrivial plurisubharmonic function and a smooth function). We will call such A
a semipositive metric (resp. an almost semipositive metric) on L. The multiplier
ideal sheaf associated to an almost semipositive singular metric h is the coherent
sheaf of local L? sections and is denoted by ., or by .# (h).
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Remark 2.1. On a projective manifold X, a pair (L, h) is almost semipositive if
and only if there exist a semipositive line bundle (Lj, k1) and a line bundle with
smooth hermitian metric (Lo, ho) such that L = L1 ® Le and h = hy ® ha.

A typical type of semipositive line bundles consists of effective line bundles by
the following construction.

Definition 2.2. Let S = {s1,...,s;} be a set of nontrivial global holomorphic
sections of a line bundle L. For any o € L, where x € X, we choose an arbitrary

smooth metric A on L and define
2
o |h
l )
> Isi(@)l;
=1

ol =

If s is a section of Kx + L and S = {s1,...,5} a set of global holomorphic
section of L, then for any smooth metric h on L we have

s 2
(2.0 ()2, = b
) Isil7

It is clear that the definition does not depend on the choice of h. Locally if the
sections {s;} are represented by functions {f;} then the weight function is

¢ = log (Zl: !fj!z)
j=1

which is plurisubharmonic, and hence v/—10;,, = v/ —199log(3;|f;]*) = 0.

Denote by Psef(X) € N'(X)g the closure of the real convex cone generated
by numerical classes of semipositive line bundles over X. In the algebraic case,
we have the following interpretation.

Remark 2.2. (cf. [2]) If X is projective then Psef(X) = Eff(X) = Big(X), where
Eff(X) (resp. Big(X)) is the closure of effective (resp. big) cone of X, which is
also known as the cone of pseudoeffective divisors.
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3. THE MAIN EXTENSION RESULT

3.1. An extension theorem for adjoint line bundles. We will need the
following extension theorem of Ohsawa—Takegoshi type for adjoint line bundles,
whose proof will be given in Appendix 1.

Theorem 3.1. Let X be a projective manifold, D C X a smooth divisor. Sup-
pose hp an almost semipositive metric on the line bundle D such that |spl|n,, s
essentially bounded on X and (L, h) be a semipositive line bundle on X such that
the restriction h|p is well defined. If there is a real number p > 0 such that

uV =10, > v—-10y,

as currents on X, then for every section s of (Kp + L|p) ® Z(h|p) there exists
a section s of Kx + D + L such that s|p = s Ndsp and

| @hoen<c [ @i

where C > 0 only depends on ess.supy|spln, and f.

Note that the statement of Theorem 1.1 for m = 1 is exactly the statement of
Theorem 3.1. Hence we fix from now on a positive integer m > 2 and consider a
non-zero o as in the hypothesis of Theorem 1.1.

3.2. Reduction to constructing a semipositive metric on m(Kx + D) +
m m m
>, Lj- Note that m(Kx+D)+» |~ Lj = Kx+D+(m-1)(Kx+D)+)_ " L;.
In order to prove Theorem 1.1 via Theorem 3.1, we need to create a semipositive

m
metric hg on (m — 1)(Kx + D) + 21 L; such that

124 _1@h0 =V _lehp
as currents and

/D<O' A ds%(m_l)>%0 < 0.

The construction of hg goes as follows. First, we choose A to be so ample that
the following conditions hold:

(A;) For each r =0,1,...,m —1, the line bundle (m —r)A is generated by its
global sections {tl(r) h<ign.
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(A2) The coherent sheaf (Kp + Lj|p + A|p) ® ; on D is generated by its
global sections {s;;}1<i<n for each 1 < j < m.

(A3) The following map induced by S ® --- ® S, — S - - - &, is surjective:
Q) H° (D, (Kp + Lj|p + Alp) ® )
j=1

—Hlﬂ(DJmKD+§:TLﬂD+mAb)®ﬂ}~f%)

This can be achieved by Lemma 6.1 in Appendix 2.

(A4) Every section of (m(Kx + D) + Z;n Lj +mA)|p on D extends to X.
This is a consequence of the Serre vanishing theorem.

Suppose that we have a semipositive metric hs (which will be constructed in
m
Lemma 4.3 by using the auxiliary ample bundle A) on m(Kx + D) + Zl L;

m—1

such that }a A ds%m}h < 1. We take hg = hod® (hy--- hm)% The curvature
condition holds since

-1 1 &
1wV =10y, = M\/—l@hoo + — Z,u\/—l@h. > V=10,
m mj:1 J

by the curvature assumption in Theorem 1.1.

The finiteness condition also holds. To see this, first note that, by (2.1) and
(2.2),

m—1 m—1)\@m %
(o AdsE™ N2 = (0 A ds) >@>@m

2

_ Xm ®(m—1) m
((ondsp™) ® 0>h;9;(m‘1)®h1®---®hm

2 2
= ’(U A ds%m)®(m_1) ,Tg(m—l) ()b

-

m—

_ ®m |2 = =
= (loAdsg™s.) ™ @Ohneecnn < (Ohimsn:

By (A3),

o® tl(()) — Z Tl;l,p R ® Tl;m,p



Extensions of Multiply Twisted Pluri-Canonical Forms

911
where 7,5, are sections of (Kp + Lj|p + Alp) ® S, |p for [ =1,...,N. Again,
by (2.1) and (2.2)

1,02 o - o 0y
(lZ It ;Tgm)< M- Z TP——
=1 =1

2
= Z Z<Tl;14’ ®--3m mvp>;Ln® @hm@hE™

where h 4 is a fixed smooth metric on A

My = mlnz ‘tl h®m
exists since Z }t

h®m
compact. Therefore

is a nonvanishing smooth function by (A;) and D is

(@)

N ny

S ]\20 Z Z<Tl;1,p Q- ® Tl’m,p> 2

=1 p=1
By the above, (A1), and (

T3l

h @ @hm®@hG™
2.3),
®(m—1)\2
/(a/\ dsp >h0
D
1 N ny 2
3770 90 Dl L PR Wk
=1 p=1
1 N n

1 1
2 m 2 m

Applying Theorem 3.1 to prove Theorem 1.1 is then justified if such ho, exists

4. CONSTRUCTION OF THE METRIC h

For every positive integer k = gm + r (¢ = [k/m] the
Gauss symbol of k/m and 0 < r <

— 1 the remainder), we let

m
::qZLj+L1+-"+Lr
j=1

4.1. A modification of Siu and Paun’s induction. Here we follow the ar-
gument in [13] and [19]

()
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and let Fj, := k(Kx 4+ D) + L™ + mA where A is the ample bundle chosen in
3.2.

Were m(Kx + D) + L™ known to have a family of sections which do not
vanish identically along D and their restrictions to D are basically o A ds%(m)
multiplied by some functions which do not have common zeros, we can simply

take hoo to be the semipositive metric defined by them (Definition 2.2).

However, we do not know a priori that m(Kx + D) 4+ L™ have any nonzero
sections (we are trying to produce one). Instead, for the ample line bundle A we
can find a set of sections Sy of F, = k(Kx + D) + L*) + mA whose restrictions
to D have properties similar to those mentioned above (Lemma 4.1). Then we
try to obtain he by “taking the g-root” of the semipositive metrics hg,,, on
Fom = q(mKx +mD + L)) + mA to “eliminate” the line bundle factor mA
(Lemma 4.3).

Now we let A, = Hg{l,...J\f} for r = 1,2,...,m — 1. For every J =
(j17 o 7j7’) € A'r, we deﬁne
SSP) = Sl,jl R R ST,jr

with the convention that Ag = {0} s(()o) := 1 for r = 0. We define the special
index set A}, to be [[{"{1,..., N} and sections §f]m) =515 @ @ S, for all
J=01,---,Jm) € A},. We consider for each k > m the following statement:

(E)k: There exists a family of sections
Sk ={5}):J €A1 <IN}
of F}, over X such that
(4.1) 501 = o®F/m @ 50 @t N dsE
forall J € A, and [ =1,...,N, where r = k — [k/m|m

Lemma 4.1. (E)y holds for all k = m. Moreover, there exists a constant Cy > 0
which only depends on ess.supx|Spln,,, p, o, and the choices of {tl(r)} and {s;j;}
in (Aa) and (As) above such that

(4.2) /X Z UJz howhs, @h. < Co

JGA
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for all k > m, where r = k — [k/m]|m and

. {r if r#0,
r* =

m if r=0.

Proof. First, (E),, holds by (A4). We proceed to prove that (F),_; implies (E)j
for any k > m. Note that F, = Kx + D + Fy_1 + Ly~ and hence Fy|p =
Kp + (Fg-1+ Ly+)[p + (Np,x + D|p) by 2.1. We are going to apply Theorem
3.1 to the situation L = Fj,_1 4+ L, and s = o®lk/ml g 39) ® tl(r) A ds%(kfl). We
choose the singular metric h on Fj,_1 + L« to be hg, | ® hpx.

The restriction hg,_,|p is well defined by (4.1), (A1), (A2), and (Ag3); hy«|p is
well defined by the hypothesis of Theorem 1.1. Therefore h|p is well defined. By
2.3 and the hypothesis of Theorem 1.1,

pV=10p = pv =10, +pv =104, > vV—-16y,

and the curvature condition is fulfilled.

In the following we will show that

for a positive number C’ which only depends on the choices of {tl(r)} and {s;;} in
(A2) and (As) above. This will imply s is a section of (Kp+ (Fy—1+ L+ )|p) @ 7,
and, combined with the pseudonorm inequality on Theorem 3.1, will yield (4.2).

Case 1: r # 0, i.e. [k/m] =[(k —1)/m)].

We choose smooth metrics hg on A|p, A"V on (r —1)Kp+ L Y|p, and &’
on [k/m)(mKp+L™)+(k—1)(Np, x + D|p). Welet h:=h'@h"D @h{™ on
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Fy_1|p. Writing J = (J{, jo) with Jj € A,_1, by (2.1), (2.4), and (4.1), we have
m T r k—1
<O’®[k/ ] ® SS) ® tl( ) A dS%( )>}213k71®h,-
(0@ @ 55 @t A dsy N2
> |oslt-n/ml g U7 @ T A gsBED2
J/eA'r—l
I'=1,...N

|o®k/ml A dsS0)2,

(r=1)2 2 r) (2

8]6 ‘h(rfl) <Sr’]0>hA®hr tl ’héj(m_,‘)
2| (r=1))2 (r—1))2

h' Sy h(r—1) tl’ ‘hg(mﬂuﬂ)

> |o®lk/m] /\ds%(k_l)
J'eN_1
I'=1,.,N

(r—1)|2 r)|2
s he-n [t oo 5
= (r—1 X <87“,j0>hA®hr

Z ‘SJ, )‘i(r—l) % r—1)

2
# —_—
JEN,_1 = v |h§(m r+1)

) |2 2
. ‘tl ‘h%’(m_’“)@?ﬁjo)h/;@hr‘

~

N

—1),2
Z }tl(,r 1)|h§)(m7r+1)
'=1

By (A1) and the choices of s, ;,

exists. It is clear that

/D<U®[k/m] @5y &t A ds%(k_1)>’215k—1®hr <G
Case 2: 7 =0, i.e. [k/m]=[(k—1)/m]+ 1.

We choose smooth metrics hg on A|p, R(Mm=1) on (m—1)Kp +L(m_1)\D, h on
Kp+ Lm|p+ Alp, and h' on [(k —1)/m](mEKp + L™) + (k — 1)( p/x T DIp).
We let h:= ' @ h™ Y @ hS™ on F,_1|p. Now J € Ag = {0}, by (2.1), (2.4),
and (4.1), we have
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l >hSk 1®hm
m 0 -1
_ (o®F/ml @ tl( A dsD( )>%®hm
JIGAZ |o®lk=)/ml @ s @ ¢ A gsB D2
V1N

‘U [(k=1)/m] A ds ®(k 12

(0)y2
( ®tl > h(m— 1)®h®m®h

_ ®R(k—1) (m 1)
er%: |o@lk=1/m) A 455 }h, }W D ghm 1) tl, \hA
m—1
I'=1,.,N
(0)y2
_ <U®t > (m— 1>®h®m®h

-1 1 '
J,e%:n 1| 7 )‘h(m REI S E 6" )‘hA

By multiplying both the numerator and the denominator by the same positive
N

g %L, the expression becomes
=1

3 (0)y2
]z ‘vaj‘ ®t > Rm=D@r®moh,.
(m-1) (m
J/GAZ |Sm ‘h(m 1)®h®(m 1)‘8"173‘11 > tl, ‘hA
PmlN
N
(0)
j§1< ®tl ®sm»]>h(m 1)®h®h®m®hm
(m—1)
> |t
JeA;*n ‘hA
N 2
0)2 .
|O' ® tl( |h(m,1)®h®h§(m—1) ; <Sm7]>hA®hm
~(m) |2
Jez/;* 51 ’h(m_l)@@h%(m_l) Z t" ‘hA
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By (A1) and the choices of s, ;,

N

<5m,j>i21 ®him
Cy = Z/D N -

j=1 t@n 1‘

=1 ha

exists. By (Az) and (A3), 0 ® tl(o) is a linear combination of {§(Jm)}J€Aj;n. The
Cauchy—Schwartz inequality implies that

(0)2
lo@t, ‘h<m—1>®h®h§<m*”

(3 := max sup

I=L.N DS

JEAS,

SJm)|h<m71>®;1®h§’(m*1>
exists. In this case we have
/D<J®[k/m] @5 @t ndsp UL an, < CaCs.
It is clear that Cy, Cs, C3, and hence
C'" := max{C}, C2C3}
depend only on ¢ and the choices of {tl(T)} and {s;j;} in (A2) and (A3) (and is
independent of £ > m and the choices of the auxiliary metrics ha, R and
h).
In summary,

By Theorem 3.1, there exists a family of sections

Sk ={5%) 1 J € A, 1 <UL N}
of I} over X such that

k),D — o®lk/m] ®S( r) ®tl( r) A dsF
and

~(k — !
/ (@50) hD®hsk [ ®hr S < G =00
X JeA

This completes the proof. [l



Extensions of Multiply Twisted Pluri-Canonical Forms 917

4.2. Siu’s construction of the metric h... For any wy = (w}, ..., wy) € C"
and any 7 > 0, we let D,(wg) denote {(w',... , w"): |w” —wf| <r,1<v<n},
the polydisk in C" centered at wy with polyradii (r,...,r). Choose a finite open
cover W = {W/},er of X such that each W/, is biholomorphic to D;(0) and
W = {W,} also covers X, where W, C W/, corresponds to D;3(0). We also
require that Li|wr, ..., Lin|w:, Dlw:, and Alw: (and hence Fylw:, k > m) are
trivial for all a € I.

(%)

Suppose that o, given by Lemma 4.1 are represented by holomorphic func-

tions ﬂk}l on W/, for each a € I.

Lemma 4.2. There exists C) > 0 such that

- “(qm /
max logZ} sl @)]” < G
acl

for all g € N.

The essential part of this result is the uniformity of C{, with respect to ¢ € N.

Proof. For each 2 € W, whose coordinate is w, = (w,...,w?), we let W, be
the subset of W/ corresponding to D; /3(w;). Since U W, @ W/, there exists
zeW/,

M > 0 such that on all W, we have (following the notation in 4.1)

ek

gl k+1)
(4.3) f@, l —=m 3V < MZ Ta;,0 hD®hSk71®hr*
a? l7 !

where ©” = Re w”, v¥ =Im w”, and dV = du' A dv! A --- A du™ A dv™. For each
m < k < gm — 1, by Jensen’s inequality, (4.3), and Lemma 4.1,
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1 / A(k+1
L log 3 |71 D 2av
Vol(D13(wa)) Jp, g, Z ocii’

1 / (k)
S 1o |7
VOI(Dl/g(wz)) D1/3( Z ‘ i

2

J/ l/
~(k+1
. Z‘ a;J,l
clog— L / 7611/
(VOI(Dl/S(wm)) Diy3(wz) Z s aJ’ v )
k;—i—l)
s log <V01 /Wac 7l et hD@hSkl@hr*)
MCy
< log ———+-
8 VO](Wm)

Summing up the above computation from & =m to k = gm — 1 and applying

the sub-mean value inequality, we obtain
“(qm
> lOg Z ‘ «;0, l

1 / A‘(qm
< log a dV
qVOl(D1/3(wx)) Dl/s(ww) ; ‘ o ‘

gn —1)m 9" M Cy
< ‘]771 1/3(wz) IOgZ‘ Ol| v + q log "

gn —1)m 9" M Cy
gq? A logZ‘ ao!} dV+ . log e

2/3(0

Since we have only finitely many « € I, the expected constant C, > 0 clearly

exists. O

Now we are ready to construct the desired metric Ao

Lemma 4.3. There exists a semipositive metric hoo on m(Kx + D) + L) such
that |o A ds$™ |, < 1.
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Proof. On each W, € W we let

ﬂ ©) .= lim (suplogZ‘ aOl )
p—00 q q

where ()* denotes upper semicontinuous regularization. By Lemma 4.2,

{ (sup - logz ‘ aqul) ) }
peN

is a decreasing sequence of plurisubharmonic functions on W/, which are bounded
above by C{, on W, and hence fé"o) is also plurisubharmonic and bounded from
above by C{, on W,,.

Let gop and aqp € Ox(Wo N Wp), o, 3 € I be the transition functions of
m(Kx + D) + L™ and mA respectively. By the definition of {ﬁ%’})}, we have

7 = (gas) s 1557
and hence
1 1 N )
IOgZ |7 | = log |gagl® + J Lo laas? + glOgZ T,
=1

Taking lim (sup__)* to both sides and exponentiating them, we get rid of the
P00 g2p
term involving a,g and obtain

5o

e '8 2 5

= |ga,8 &
F(o0)

This shows that the set of local data {e_f“ : a € I} defines a semipositive

metric hoo on m(Kx + D) + L™,

It remains to show that ‘a A ds < 1. By Lemma 4.1,

" S
((]qlm)’ B t(O) A d8®(qm)

forl=1,...,N. Suppose that o A ds%m and t( ) are represented by functions 4
and 7'( ) on W, N D respectively. Then we have f"(q m) wa for each [, and
hence

N
m 1
71°gz ‘qu )[? ‘me = log [val” + alog ) ‘To(fl)‘?
* =1
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Since

sup logz }qunl ‘DmWa )

(sup logZ}zqgnl )

azp 4 DAW,
we obtain that
*
Oy ap = hm (sup logz |f A{gqgll ) > log |[va]?.
erd o DAW,

7(o0)
This shows that e~ /@ |1)o|> < 1 for each a € I and hence completes the proof.
O

5. APPENDIX 1

In this appendix we will provide a proof of Theorem 3.1. Let €2 be a complex
manifold and let D be a nonsingular hypersurface in 2. Suppose that (D, hp)
and (L, h) are line bundles on Q with singular metrics, and s € H'(D, Kp+L|p).

Consider the following statement:
E(Q,(D,hp), (L, h),s): If
(i) (L, h) is semipositive,
(ii) h|p is well defined (see 2.2 and 2.3),
(iii) there are real numbers p > 0 and M > 0 such that
V=10, = V-16y,

as currents on () and

ess. supq|spn, < M,

(iv)

/D <5>i21\D < 00,

then there is a section 3q of H’ (Q, Kq + D + L) such that sq|p = s Adsp and

/<SQ hp®h X C/

where C' > 0 only depends on M and pu.
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In order to simplify notations, when L and D are trivial line bundles we al-
ways write h = ¢ " and hp = e %P, and rewrite E(Q, (D,hp), (L, h),s) as
E(Q,¢p,k,s). For brevity, when we write E(Q2, ¢p, k,s) we assume implicitly
that D and L are trivial bundles.

Theorem 5.1. The statement E(Y, ¢p, k,s) holds if Y is a Stein manifold and
wp is the sum of a plurisubharmonic function and a smooth function.

Proof of Theorem 3.1. Choose a sufficiently ample hypersurface V' in X such that
D ¢ V and D and L are trivial over X\V and ¢p is the sum of a plurisubharmonic
function and a smooth function (cf. Remark 2.1). Then the theorem follows from
Theorem 5.1 by taking Y = X\V, and the L? Riemann extension theorem. [

5.1. Smoothing of singular metrics. Let Y be a Stein manifold of dimension
n. Then we can find a locally biholomorphic map 7 : Y — C" (cf. [6], p.225).
In our case Y will be X\V, the complement of an ample divisor in a projective
manifold, for which such a map 7 can be constructed directly. The locally bi-
holomorphic map can be used to define the operation of convolution for functions
on relatively compact open subsets of Y.

We define a function R:Y — R™ U {+oo} as follows. For z € C", denote by
Br/(2) the ball of radius R’ centered at z. For y € Y and R’ > 0, let Bgr/(y) be
the component of 7' Bp/ (W(y)) containing y and

R(y) :=sup{R' > 0| 7 : Br/(y) — B/ (7(y)) is biholomorphic }.
R is easily seen to be lower semicontinuous. Let

Rg = inf R(y) >0
yeN

for every relatively compact open subset (2 € Y. Note that Rg > Rq for
Qe eY. If f:Y — RU{—o0} is a function and {p.} is a family of
smoothing kernels associated to a symmetric mollifier p on C", then we can
define the convolution f. as follows. For any y € Y we have a coordinate chart

my = 7lu, : Uy = Brey,) (7(y)),
where Uy := Bpr(,)(y). Then

fs(y) = ((f © 7Ty_1) * Ps) (77—(3/))
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for every y with R(y) > e. Note that for any z,y € Y, fo W;l‘ﬂ(Uszy) =
fo ﬂgl\ﬂ(UImUy) and hence fc|ly, = ((fo ﬂ'y_l) * pe) o wy,. Therefore, if f is
plurisubharmonic, the convolution f. is also plurisubharmonic on a relatively
compact open subset  for all ¢ < Rgq.

Lemma 5.1. Suppose Dy is a nonsingular hypersurface in' Y. If Do and L are
trivial bundles and pp, and ko are smooth on'Y, then E(Q), ¢p,k,s) holds for

every relatively compact pseudoconvexr domain 2 with smooth boundary in'Y and
s € image(H" (Do, Kp, + L|p,) — H’(D,Kp + L|p)),

where D = Dy N, ¢p = pp,la, and k = Ko|a.

Now we deduce Theorem 5.1 from Lemma 5.1, whose proof will be given in

next subsection.

Proof of Theorem 5.1. Suppose ¢p = ¢’ + ¢” where ¢ is plurisubharmonic and
¢ is smooth, and suppose s is a section of Kp + L|p over D with

/D () < 00

Let ¢, = ¢'xp. and ¢ = ¢"*p. on the subdomain of 2 where they can be defined.
We choose a sequence of pseudoconvex domains ; € --- € Q, € Qp41 € -+
with smooth boundary exhausting Y and a decreasing sequence {¢,} converging
to zero such that the following conditions hold:

(1) Rq, > €, and ke, = K*pg, is a smooth plurisubharmonic function on 2,,.

(2) For each N € N, the sequences {r.,},>n and {¢. },>n decrease to s
and ¢ on Qy, respectively.

(3) For each v, we have |sp|?e %5 < 2|sp|?e %" on Q,. (Here |spl|? is taken
by viewing sp as a function via the global trivialization of D. Note that on
each relatively compact set e ¥E converges to e~#" ase — 0. Therefore for
cach v we only need to choose £, so small that [e %% —e™%"| < infg, e %"
on Q,.)

Therefore
supq,, [$ple., < \/§GSS.SupQ|8D|¢D <V2M

for each v. Clearly, ke, is not identically —oo on D N €,,.
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The curvature condition
pV =10, > v—10,,

implies that there is a plurisubharmonic function ¢ such that ux—pp = ¢ a.e. on
Y. Then pk., — e, = 9 * p-, a.e. on €,. Since ¢ * p,, is plurisubharmonic, we
get

Ky _16551/ > v _1@9051/

on 2,. Having assumed the validity of Lemma 5.1, we can obtain such an exten-
sion sq,. Since ks, > K, we obtain

(51) | o <cf <[

Qn DNQy D

for all v > N. (Here we abuse the notation by using weight functions to stand
for their associated metrics.) Notice that the RHS is independent of n (C only
depends on M and p). By (iii) in E(Y, ¢p, K, s), for each N € N, the weight
function ¢ + k is bounded from above on Qy41 by a number My > 0. By
the definition of convolution ¢, + k., are bounded from above by the same
number My on Qu for sufficiently large v. By diagonal method we can select
a subsequence {gﬂuk}keN such that {gﬂyk }>n converges uniformly on Qp for
each N € N. This way we obtain a section 3y € H(Y, Ky + D + L) by setting
syla,, = klinolo sq,, - Welet xo, be the characteristic function of Oy on Y. (5.1)

can be rephrased as

/XQN@QJ@EDMEV < C/ (s)-
Y D

Applying Fatou’s lemma, we obtain the desired inequality

[ e<e [ @t

The rest of this appendix is devoted to proving Lemma 5.1.

5.2. Proof of Lemma 5.1. ;From now on, we assume that Y, and s are as
in Lemma 5.1. Let p be a defining function of 2. We follow almost the same
argument as Siu’s in [19)].

Definition 5.1. Let (z',...,2") be local coordinates on some open set U and let
e be a local holomorphic frame of L. We put e ¥ = h(ey, er).
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(1) For u,v being L-valued (p, q)-forms with measurable coefficients, we set
<u7 U>h = <U, U>gw®h de

and |u|i := (u,u);, where g is a hermitian metric on  with w being

its associated (1,1)-form. We will sometimes write (u,v), = (u,v);, by

abusing the notation. Note that when (p,q) = (n,0) we have |u|; = (u)?
as in Definition 2.1.

(2) Given an L-valued (n, 1)-form u. Locally we have u = Z ug ey ®dzNdz®

B
where dz := dz! A --- A dz". We define an (n,0)-form

I TRES Z gaBuB ey @ dz.
B

For a continuous (1, 1)-form = which has a local expression v —1¢,5dz" A

dz". We set Z[u]), := 7<Lau, Lﬁu> .
(] gsaﬁ .

We also need the following standard result from functional analysis:

Lemma 5.2. Let T : Hi — Hs and S : Hy — Hs be closed, densely defined
operators between Hilbert spaces with ST = 0, and let C > 0 be a constant.
Given g € Hy with Sg = 0. Then there exists v € Hy such that Tv = g and
|lvll < C if and only if

(5.2) |(u, 9) < C*(| T ul® + || Sull)
for all w € Dom S N Dom T*.

Let ¢, n and  be smooth functions with 7,7 > 0. Set ne™% = e~?. We recall
the twisted Bochner-Kodaira formula (see [19], Proposition 3.4)

/ Tl +/ Bul’, = / V=108 pglul, +/ V02
+ /Q (nV/ =100y — vV—190n) [u]y + 2Re/Q <La’7u,5:}u>w
for each L-valued smooth (n,1)-form « in Dom 5; N Dom 0.

Remark 5.2. For EM! (Q, L) being the space of L-valued smooth (n, 1)-forms with
compact supports, 5?’1 (ﬁ, L) NDom 52; NDom  is dense in Dom 5;2 NDom 0 with
respect to the graph norm. Therefore, to get a priori estimate from Lemma 5.2
we only need to consider smooth u with compact supports.
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Since () is pseudoconvex, the Levi form of pq is semipositive at each point of
0. Adding / 7]52}1;\12/, to both side of (5.3) and using n7e™¥ = e~ %, the twisted

Bochner-Kodaira formula becomes
| @kt + [ afout

(5.4) B B B B
>/Q(nﬁaa¢ﬁaan) [u]¢+2Re/Q <La’7u,3wu>¢+/g’y|8wu|i.

We set r(x) := |sp(z)|n, for x € Q. We first assume that i > 2M? and let
¢ be a positive constant to be specified later. We set Ny := max{1, \/EMZC}.
Choose any positive number A > Ng. Let

€0 = (%)1/0 — M?2.

For each positive € < gg, we let

=log ———

=8 (r2 +&2)c

and
B 2c2
T e
Thenn > 1/2 on Q. Applying the Cauchy—Schwarz inequality and dn = —TQZJC:EQ or,
we obtain
‘2Re/{2<Lanu,8wu>w‘ < 2/Q|L877u]¢8¢u|¢
2er | 5 =
_ z/mgﬂw "l Byl
2r 9 2 2c * 2
_/ T2+€2|Lr W"’/ "2 3 1Opuly
2

:/&2T2+ 2|Laru|3p+/7|8wu|i

;From (5.4) it follows that
s _
| gl + [ iou
Q Q
(5.5) 92
/ ¥ / D or, 12
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Now we compute —09n. Since r200log r? = 2rddr — 20r A Or, it follows that

V—100r? = 2¢/=10r A Or + 2r/—190r
= TQle@glog r? 4+ 4v/—10r A Or.
By the Poincaré-Lelong formula,
vV —190log r? = 2r[D] — V—100¢p,
where [D] is the current of integration over D. Hence
(5.6) V—=190r* = 4/=10r A Or — 12/ =100 p.
The term involving the current of integration vanishes since 2 = 0 on D.
We let 19 = — log (% 4 £%). From 90r* = d0(e™) it follows that

90r? = e~ (8170 A Ong — 85170)
(57) 4,,,,2
7“2 + e 2

Using (5.6), (5.7) and 0dn = 085770, we get

———0r AOr — (r? + %) 90n.

(5.8) —/—100n = — \/ 100pp + ( 2)2 V—10r A Or.

Choose ¢ = £ + 5 M2 Using (5.6) and (5.8) we get
(5.9)
77\/3851# — ﬁ@gn = 77\/—7185/-@

r2 2 4n 4ce

_77<2MM2 (r2+52))v 88¢D+<2MM2+(7"2+5) >\/ 10r A Or.

Since n > 1/2 we get
2 cr? 1

1 < — 4+ 2e.
(5.10) 2uM? + n(r2+e2) = 2u +ec
We now choose ¢ so that ¢ < ﬁ. It follows that

2

(5.11) V—100k — (2/~LM2 2 +€2)> V—190pp >

where the inequality is from (5.10) and the curvature hypothesis.
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(From (5.5), (5.9), (5.11) and 54 > 2 > = we obtain

— — 4652 F) 2
(5.12) /(77+’y) IQ*U\Q —i—/ n\auP > / ——— [l
Q YT g v Q (r? +52)2 v

We now consider the modified 0 operators T' and S defined by

Tu=0(vn+u) and Su = \/n(0u),

respectively. They are densely defined and S o T = 0, and we can rewrite (5.12)
to obtain the following lemma. (See Remark 5.2.)

Lemma 5.3. For each L-valued (n,1)-form u in Dom S N Dom T™ we have

4ee?

5.13 T ul|? ., + [|Sul|? 2/L8Tu2.
(5.13) I ulfy + ISl > [ 5l
Here || - |lq.p means the L* norm for Q with respect to the weight function e™*.

Since Y is Stein, there exists a (D + L)-valued n-form 5y on Y such that
Solp = s Adsp. Choose any number 0 < § < 1. Let o € C*(]0,+00)) be a
cut-off function with 0 < o(z) < 1 so that p is identically 1 on [0, %] and

(5.14) suppo C [0,1] and sup|o| < 1+.

Let 0. := 0 (Z—;) and let

2r 2\ = _ ~
o = 2 o <€2> or A (SDl & SO) .

Note that a, is smooth because the singularity of Or A (551 ® §0) lies in the zero

r 2 6.2
c <§€.

locus D of sp and ¢ (—;) equals zero in the tubular neighborhood r
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Then we have

4 2
(i)
Q (1?2 4 ¢2?)

< G (IT*ulfy, + 1S4l

)

where the last inequality is from Lemma 5.3, and we have used the notation

2 2 /2 212
o r ,(r 1T (rr4e?)
Cs'_/g €QQ<€2>SD @20 '

» g
By Lemma (5.2), we can solve the equation T3. = 0 (\/77 + ’Yﬁe) = a, such that

(5.15) | ek <c.

5.3. Estimate the constant C.. Now we estimate the constant C.. Takey € Y
an arbitrary point and (z/ = 27 +iy?) local coordinates on a open set U, centered
at y, and let ey, (respectively, ep) be local frames of L (respectively, D) such that
the following conditions holds:

(1) sp =2"®ep on Uy;

(2) If ¢ =&+ir = z"e_wTD, then (z', 9!, -+, &, 7) forms a coordinate system;
(3) Uy = Py—1 x {r < e} where P,_; is a (n — 1)-dimensional polydisc;

(4) We have

§0:5Uyep®e,;®dzl/\~-/\dz” amds:crUyeL(§96121/\--'/\dz”_1

on U,. (Note that sy is defined not only on Q but on Y.)

Since So|p = s Adsp, we get

5Uy(zl7' o 7zn—1’o) - UUy(zlv T 7Zn_1)
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on Uy. Choose a partition of unity {p;} subordinate to a finite subcover {U;} C

{Uy},eq of Q. Then
r2 —i—e 2N\ 2
.= [l () [t ot
1+5) (r? 4+ €2)?

e
c Qﬂ{\gagrga} g6

7“2\351 ®§0@.

Foreachjweleth::UjﬂQﬂ{\/gagrgs} and

(T2+52)2 -1 ~
I]—/ pjigﬁ T'Q‘SD ®30‘12/)

Vi

2

re+e€ s

:/ p](—{_i‘cnﬂ e M=l drl Adyt A A dy.
. g6

J

Therefore
(14 9)2
C. < —— I
2k

A direct computation yields

e PPdzt Adyt A A dy”
= (1+0(@r))de" Ady* A Ady™t AdE N dr.

Let f:= pj‘&Uj‘Qe_”. Then

I </ pilau,[Pe “(T—;S)(quO( Nrdztdyt - dy"tdr do
J

=10 + 110 4 1110,

where

5 2 2\2
I(j)_/ f(Zl,"' ,Zn_l,())dxldyl--'dyn_l 271_/ (7" +ée ) rdr ,
Pa_1nD 0 g8

(r? 4 £2)2

e datdyt - - drdo,

1) :/V_(f(ZI’”' 2" _f(zl’... ,0))

1110 / f(z (T ;5) O(r)r dz'dy" - - - dr df.
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Note that the term f(z!, -+, 2")— f(z',---,0) in II¥) produces a factor . Thus
1Y) and 1110 converge to zero as € tend 0. Then

2 .
limsup C; < (1—;6) Zj 1)

e—0t

(5.16) = M(/QOD@}%) lim sup /05 MT dr

c e—0Tt eb

s
= §(1 +6)? /ng(s),Ql.

5.4. Extension and the L? norm bound. Now we set

ga = Qago_ V77+’Y(5D®Ba)'

Then §€ is a holomorphic section by construction and

~ 12
/ |9550‘hp®h —0ase— 0T,
Q

because 5y is smooth in the relatively compact set €2 and the support of o,
approaches a set of measure zero in  as € — 0.

The supremum norm of 7/ + v on Q C {r < M} is no more than the square
root of

2c2
x? + g2

1
sup 2> <logA+clog 55 + )<M210gA+c+202,
e +e e

O<x<M

because the maximum of ylog% on (0,+00) occurs at y = %

Take A — N;, 6 — 0T. By using (5.16) and
/ |/3€|% < eﬁce
Q
from (5.15) and r < M, we get

limsup/<§€),2m®h < 00/<5>%
[¢) Q

e—0t

1
where Cy = e \/ (M)*log N+ L +2. Then the limit 3o (up to subse-
quences) is an D + L-valued holomorphic n-form on € whose restriction to D
is s A dsp with the following estimate

[ Gaten < o [ (3
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If % < 2M?, we replace the metric hp by the metric by = W”LD. Then
supq |Tn,, = ﬁ This finishes the proof of Theorem 5.1.

Remark 5.3. In the statement of Theorem 5.1 the requirement that D and L
being trivial bundles is used only for smoothing the metrics on them. Therefore
the same argument shows that E(Q, (D,hp),(L,h), s) holds if 2 is Stein, (D, hp)
and (L, h) are smoothly metrized, and s € H*(D, Kp + L|p).

6. APPENDIX 2

The following lemma about generalized multiplication maps is used in 3.2 to
select the auxiliary ample divisor to fulfill (Ag). For the convenience of the readers
we give a proof in this appendix. Some of its special cases are well known in [9],
[16]. The proof presented below is a modification of their arguments.

Lemma 6.1. Let D and E be ample Cartier divisors on a scheme X. For any co-
herent sheaves F1 and F5 on X, there is a positive integer mo = mo(D, E, F1, F2)
such that

H(X,. 71 ® Ox(aD)) ® H*(X, %2 ® Ox(bE)) —
HY(X, 7 ® F»® Ox(aD + bE))

is surjective for all a,b > my.

Proof. First we assume that .%; and %, are locally free. Consider on X x X the

exact sequence

(6.1) 0 — I — Oxxx — N .Ox — 0

where A is the diagonal morphism. Let p; and ps be the two projections and
aD BbOE = pi(aD) ® p;(bE)

and
Y = p171 ® p3:Fa.
By tensoring (6.1) with ¢, we get

0 —Y9QIN —9¥ —9GGQN.Ox — 0.
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Twisting by Ox x x (aDHbE) and taking cohomology, we obtain an exact sequence
H°(X x X,9(a,b)) —» H°(X x X, (9 @ A,Ox)(a,b)) —
H' (X x X,(9 ® Ia)(a,b))

where we use (a, b) to denote the twisting @ Ox x x (aDBOE). It suffices to verify
that there is a positive integer mg such that

(6.2) H'(X x X, (9 ® #a)(a,b)) =0.
for a,b > mgy. Indeed, there is an isomorphism of cohomology groups

H°(X x X,%(a,b)) =
HO(X,fl ® ﬁx(aD)) ®H0(X, Fo ® ﬁx(bE)).

By the projection formula,
(4 ® AOx)(a,b) = A (A*G(a,D)).
By definition of the diagonal morphism we have p; A = idx, hence
A*(piF1 @ p5.F2 ® pi(aD) ® p3(bE)) = F1 ® Fo @ Ox(aD + bE).
Therefore the cohomology group
H°(X x X, (9 ® AOx)(a,b)) 2 H*(X x X,AA*Y(a,b))

is isomorphic to

H°(X,A*9(a,b)) = H(X, 71 ® P> ® Ox(aD + bE))
as desired.

Now we prove (6.2). To this end, we use the ample divisor a DEHbE to construct
a (possibly non-terminating) resolution

(6.3) -+ — P Oxxx(—p1, —p1) — P Oxxx(—po,—po) — ¥ © In — 0

for suitable integers 0 < pp < p; < --- where again (a,b) means the twisting
®ROxxx(aDHBLE). Set d =dim X x X. By dimension shifting, to prove (6.2) it
is enough to produce an integer mg such that

Hi(X x X,O0xxx(a—pi—1,b—pi—1)) =0
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whenever a,b > mg and i =0,1,...,d — 1. In fact, we have then

H' (X x X, (9 ® Fa)(a,b)) 2 H*(X x X, Hy(a,b))

~ HY(X x X, #g_2(a,b))
=~ AT(X x X, #-1(a,b)) =0
where J#; is the kernel of the morphism
P Oxxx(—pi, —pi) = @ Oxxx(—pi-1, —pi-1)
for i > 0 and % is the kernel of
@ Oxxx(—po, —po) =4 @ In — 0.

The last group vanishes by dimension reason. The existence of the required
integer mg then follows from Serre’s vanishing theorem.

For general coherent sheaves .#;, we can write .%; as a quotient of a sheaf
&; which is a finite direct sum of sheaves of the form &x(g;). We consider the
following exact sequence

00— —&EREH — F1QF — 0.

Choose a positive integer mg such that

(1) HY(X, # ® Ox(aD + bE)) vanishes for a,b > my, and
(2) the multiplication map

H(X,& ® Ox(aD)) ® H°(X, 520 (bE)) —
HY(X,86 ® & ® Ox(aD + bE))
is surjective whenever a,b > mg.
Consider the commutative diagram
H°(X,6 ® Ox(aD)) @ H°(X, & ® Ox (bE)) HY(X, 6 © & ® Ox(aD + bE))

| |

H°(X, 71 ® Ox(aD)) ® H°(X, %, ® Ox (bE)) — H°(X, F1 ® F, ® Ox(aD + bE))

If a,b > my, the right vertical map is surjective by (1), and the upper horizontal
map is surjective by (2). So the lower horizontal multiplication map is surjective
for a,b > mg. This completes the proof. O
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Remark 6.1. In the case X being smooth the resolution (6.3) is actually finite by

the Hilbert Syzygy Theorem.
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