Chapter 8

ATIYAH-SINGER INDEX THEOREM

8.1. Index of an Elliptic Operator and Heat Kernel

Let E,F — M be real or complex vector bundle over a compact
manifold M, P : C*(M,E) — C®(M,F) be an elliptic differential
operator (cf. section 4.3). We denote P* : C®(F) — C*(E) by its
formal adjoint. Then P* is also an elliptic operator (cf. Exercise 4.7).
We define the index of P by

indP := dimker P — dim cokerP € Z,

where cokerP := C®(M, F)/ImP. We first see that the index of an
elliptic operator is well-defined.

Exercise 8.1. Adapt the proof in theorem 4.13 to show that ImP =
(ker P*)*.

Hence, cokerP = C®(F)/ker(P*)* = ker(P*). Since P and
P* are both elliptic, by compactness theorem, we know that both
dim ker P, dim ker P* are finite. Therefore, ind P is well-defined. More-
over, if s € ker P*P, then 0 = (P*Ps,s) = (Ps, Ps) = ||Ps||? implies
that s € ker P. Thus,

ker P = ker P*P; ker P* = ker P*P.

Notice that P*P : C*(E) — C*®(E) and PP* : C®(F) — C*®(F) are
self-adjoint and elliptic, we see that
(8.1)

indP := dim ker P — dim cokerP = dim ker P*P — dim ker PP*.

Thus, to calculate the index of an elliptic operator P of order 4, it
suffices to calculate the dimension of kernels of self-adjoint, elliptic
operator PP* and P*P of order 24.
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322 8. ATIYAH-SINGER INDEX THEOREM

To see the connection between index and hear equation, let us
consider a self-adjoint elliptic operator L : C*(E) — C®(E) and its
"heat equation”:

. 0
(*) 5f TLf=0.
First, we observe that the problem 4.7 can be generalized to any self-

adjoint elliptic operator L of order d, and we get the following con-
clusion:

Proposition 8.1 (Spectrum for Elliptic Operator). Let L : C*(E) —
C*(E) be an elliptic self-adjoint operator of order d > 0.

(1) We can find a complete orthonormal basis {¢y }°>_; of L*(E) of
eigenvectors of L.

(2) The eigenvectors ¢y, are smooth.

(3) The eigenvalues A; of L are discrete and limy,_,o0 |Ay| = 0.

We then define the heat operator of e~*L : C*(E) — C®(E) by

) () = [ HxyHEw)dv ()

where dvy; is the volume form on M and H(x,y,t) € Ex ® Ej is
called the heat kernel of L:

H(x,y,t) = kE e M (x) @ Py (y).
=1

Exercise 8.2. Let L : C®(E) — C%(E) be an elliptic self-adjoint
operator of order d > 0.

(1) Show proposition 8.1.

(2) Show that H(x,y,t) € C®(M x M,EX E) by showing that
there exists constants C,é > Osuch thatA,, > C nd, forn < 0,
where EXE = plE® pEand p; : M x M — M is the
projection, fori =1, 2.

Hence, we can exchange the summation and integration legally
such that

[ee]

() (x) = Y e Mgix) [ ) (g)dvu(y).

k=1
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Then observe that

I (@) = [ 2HEp O ()dvuy)

M Ot
_ - /M LeH(x,y,t)(8(y))dva(y)

=1 ( [, Hexu (s ) = ~Le Hg),

and lim; 0 e~ () (x) = L1 (8 P Pu(x) = g(x) since {¢(x)}i2,
is a complete basis on L?(M, E). This shows that e~ L ¢ is the solution
of (*) with integrable initial condition g.

Now, we define the trace of heat kernel by

o
tre—tL p— Z e_Akt = / trExH(t/ X, X)dVM(x),
k=1 M

and notice that Y2, e~ = dimker L + ¥ o e ™.
Now, back to the case when L = P*P. Observe that for A; # 0,
P*P(Pl’ = )\l’gbi, then

(PP*)(P¢;) = P(P*P¢p;) = P(Ai¢;) = AjP; (note that Pg; # 0).

This establishes a bijection between A;-egienspace of PP* and P*P
and thus

tre *""P — tre PP = dim ker P*P — dim ker PP*.
Combining with (8.1), we then get the McKean—Singer formula:

Corollary 8.2 (McKean-Singer Formula).
indP — / (tre, Hpep(x, %, t) — trp, Hpep(x, %, £)) duar(x).
JM ’

Alternatively, we can define an operator D : C*(E@ F) — C*(E@F)
by D = (O 1; ) . Then clearly, D is self-adjoint and

P
2 _ (PP 0
0 Pp)°
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If we regard V := E@F as a Zy-graded vector bundle with V*t =
E, V- = F, then the heat kernel k¢(x,x) := Hpa(x,x,t)dvp(x) €
(EndE, @ EndF,) ® A" T M is of the form

(HP*P(X/ X, t) 0 )) dvp(x).

0 Hp«p(x,x,t
We then define the supertrace' of k;(x, x) by
strk;(x, x) := (trg, Hp<p(x, x,t) — trg, Hpep(x, x, 1)) dvp(x)
and the supertrace of e~tD? by

_ N2 i - %
str(e D)::tre tPP—tre tpp.

Then the McKean-Singer formula can be written as
(8.2) indP = str (e_tD2> = / strk: (x, x)
M

Notice that the left-hand side is independent of t € R™ while k;(x, x)
is dependent on t. Therefore, the computing index of an elliptic op-
erator via heat kernel lies in the same circle of idea as Witten defor-
mation discussed in problem 4.13, namely the “supersymmetry”>.
When we let t — 0+, the index of P is robust under the deforma-
tion of ¢, while we can asymptotically exapnd k;(x) into explicitly
computable differential forms. This is the central idea of local index

theorem, which we will carry out in section 8.4.

8.2. Heat Kernel for Harmonic Operator in Euclidean Spaces

In this section, we construct explicitly the heat kernel for gener-
alized Harmonic oscillator on Euclidean space V = IR", which will

n general, for a Z,-graded vector space V. = VT @V, T € EndV can be
decomposed into Teyen : VE* — V* and Todd : VE — VF. We then define the

trT|,. —trT|,- Tiseven
T is odd

I

supertrace of T by strT =

%In fact, Alvarez-Gaumé gave a physicists’ “proof” of Atiyah-Singer theorem
by supersymmetry in 1983 and the proof we will present in section 8.4 due to

E.Getzler [Get83] is also inspired by this physical proof.
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be our “local model” for differential operators on compact manifolds
considered in the later sections.

Let R be n x n skew-symmetric matrix and F be N x N matrix
with coefficients in a commutative algebra® .A. The generalized har-
monic operator H acting on C*(V, A ® CN) is given by

1 2
H:=— Z(ai + L_LRijxj) + F.
1
To begin, let us start with the one-dimensional case “without po-

tential”, i.e. V = R and H = —09?/9x2. The starting point is the
Gaussian integral in elementary calculus:

A= / e Cdx = /7T = /e4t( t>,

for A2 = 27 fo rdr = 27T< %e‘r ) ’0 = 71. Thus, the scaled

Gaussian integral is given by

e4tdx—1

sl
Also, notice that lim;_,+ \/%me_x 4t = 6y(x). Therefore, let

1 —(x-y)?
VAt

p(x,y,t) ==

Lemma 8.3. p(x,y,t) is the heat kernel for H = @
PROOF. First, for t > 0, by direct computation, we see that
s e (- p 1(x—y)?

pr = 7(47rt) 2. 4me % —l—p-zt—z =~ +p1t—2’

— _1)\2

Py = —p%, and thus pxy = p(x4tg) — p%.

Hence, we see that p; — pxx = 0, for t > 0. On the other hand, we
define the heat operator e~/ by

() (x) = [ plxy,Dgw)dy.

3In the application, A will be the even part of exterior algebra.
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We leave readers to verify?, that lim; oy e (g)(x) = g(x), for
bounded g € C°(R). [

Exercise 8.3. Show that lim; o, e *(¢)(x) = g(x), for ¢ € C°(R).
(Hint: let K(x,t) = K¢(x) := p(x,0,t) and note that K¢(x) is a molli-
fierin t.)

Remark 8.4. The computation in the above lemma works for n-dimension

2
and shows that p(x,y,t) = (47‘(15)_”/26J % is the heat kernel for
H=_yn &

o j=1 asz'

Next, we consider the heat kernel of harmonic oscillator H =
—a% + x2, i.e. pt(x,y) such that (% + H) p = 0 with the initial con-
dition

lim [ pe(x,y)g(y)dy = g(x).

t—=0+ J—o0
First, observe that H is self-adjoint, one must have p;(x,y) = p:(y, x).
We try to solve p;(x,y) by the following ansatz

2 2
Pt(x/ ]/) — eA 7 +Bxy+A% +C’

where A, B, C are functions of t only. Then one directly computes

) x2 yZ
(§+H) p= [A’?+B’xy—|—A’?+C’— (Ax +By)> — A+ 22| p.

From above, we see that (% +H ) p = 0is equivalent to the solving
the following ODE

/

7—A2+1:o, B'—2AB =0,
A/
?—3220, C'—A=0.

*Notice that e~ *Hg is well-defined for ¢ € L1(RR), yet we need g € C°(R) to
prove this.
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/

One can solve directly that A(t) = — coth(2t + ¢) and B? = % =
csch?(2t + ¢). Thus, we have

B(t) = csch(2t +¢),
Clt) = [ Ayt +d = —% log(sinh(2t + ¢)) + d,

where ¢ and d are some constants. To fix ¢ and d, we put x = 0 and
as t — 0+, the initial condition implies p;(0, y) should “converge”

Xz .
to \/%me’ﬂ. Therefore, we see that the asymptotics of A(t) and C(t)
are given by

A(t) = —coth(2t+c) ~ ) = (sinh(2t +¢)) V24 ~ (47t) 712,

2t’
One has ¢ = 0, d = —3 log(2).

Exercise 8.4. Solve the ODE A’ —2(A2 + 1) = 0 and fill in the detail
that the initial condition determines ¢ = 0, d = —3 log(27).

In conclusion, we obtain the Mehler’s formula

2,2
z ;y coth 2t —xy csch 2t

(8.3) p(x,y,t) = (2rrsinh 2t) "1/ 2e~

In particular, let y = 0 and change of variable t — ¥, x — /Ix,
Mehler’s formula shows the equation

d 02 r2
® (5= za i +f) oo =0
has a solution
1/2
I Kn}tférz/z)) ] Een @)
7T

Finally, we tackle the case of generalized Laplacian mentioned in the
beginning of this section.

Theorem 8.5. Let H := — Y ;(9; + 1Rjjxj)? + F on R™.

1 tR/2 172 %}<x’%coth%’x> —tF
P(0) = G (St i) € e
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is the formal heat kernel® for the equation d; + H = 0, i.e. (2 +H)p(x t) =
0 and lim;_,o p(x, t) = 6(x).

PROOF. Observe d;p = —Hp is a purely algebraic formula and

both sides are analytic functions in R;;, we may assume that R;; € R.

ijs
Moreover, since R is a skew—symmetric real matrix, we can choose a

basis of V such that R is of the block form:

We then reduce the problem to the 2-dimensional case, which H is

given by
2
r r
H = —(8% +a%) — 5(.‘[281 — xlaz) — E(x% +x%) + F
and
1 /2 el
e 2 2 4
pi(x1,x2) 47t sin(tr/2) e

We then see that 9y + H is just (*) with addition term —%(x201 — x10>)

while p;(x1, x2) is just (8.4) in two variables case with r replaced by ir
xI12
and an addition term ¢ # . This additional term || x||? is annihilated

by x201 — x10;. Therefore, we have proved that p;(x1, x7) is the heat
kernel of H. ]

8.3. Clifford Algebra and Dirac Operators

In this section, we introduce Clifford algebra and Dirac opera-
tors which are essential in the formulation of local index theorem
presented in the next section.

5 - , iR/2 /2
The hear kernel here is the formal sense since (det 5 ) and
sinh(tR/2)

coth(tR/2) are defined in terms of power series in R;; which converge for tR, for
some |f| < 1.
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Definition 8.6. Let V be a real vector space® with a quadratic form Q.
The Clifford algebra C(V, Q) of (V, Q) is defined by

where [ is the 2-sided ideal generated by v ® v + Q(v).

For v,w € V, we denote v - w or just vw by the image of v ® w in
C(V,Q). Then v* = Q(v) by construction. Also, for any v,w € V,
we have

vw + wo = —2(v, w),

where (v, w) = 1[Q(v+w) — Q(v) — Q(w)] is the symmetric bilin-
ear form associated to Q given by the polarization.

Exercise 8.5. Show that C(V, Q) has the universal property of the
following: let A be an R-algebra and ¢ : V' — A be a linear map
satisfying v - w + w - v = —2Q(v,w). Then there exists a unique
algebra homomorphism C(V, Q) — A extending c.

The Clifford algebra C(V, Q) has an induced Z,-grading induced
from T(V) and we write C(V,Q) = CT(V,Q) @ C (V,Q), where
V.cCc (V,Q).

Example 8.7. 1If Q = 0, then C(V, Q) is just exterior algebra A* V.

In other words, C(V, Q) is the deformation of exterior algebra
A" V. When Q is positive definite, we denote C(V) for simplicity.

Definition 8.8. A Zy-graded vector space E = ET @ E™~ is called a
Clifford module if E has a C(V)-module structure which is compatible
with Z,-grading, i.e.

CH(V)-EXf=E*% C (V)-E* =EF,

For v € V, we denote ¢(v) by the Clifford multiplication of v on
a Clifford module.

%The definition and the general results for Clifford algebra work for any vector
space over a field F with charF # 2
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Example 8.9. Let E = A*(V). By the universal property, it suffices to
definec:V — E. Fora € A"V, weset c(v)a := v A a — 1,0, where 1,
means the contraction with (v, -) € V*. Then from

VAl +1w(vA ) =0 A1+ Q(w,v) —v Aty = Qv,w),
we see that this defines a C(V)-module structure on A* V since
(c(v)e(w) + c(w)c(v))a = —v A tgpa — W Aty — 1p(W A ) — 1y (0 A )
= —-2Q(v,w)a.

Also, E has a natural Z,-grading E* := AV, E™ := ACY Vit is
clear that c¢(v) : E* — ET.

We now define the symbol map o : C(V) — A"V by
o@)=c@1e\V,
where 1 € A*V is the identity in the exterior algebra A* V. Then ¢
has an obvious inverse ¢ : A\*V — C(V, Q) given by
clej N---Nej) =ciy -+ Ciy,

where {e¢;} is an orthogonal basis for (, ) and c; is the element of
C(V,Q) corresponding to ¢;. The map c is called the quantization
map.

Exercise 8.6. Write 0(v10;), 0(v102v3) and ¢(v1 A v3), c¢(v1 A vy A v3)
explicitly. Also, for vy, ...,v; € V, show that

1 sign
c(or A Aoy) =5 Y (1) oy o
: TeSk

Hence, A*V = C(V, Q) as a vector space (but with different alge-

bra sturcutre). Particularly, this shows dimC(V,Q) = dimA*V =
2dim V.

On the other hand, observe that both A* V and C(V, Q) have nat-
ural filtrations:

CO(VIQ)Ccl(V/Q)C"'CC,‘(V,Q)C---
/\OVC/\lVC---C/\iVC...,
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where each C;(V,Q) is spanned by elements of the form v;... vy,
where v; € V and k < i. Obviously, the filtration is compatible with
Clifford multiplication: C;(V,Q) - C;(V,Q) C Ci;;(V,Q). We can
then define an associated graded algebra

grC(V,Q) == Per,C(V, Q)
i>0
with gr,C(V,Q) := Ci(V,Q)/Ci—1(V, Q). Obviously, gr,C(V,Q) =
A(V). We then define o} : Ct(V) — AF(V) by the composition of
the isomorphism with the quotient C, (V) — gr,C(V, Q).

Exercise 8.7. Show that grC(V, Q) = A* V as algebra and ¢ extends
0 in the sense that if a € Ci(V), o'(a) ) = ox(a).

Now, we are in place to study the complex representation of C(V).

Theorem 8.10 (Spinor Module). Let V be an even dimensional, oriented
vector space, Q be a positive definite quadratic form induced from an inner
product (, )on V.

(1) There exists a unique Clifford module S = S & S~ such that
C(V)®C = End(S).

(2) For any finite-dimensional Clifford module E over C, there exists
a Zy-graded vector space W with trivial C(V )-action such that
E=W®S.

The module S is called the spinor module or (half)-spinor represen-
tation and (2) implies that it is the building block for any complex
representation of C(V'). The space W in (2) is called the twisting space
for the Clifford module E.

SKETCH OF PROOF. For (1), we endow V with an almost complex
structure | such that J is (, )-invariant. As in section 6.5, we know
that

VerC= V0PV

We define S = A*(V'?) and notice that S = S* @& S~ where St =
AV and S~ = A% V. We next define a C(V)-action on S by: for
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vEVRR®C,v=w+wwithw € VIO, € V10 = y0l

c(w)-s =V2wAs

(@) -5 = —V2ugs.

Observe that C(V,Q) ®r C = C(V ®r C, Q ®R C). Combining with
the calculation in example 8.9 and the fact that (, ) is hermitian (cf.
lemma 6.37), one can see easily that this defines a Clifford action
on S. In summary, we have ¢ : C(V) ® C — End(S). This is an
isomorphism by dimension counting;:

dime C(V) @g € = 24™V = (dim¢ S)2.

For (2), one simply take W := Hom¢y)(S, E), the space of linear
maps from S to E commuting with the Clifford action. Thus, W car-
ries a trivial Clifford action and has a Z,-graded given by W+ =
Home v (SF, E¥), W~ = Homc(y(S*, EF). In fact, any any finite
dimensional EndS-module is of the form W & S. O

Remark 8.11. In problem 7.21, we define the spin group Spin(n) as
double covering of SO(n). As one will see in problem 8.7, Spin(n)
can be defined as a subset of C(V) given by

Spin(V) = {ov1...0y :v; € V,k >0, |v;| = 1}.

Hence, any representation of C(V) gives rise to a linear representa-
tion of Spin(V). This is the reason why S is called the spinor repre-
sentation and we denote A : Spin(V) — GL(S) by the corresponding
representation.

Now, we generalize everything above on a Riemannian manifold.
Let (M?", ¢) be an oriented Riemannian manifold.

Definition 8.12. The Clifford bundle is defined by C(M) := Uyem C(TEM),

the Clifford algebras of the cotangent space T, M.

By choosing a local orthonormal frameey, . .., e, € C®(U, T*M),
the Clifford bundle 77 : C(M) — M is trivialized by 7~ }(U) =
U x C(R™). On C(M), one can define the symbol map ¢ : C(M) —



8.3. CLIFFORD ALGEBRA AND DIRAC OPERATORS 333

A T*M by pointwise symbol map oy : C(Tf M) — A TiM. It is easy
to see that this is a bundle isomorphism between C(M) and A T*M.

Exercise 8.8. Show that C(M) = @,>o(T*M)®"/Z, where Z is the
subbundle whose fiber Z,, is the 2-sided ideal generated by v ® v +
g(v,v), wherev € T;M

Definition 8.13. A Clifford module E on an even diemensional Rie-
mannian manifold M is a Z,-graded vector bundle E = E* @ E~
on M with the smooth action of Clifford bundle C(M), which we
denote

C®(M,C(M)) x C®(M,E) — C®(M,E); (a,5) ~ c(a)s.

If W is a vector bundle, the twisted Clifford bundle of E is just the
bundle W ® E with Clifford action 1 ® ¢(a).

It is natural to generalize spinor module S in theorem 8.10 to
a vector bundle S — M, called spinor bundle. 1f so, any Clifford
module E is just a twisted Clifford module of S by taking W =
Homc () (S, E). Locally, on a coordinate chart U, i U) = U x
C(IR™), one can always define S(U) locally. However, there are topo-
logical obstructions to patch these S(U) globally. In general, we say
M has a spin structure’ or M is a spin manifold if an associated spinor
bundle S — M is defined.

Remark 8.14. For the application to local index theorem, we do not
need M to be spin since our proof will be local. Thus, we denote S by
locally defined and unique spinor bundle and decompose Clifford
module E as Home () (S, E) ® S.

To define the spin structure on M properly, we need the language of prin-
cipal bundle (cf. problem 7.9)). We say M has a spin structure if the frame bun-
dle Pso(rary of TM can be lifted to a principal Spin(2m)-bundle Pgin(ar). With
the spin structure, one can then construct spinor bundle by Pspiy(ar) Xa S, where
A : Spin(2m) — S is the spinor representation, cf. remark 8.11. Using the theory of
Cech cohomology (cf. [LM89] Chapter II, §1), one can show that the topological ob-
struction for this lifting is exactly wy (M) := w,(TM), the second Stiefel-Whitney
class of M (cf. fact 7.30). In other words, M is spin if and only if w, (M) = 0.
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Let VL€ be the Levi-Civita connection of (M, g). Then since V1V
is metrical, it is easy to see that V€ descends to a connection on the
quotient bundle C(M) (cf. exercise 8.8) satisfying

Vi (ab) = (ViCa)b 4 a(VEED),Va, b € C°(M,C(M)), X € C®(M, TM).
Similarly, on a Clifford module E — M, we define

Definition 8.15. A connection VE on E is called a Clifford connection if
Vs € C°(M,E),X € C*(M,E),a € C*°(M,C(M)),

VE(c(a)s) = c(VEa)s + c(a)Vis.

Lemma 8.16. For any Clifford module E, there always exists a Clifford
connection VE on E.

PROOF. If M is spin, then the Levi-Civita connection V!¢ on TM
induces® to a canonical connection still denoted by V€ on the spinor
bundle S — M and it is a Clifford connection. Since E = S ® W, pick
any connection V" on W, this induces a Clifford connection VE by

(8.5) V€ @id +id @ V.

In general, if M is not spin, one can still define spinor bundle S lo-
cally and define V¢ on S locally. Thus, on any Clifford module
E — M, we can locally split E into S ® W and define local connection
as (8.5). We then use partition of unity to glue these local operators
to get a Clifford connection VE on E. O

We now in place to define Dirac operator on a Clifford module
E with a Clifford connection VE. We define the Dirac operator D :
C®(M,E) — C®(M, E) by the composition
E
C®(M,E) V5 C®(M, T+ M®E) 5 C®(M, E).
In local coordinate, the operator is givenby D =} ; c(dxi)Vgi .
Proposition 8.17. D is an elliptic operator.

83ince VLC corresponds to a connection on the orthonormal frame bundle
Pso(ram)- Since M is spin, the connection 1-form on Pso(rpy lifts to Popin(ar)-

Hence, it gives rise to a connection on the associated vector bundle Psin(p1) Xa S.
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PROOF. Let & = &dx' € T, M\ {0}, the symbol of the differential
operator pp(x,§) = L;c(dx;) - ¢ = c(&) # 0. O

Exercise 8.9. Show that if ¢(a) is skew—adjoint on E, then D is self-
adjoint.

It is clear from definition that D : C®(M,E*) — C®(M,E¥).
0 D-
Dt 0
Now, back to McKean-Singer formula in section 8.1, let E be a
Clifford bundle, D be a Dirac operator on E. We denote k:(x,y)
by the heat kernel of D?. Since E locally splits into S ® W, the di-
agonal of heat kernel k;(x, x) has values in End(Ex) = End(Sy) ®
End(Wy) = C(M)yx ® End(Wy). By McKean-Singer formula, we
know that

That is, we can write D =

indD:/ strsowk:(x, x)dvp(x),
M

where the strggy means that the supertrace is taken on C(M), ®
End(W,). Obviously, we have

strsowkt(x, x) = strsks(x, x) - stryks (x, x).

We end this section by a relation between supertrace of C(V) acting
on S and symbol mapsc : C(V,Q) — A* V. Fora € C(V), we define

str(a) = trg+ (a) —trs-(a) a € CH(V)
0 aeC (V).

Lemma 8.18. Let V = R" with even n. str(a) = (—2i)"/2T(c(a)),
where T : N\*V — R is defined by the coefficients of w in the monomial
e1 A\ - -+ Ney, where {ey, ..., e,} is an oriented orthonormal basis of V.

SKETCH OF PROOF. On C(V), we have Z,-commutator [u,v] :=
uv — (—1)1“1°loy, where |u|, |v] are parities of 1, v, respectively. One
can check by case by case that str([u,v]) = 0, for any u,v € C(V).

Next, observe that C,,_1(V) = [C(V),C(V)]. Letey,..., e, be an
oriented orthonormal basis of V, then for any I C {1,...,n} with
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|I| < n,say j ¢ I, then one can easily show that
ey —= —E[ej,ejel],
where e; = [];¢; e;. Obviously, this implies that C,,_1(V) = [C(V),C(V)].
Thus, we see that str must proportional to T o ¢, say str(a) =
cTo(a), for some constant c. To determine this constant, let us con-
sider the chirality element € := iPe; ...e, € C(V) ® C, where

n/2 n even
(n+1)/2 nodd

Since 7 is even, then €2 = 1 obviously. It is easy to see that S* =
{v : ev = +v}. Therefore, stre = dimS* + dim S~ = 2"/2 while
T(o(e)) = T(iPey Ne,) = i = i"/2. Hence, the constant ¢ =
(—2i)"/2, O

Exercise 8.10. Complete the proof of lemma 8.18 by showing the
following
(1) Show that str([u,v]) = 0, for any u,v € C(V).
(2) Let {eq,...,en} be an oriented orthonormal basis of V and
I C{1,...,n}.If 3j € i, prove that

1
Hei = —§[€j,€]'€[].

iel

(3) Show that S* = {v € S : ev = +0}.

8.4. Local Index Theorem

Let M be an oriented’ Riemannian manifold of even dimension
n, D be a Dirac operator on a Clifford module E — M associated to a
Clifford connection VE. We now let k;(x, y) be the the heat kernel of
D? coupled with the volume form dvy(x) and denote (x]e~tD?|x) :=
k(x,x) by the restriction of it to the diagonal. Note that k;(x, x) €

9In fact, M need not be oriented. We only need to define integration on M.
When M is not orientable, we just replace A" TM by |\" T*M]| to get the volume
form.
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C®(M,End(E) ® A\*TM). Since E = S ® W locally, End(E), =
C(M)y ® End(W)y, for all x € M. We denote C;(M) by the sub-
bundle of C(M) with degree< i.

Now, we are ready to state and prove the local index theorem.

Theorem 8.19 (Local Index Theorem). k¢(x,x) has an asymptotic ex-
pansion

ki(x,x) ~ (4rt)~"/2 Y Hki(x).
i=0
(1) The coefficient k;i(x) € C®(M, Cy;(M) ® End(W) @ A" TM).
(2) Let o(k) := Zl’.l:/g 0i(ki) € A (End(W)) be the negative degree
pieces in t, then

o 1/2 R/Z 7FW
o(k) = det <sinh(R/2)> e,

where FW is the curvature of W, R is the Riemannian curvature
on M.

Before proving theorem 8.19, let us first show that how it deduce
the usual form of the Index theorem for Dirac operator. By McKean-
Singer formula (8.2), if M is furthermore compact, then for t > 0,

indD:/ str(k¢(x, x))dx.
M

Notice that by lemma 8.18 and theorem 8.19, supertraces and (—2i)"/2T o
o coincides and vanishes on C;(M) for i < n. Hence, we have

strk(x,x) ~ Y #str(ki(x)),
i>n/2
and thus there are no poles in the asymptotic expansion for str(k(x, x)).
Consequently, the integrand has a limit as t — 0+ and indD is inde-
pendent of ¢, and we conclude

indD = (277i) /2 /
M

tr(o (k) = /M [detl/z (%) trW(eFW)]n

or in the more familiar form in the literatures:
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Theorem 8.20 (Atiyah, Singer). Let M" be compact, oriented even-dimensional
manifold, the index of a Dirac operator D on a Clifford module E (locally
splits as S @ W) is given by

R/2 .
sinh(R/Z)) trw(e

W

indD = (2m')”/2/ detl/Z( ),
M

Remark 8.21. If we put back the factor (271i)~"/? into the integrand,
then it will become det'/? (%) tryy (ef ). In view of problem
7.8 and example 7.19, we recognize that the Atiyah-SInger index the-

orem is then given by
indD = / A(M)ch(F).
M

The rest of of this section is dedicated to prove theorem 8.19. We
tirst need a Bochner type formula for Dirac operator (cf. section 4.4).
Let E — M be a Clifford module, VE be a Clifford connection on E,
tr(VF)? be the connection Laplacian of VF defined in definition 4.18,
and sy be the scalar curvature of M. Assume E = W ® S locally. The
Lichnerowicz formula states that

Theorem 8.22 (Lichnerowicz Formula).

D? = —tr(VEY 4+ c(FW) + SZM,

where FV' € A%(M,End(W)) is the curvature of W. Here, c(F) :=
Zi.<]~ P(ei,ej)c(ei)c(ej), where {e;} is an orthonormal frame of TM and
{e'} is its dual frame.

SKETCH OF PROOF. It suffices to prove the formula on a coordi-
nate chart U at each point p € M. Pick a normal coordinate x on U
which coincides with an orthonormal frame e; at p. Let ¢/ := c(e').
Then

= cichgiVej + cic(Vgiej)Vej (Veel =0at p)

= _vgl + Zcicj(veiVEj - ve]'VEi) (vejve]' - ijvei = FE (eil e]))

i<j
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Since End(E) = C(M) ® End(W), one can show that
1 - -
(8.6) FE(e;, ej) = ~3 %Rkli]-clc]ckcl + FV(e;, ej)c'cl.

Moreover, using definition of Clifford algebra and symmetry of Rie-
mann curvature tensor (cf. exercise 3.7), one can show that the first
term in (8.6) equals to sp;/4. O]

Exercise 8.11. Show the formula (8.6) and — Yo ikl fraclSRklijcicjckc’ =
SM /4.

Recall that E — M is a Clifford module on an even—dimensional
(oriented) Riemannian manifold M with a Dirac operator D associ-
ated to a Clifford connection VE on E. Fixxg € M, letx = (x!,...,x")
be a normal coordinate on a Gauss ball U centered at xy. We pick any
basis of Ey,, then for any x € U, T(xg, x) : Ex = E,, via parallel trans-
por the basis with respect to VE along the geodesic exp,, x (recall
that x € Ty, M). In this way, we trivialize the bundle E|; as Ey, x U
along radial tangent vectors. Thus, C*(U,E) = C*(U, Ey,). Since
E splits locally as S ® W, we again identify End(Ey,) = C(M)y, ®
End(Wy,). Let ¢’ = c(dx’) € End(Ey,), e; be local orthonormal frame
obtained by parallel transport 0; |x0 along radial geodesics. We first
observe that:

Lemma 8.23. The function c(e') € C*(U,End(Ey,)) is a constant map
with value c'.

PROOF. Let R be a radial vector field on Ty, M.
R -c(e') = VEc(e') = [VE, c(e)] = c(Vge') = 0.
U
Let p;(x, xo) b the heat Kernel of D?, and k(t,x) := T(xo, ) pt(x, x0),
where x = exp, (x). Thus, we can regard k(t, x) as smooth functions
with values in End(Ey,) = C(T;,M) ® EndW and C(T;} M) acts on

AT Mbyc(a)B=aAp— ,pasinexample 8.9. We denote a A - by
€(a) and 1, by 1(a).
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Proposition 8.24. Let L be the differential operator on U with coefficients
in C(Ty,M) @ EndW, defined by the formula

S
L==Y ((VE2=VE )+ +c(FY).
1
Then (0 + L)k(t,x) = 0.

PROOF. By definition, p¢(x, xg) € Ex ® E%, satisfies the heat equa-
tion

0
(E + D,ZC) pe(x,x0) = 0.

Fom Lichnerowicz formula and the above lemma t(xg, x)p:(x, x9) €
C®(U,EndE,,) satisfies the equation (d; + L)T(xo, x)ps(x,x9) = 0.
]

Now, here comes the heart of proof for local index theorem. Namely,
the rescaling procedure due to Getzler in [Get83] and [Get86] with
respect to the degree in exterior algebra A Ty M. For a € A :=
C®(R* x U, A Ty,M ® End(Wy,)), we define the rescaling of a by

(o) (t,x) = g) u” 2 (ut, u?x) [i]7

where «;) is the degree i component of «. Then one can check easily
that the rescaling J, acts on operators on A by

(8.7) 5up(x)8, " = ¢p(Vux), for ¢ e C*(U),
d .1 10

(88) 51,[&514 =u gl
9 <1 1729

(89) 51,,@514 =u ﬁ,

(8.10) oue(@)o,t = u12e(n), fora € T*My,,

(8.11) Sut(w)d,t = vuu(w).

Exercise 8.12. Verify (8.7) to (8.11).

Definition 8.25. The rescaled heat kernel r(u, t, x) is defined by

r(u, t,x) = u™2(5,k)(t,x).
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n/2 0

The factor u is included because k;(t,x) has volume form!
A" T*M part . Let us first indicate how we will approach the proof
of theorem 8.19. Assume that k(t, x) has an asymptotic expansion of

the form at xy € U as indicated in theorem 8.19 (1):
k(t,x) ~ (470t) 7"/ 2q,(x) (ko + kot + - - + kyt"/2 4 ),

where k;(x) € C®(U, A=*(T;,M) ® End(Wy,) ® A" T;, M) under the

2
identification o : C(Ty M) = A(Ty,M) and q¢(x) = e~i is the heat
kernel for standard Laplacian on R”. Then notice that (47tt) ~"/2g;(x)

is invariant under rescaling and thus
r(u,t,%) ~ (47et) " 2q; () u™? (ko + 8u (ky Jut + - - -+ 8y (k) (ut) /% 4 -

Since J,, (k;) (ut)' = t Z;:O ul=12k;(ut, /ux) (j)] and higher order terms
have positive u-degree, we then see that the total negative part is sin-

)[n})‘

Thus, the content of (2) in theorem 8.19 is that the image of of right—

hand side under ¢ is exactly det!/? (si nﬁ(/Rz /2)> e F"

To start, let us notice that the rescaled heat kernel r(u,t,x) =
V"' (6,k)(t,x) is the heat kernel of a recaled heat equation.

gled out by

lim (it =1,x = 0) = (47)"2 ((ko)[o] + (k) + o+ (K

u—0

NI=

Lemma 8.26.
0
. —
<8t + (u)) r(u,t,x) =0,
where L(u) := ué, L5, .

PROOF. This is a direct consequence of (8.8). Since d; = 10,0+, 1
we have

(3¢ 4+ uby Lo, )r = udy (9 + L), ' r = ud, (9 + L5, 'u2(6,k) (t,x)
= ud,u"’?(9; + L)k(t,x) = 0.

106y density | A" T*M]| if M is not orientable
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Recall that L = —Y; ((VEEI)Z - v%e-Q‘) + M + ¢(FW) on U, and
L(u) = ué,Lé;!. Using (8.7) to (8.10) and lemma 8.23 , we now
decompose L(u) into Ly (u) + Lp(u), where

Li(u) = — Z (ﬁéuV55;1)2
+ Y B (Vv (Vi el = Vi) - (Ve — vl ),

i<j

u _
La(u) = s(v/ix) + (\/aauvge[eiau 1) .
Now, we have the following explicit formula for covariant derivative
Vgi acting on C*(U, E).
Lemma 8.27. In the normal coordinate (U,x) centered at xo with the
trivialization TM |u ~ T, M x U, E\u >~ E,, X U (via parallel trans-

port along radial line), the Clifford connection VE of the Clifford bundle
E =S ® W is locally given by

V =0+~ Z Rkll]x]cc + Y fia(x) x)ckc! + gi(x),
]k<l k<l

where Ryij = (R(9;,0})0;,0x)(x0) is the Riemannian curvature at xo,
¢t = c(dx') € End(E), fiu(x) = O(|x]?) € C®(U) and gi(x) =
O(|x|) € C*(U,End(E)).

SKETCH OF PROOF. Let R := ¥_; x'0; be a radial vector, VE = d +
w, where w is the connection 1-form of VE. We write w = (¥; Fk dxJ)

into matrix-valued 1-form and let w; = (Fi‘]) be the matrix. Notlce
that in such choice of frame, 1w = 0 since we trivialize the bundle
along R. Thus, by Cartan’s formula

Lrw = (trd + dig)w = igdw = 1x(dw + w A w) = 15 (FE).
Next, we take Taylor’s expansion on both sides.

Lrw = Lx (23 w; xo) dx f')

I

= 28 w] x0) ( (x®)dx! +x“£R(dxj)> .
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Since R = Y, x'0; is the Euler vector field, R(x*) = |oc|x and L =
dirdx) = dx/. Therefore, Lrw = Yo j(laf + 1)8"‘a)](x0) X" dx/. For the
right hand side, we have }, i 0"“FE (9, 9j) (x )"a’!‘ dx/. Comparing
the coefficients.

k

Y (] +1)%w;(x0) % N ZB“FE 9,9y (x0) -

o

x*

Now, we pick « = [, we get 29;w;(xo) = F(9;l,9;)(xo) by comparing
the coefficients of x*. Finally, by (8.6), we have

PE(ei,ej)(xo) _1 Y (R(9;,9j)ex, e1)(xo)c kcldxi A dx/
i<jk<l
+ Fw(ei,e]-)cicj(xo),

where R(9;,9;)ex, e;) (x0) = —Ry;j since e; = 9; at xo. O]

Hence by above lemma and (8.7) to (8.11), VEY, == \/us, Vglﬁ; 1
equals to

9; + f Y Rjv/ud (v e — ul) (Ve — ul)

]k<l
VY fra(Vax) (Vi e — ) (Vu el = val) + vugi(vix)
k<l
= 0; + Z Rygijx (€5 — ul) (el — ud)
]k<l
i 2 Y fia(Vax) (€5 — k) (€ — ul) + Vgi (vx).
k<l

Since fix; (v/ux) = O(]v/ux|?) = uO(|x|?), we see that as u — 0, Vgi’”
has a limit

1 ; 1 ;
Vol =0i+ 2 Ruti! efel = 9; + 1 RiX,

where R;; = 3k Rklijekel is the curvature 2-form.
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Clearly, Ly(u) = %s(y/ux) + \/ﬂ(\/ﬁV%elei(Su_l) — O0asu — 0.
For L (u),asu — 0, ¢; — ¢;(0) = 9;, we see that

— Z (Vus, Vs, ) — —Z(Vi’”)z = —(0; + }LRinj)z
Y BN (Vux) (€ ) (el —ud) — Y EY(0) 0)e'e/ = F¥(xo).

i<j i<j

In conclusion, we have shown that
L(u) = K+ O(Vu),

where K := Y (8,- — %Zj Ri]-xj) + FW(xp). Recall that K is exactly a
generalized harmonic oscillator considered in section 8.2. Therefore,
by theorem 8.5, we already construct an explicit solution:

1 tR/2 12 i(xlgcothﬂ{x) —tF
- _ - s o \X| 2 2
p(x, t) (47‘[t)”/2 ( et sinh(tR/Z)) ¢ .

Thus, we get

1 tR/2 1/2 i(xlgcothglﬂ —tF
li t S t— = 7 \X| 2 2 )
Jimmy (%) = g2 ( © sinh(tR/Z)) ¢ ¢

Particularly, putx = 0, t = 1, we get

- 1 1/2 R/2 _r
U(k)_(47'c)”/2det (sinhR/Z c

This completes the proof of local index theorem (theorem 8.19).

8.5. Applications of Atiyah-Singer Index Theorems

In this section, we see that Atiyah-Singer index theorem (cf. the-
orem 8.20) is the generalization for many important formulae in the
history of geometry. More precisely, we will see that both Gauss—
Bonnet—Chern theorem and Hirzebruch signature theorem are con-
sequences of it. For Hirzebruch-Riemann-Roch theorem, which is
the higher dimension generalization for classical Riemann—-Roch for-
mula on compact Riemann surface, one can consult problem 8.10.
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First of all, by example 8.9, for any compact oriented even-dimensional
Riemannian manifold M", A T* M is a Clifford module with Clifford
action given by

c(a)p =e(a) — t(a)B,a € AL(M), B € A(M).

Clearly, the Levi—Civita connection on A T*M is compatible with this
Clifford connection.

Lemma 8.28. The Dirac operator D associated to the Cliiford module \ T*M
and its Levi—Civita connection V is the operator d + d*, where d is Cartan’s
exterior derivative and d* is the formal adjoint of d.

PROOF. This is a direct consequence of exercise 4.6 since

n

(d+d*)p =} (e(e') —1(e)) Ve

i=1
[

Hence, D? = (d +d*)? = dd* +d*d = /A is exactly the Hodge
Laplacian considered in chapter 4. By Hodge decomposition, we
know that ker D = ker D? = ker A = Hjr (M, R). Hence, the index
of Dirac operator D = d+d* on AT*M = A\ T*M @ A T* M is
given by

ind(d+d*) = dimker(D]/\ev Tom) — dimker(D‘/\odd M)

(=1)" dim Hgp (M, R) = x(M),

1=

0

~.

where x(M) = Y% ,(—1)'b; is the Euler characteristic of M.
Now, we compute the twisting curvature F Wfor E = N\ T*M.
Recall that by theorem 8.10, we have the following identification:

§*®S =End(S) = C(V)c = AV

where S = ST @S~ = A VY. Thus, we can identify S* as the twist-
ing space W of E = AV ®g C. Here, the Z;-grading on (5*)¢V @
(§*)°4d is the Z,-grading induced from A V. Let {¢'} be an oriented
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basis for V. = T;M. Let ¢ = c(e') = e(e') —u(e'), b := b(e') =
e(e') + ¢(e'). Obviously, we have

c o] = 20, [, b1] = —267, [cl, bi] = 0.

The curvature 2-form for E is given by

- 1 S
rkt = Z Rijkleztfek/\l =1 Z R (c" +b')(c - b)ek Al
i,j;k<l ijik<l
1 S
=7 Z Rijp(c'c) — bib)ek Al = FS + FW.

ij;k<l
where we use the skew-symmetry R;j; in i and j to eliminate the
cross terms. Hence, FWV = _Tl Yijk<l Rijklei A elbibl.
Now, observe that the supertrance str) y with respect to above
grading is closely related to operator b.

Exercise 8.13. Let n be even, € be the chirality element.
(1) (=1)? =c(e)b(e) on AP V.
0 I #=1{1,2,...,n}

, - .
(2) strpv(b(er)) (=202 1=1{1,2,3,...,n}.

Leta =}, ajje'el € N?V = C%(V) via o witha = (a;j) € so(n),
we define b(a) 1= Y;; ajjb'b/ € End(A V). We have the following
key result.

Lemma 8.29. The supertrace str of e?(%) with respect to the grading above
is given by

() _ (_mi\i/2 3.41/2 sinh(a/2)
str(e”\) = (—2i)"/“ det <a/2 Pf(a).

PROOF. By splitting principle, we may assume that a is block di-

agonal of the form (O —O]/i ,fori=1,...,n/2. Then

i

i ; n/2 ) .
i=1
n
= (=2i)"?] T sin(ys)-

i=1
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On the other hand, one can immediately verified that
et ((B0/2))) _ s
a/2 1 Vi
and Pf(a) = [T//? y;. This completes the proof. O

Hence by plugging F" by a , we see that A(M)str(e F") = i"/2P{(TM).
We then obtain

Theorem 8.30 (Chern—Gauss—Bonnet). The Euler characteristic x (M)
of a compact even—dimensional oriented manifold is given by

x(m) = [ e(m),

where e(M) = WPf(TM) is the Euler class of M.

Next, we deduce Hirzebruch signature theorem from Aityah-
Singer theorem by introducing a different Z,-grading on A T*M.
Recall that in section 4.1, we define the Hodge star operator * :
ANT*M — A" FT*M with «2 = (=1)P("=P) (cf. exercise 4.1). We
now define

#: N T"MeRrC - A T"Mag C
by % := i2tP("=P)x Obviously, ¥#* = id on A T*M @ C. In fact, we
have

Exercise 8.14. % = €, where € is chirality element on C(T*M) ® C.
Also, under Ac T*M = S®@ W, W = W is of pure even grading.

Since ¥2 = id, we can splits the bundle A¢ T*M = /\::r T"M@® N T"M
as +1-eigenspaces of %. Notice that if dim M = n = 4k, then € is an
element in real Clifford algebra and %. We have

AT*M=N\ T"Ma )\ TM,

where & € A*(M) := C®°(M, A\* T*M) if and only if & = . We
call forms in A" (M) by self-dual form and A~ (M) by anti self-dual
form. Observe that d* = —%d% and hence

(8.12) Fd+d)+ (d+d)=0, A =A%
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This implies that D = (d +d*) : AT (M) — A~ (M) and
H(M)=H"(M)®H (M),

where we denote H*(M) by the space of self-dual/anti self-dual
harmonic forms. The index of D = (d +d*) : AT(M) — A~ (M) is
given by

Exercise 8.15. If n = 4k = dim M, show that
indD = o(M),

where 0(M) is the signature of M. Also, show that if 4 1 n, then
indD = 0.

Since W = W, str(e ') = tr(e F) = 271 2 rem(e E).
Similar to the proof of lemma 8.29, we have

(8.13) trpy (e?@) = 2"/2 det'/2(cosh(a/2)).
Put a = F" in (8.13), we have

AM)try (e Ty = 2"2L(M),

tanh(R/2)
in example 7.49. We then obtain the ”analytic proof” of Hirzebruch

where L(M) = det!/? < R/2 ) is the L genus which we have seen

signature theorem:

Exercise 8.16.

(1) Prove (8.13).

(2) Let E be a complex vector bundle, D : C®(M, AT T*M ®
E) = C®(M, AT T*M ® E) be the twisted signature opera-
tor. Show the twisted signature theorem:

indD = /ML(M)ch(E).
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8.6. Milnor’s Exotic 7-Spheres

In 1956, Milnor constructed a non-standard smooth structures on
S7 in [Mil56]. It is the first known example that a manifold can ad-
mit more than one smooth structures. This section serves to be an
introduction to this construction.

The rough idea is the following: starting from the sphere bundle
S(E) of an oriented four plane bundle E over S*, one can show the to-
tal space M of S(E) is a topological S” if the Euler number e(E) = 1.
In this case, if M is diffeomorphic to the standard S7, we can attach
an 8-disk to the disk bundle D(E) along the boundary M via this dif-
feomorphism to get a smooth closed 8-manifold W. By applying the
Hirzebruch signature theorem to W, we will obtain some divisibility
condition on its Pontryagin numbers. By a detailed computation of
the characteristic classes, this can not be true for some E, and we get
the “exotic spheres”.

As a start, let us consider quaternion projective spaces HIP" :=
(H™+1\ {0})/H* by the right action of H*. Similar to real or com-
plex projective space, it has a tautological line bundle v := yip. —
IPIH™, called Hopf bundle. It has the sphere bundle S(y) = §*"*+3 C
H™*1. Notice that the action H* restricts to S(7) is just unitary
quaternion Sp(1) = S3. Hence, S(7y) is a S3-principal bundle. This
construction is known as the quanternion Hopf fibration. Especially,
when m = 1, then observe that PIH! = S*, then this gives the classi-
cal Hopf fibration

53c 557

l

54

Exercise 8.17. Show that H*(HIP™,Z) = Zle]/e""!, where e €
H*(HP",Z) = Z is the generator (Hint: You may try to find a CW
complex of it). Show that ¢(y¢c) = 1+ e and p(yRr) = 1 — 2e + 2,
where ¢ and yr means the underlying complex vector bundle and
real vector bundle of quaternion line bundle +.
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In general, from problem 7.26 and 7.27, we know that oriented
real vector bundle of rank 4 (or SO(4)-bundle in the language of
principal bundle, cf problem refprincipal bundle) over S* are clas-
sified by 713(SO(4)). Moreover, from problem 5.8, we know that
SO(3) = RIP? by considering the map p : $° — SO(3) defined by
using quaternion multiplication

(8.14) o(u)o = uvu™!,

where v € S? is considered the unit sphere spanned by purely imag-
inary quaternions i, j, k. Hence, 711(SO(3)) = Z; and 7;(SO(3)) =
1 (S3) fori > 2.

Now consider the principal bundle structure:

SO(3) —— s0(4)
lp
53

where p is defined by p(g) = ¢ - 1, and define a map o: S*> — SO(4)
by still using quaternion multiplication:

(8.15) o(u)v = uv.

Since p(o(u)) = o(u)-1 =u-1= u, cis a section. By problem 7.9
(3), we conclude SO(4) = S3 x SO(3) is a trivial bundle. So we have

m3(S0(4)) = m3(S%) x m3(SO(3)) = Z @ Z.

Since SO(3) is a Lie group, we have the following general result on
multiplications of its homotopy groups.

Lemma 8.31. Let G be a topological group, then for k > 2 the (point-
wise) multiplication of two homotopy classes in 71, (G) corresponds to the
composition law of homotopy classes.

PROOF. Let ¢, ¢ : (I¥,9IF) — (G, e) and let ¢ be the constant
map e, then clearly have homotopies

1 +¢o~ P, Po+ P2~ P2
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Multiply these two homotopies, we get
(¢1+ o) - (o + P1) ~ P12

By the definition of composition law, the left hand side is exactly
¢1 + ¢2. This proves the lemma. O]

In view of (8.14), (8.15), and above lemma, we see that all clutch-
ing maps p : S> — SO(4) are of the form

fuj(uw)o = utou,

where h,j € Z. In fact, it is very clear that o corresponds to the Hopf
bundle discussed before because we use right action there, and as
a S = Sp(1) bundle its coordinate transform will be the left trans-
formation. So we have an even simpler set of generators, namely
the right Hopf bundle -y and the left Hopf bundle ¢ defined by left
action. It correspons to the homotopy class & := cp~1, that is

(8.16) (u)v = ou.

Since 7y, 9 are isomorphic as real bundles, they have the same Euler
class ¢ = u, but since the “quaternion orientation” is changed, we
will have p; = 2u.

Moreover, recall that oriented rank n bundle over a manifold X
are calssified by [X, Geo n(R)]. When X = S™, this coincides with our
previous discussion.

Exercise 8.18. [S™, Geon(R)] = 711 (Gpe0o(R) = 71, 1(SO(n)) (Hint:
consider the principal SO(n) fibration givenby SO(n+ N)/SO(N) —
Gu,N+n(R) and use fact 7.41).

Now, we will show both e, p1 : m4(Gy(R)) — H*(S*) can be

regarded as group homomorphism. For example, let [f] € 4(Gy),
p1 is the map

[f1 = pr(F (™)

so pr(f*74)([S*]) = f*(p17*)([S*]) = pr7*(f+[S*]) by the definition
of f* and f., and the last map [f] — f«([S*]) is exactly the Hurwicz
homomorphism

74(Ga00(R)) = Hy(Gaoo(R)).
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Now, here comes a crucial arithmetic fact on characteristic classes of
these SO(4)-bundle over S*.

Proposition 8.32. The SO(4) bundle Ey; defined by fy; has e(Ep;) =
(h+ j)u and p1(Ep;) = 2(h — j)u. In another word, for k =1 (mod 2),
there is an unique SO(4) bundle E such that p1(E) = 2ku and e(E) = lu.

SKETCH OF PROOF. The proposition is ovbious by looking at the
characteristic classes of the right and left hopf bundles 7y and 4. An-
other way to see this is to see the tangent bundle TS*, which has
e(TS*) = 2u (the Euler number) and p;(TS*) = 0 since TS* @ e =
TS* @ NS* = €95 and by the Whitney product formula (Notice that
TS* corresponds to f11, which is the “sum” of 7y and ¥). 0

Let j,j be the sphere bundle of Ej;, that is, aD(Ehj), we will show
when h+j =1, (so h—j = kis odd), the total spase of ¢j,;, denoted
by M. In proposition 8.32, we have already proved these two num-
bers h + j, 2(h — j) correspond to e, p1. Since h + j = 1, k determines
the pair (/, j) uniquely, so in the following we write the lower indices
as k instead of 1, j.

Now, we show that M is a topological 7-sphere. The idea is to
construct a Morse function f on M7 with exactly two critical points.
Then M/ is homeomorphic to S” by Reeb’s theorem (cf. problem
7.23). First, we need the following realization of MZ

Lemma 8.33. M7 is an identification of two R* x S° along (R* — 0) x S°
via the diffemorphism g of (R* —0) x S3:

hoyyyd
(u,0) — (u,0) = L,M
g (o) = (1,0) (wz s

PROOF. First, we need to check that v’ € S? so that the expression
makes sense. Note that
h i h+j
_ Julfofful” _ ful™7

— - =1,
|u] |h|

ulou

|ul
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since i+ j = 1. The formula u’ = u/|u|? is nothing but the coordi-
nate change of the two stereographic projections: $* — R*, one from
the south and one from the north.

To check the glueing really gives M/, we consider the equator
S3, thatis, |u| = |u’| = 1, in fact u = u’. The map g restrict on this
equator then defines amap § : S — SO(4) by §(u)v = uvu/. which
is exactly the map f};, since any bundle over S* is classified by this
map as mentioned before, this space is exactly M7. [

Now, we construct the desired Morse function f on M7.

Lemma 8.34. Consider the following two coordinate charts, (u,v) and
(u”,0") of M7, where u” = u'(v')~1. We define f: M] — R by

Flx) = Re(v) _ Re(u”)

which has exactly two non—degenerate critical points.

PROOF. First of all, we check that the two expression of f is in-
deed identical. Notice that the right hand side equals to
Re(u'(v')7!) _ Re(jufu'(v))")

V1+[u']? V14 |ul?

and |u|u’' (07N = u(julo)™' = u(uow) = u-ul oty

u"v~lu=". Observe that when we represent IH as 4 x 4 matrices over

R, Re(x) = 1tr(x). Therefore,

h:

1 1
Re(uv " tu™") = Ztrace(uhv_l(uh)_l) = A—Ltrace(v_l) = Re(v1).

Since |v]| = 1, v7! = 7, we have Re(v™!) = Re(9) = Re(v). Thus,
this is equals to the left hand side.

Now we consider the critical points. From the right expression of
f we easily see that no critical points exists in the chart (u”,7'): the
function x1/4/1+ |x|? 7 in the direction x1, so 91 f(x) > 0. Hence
all critical points lie in the (#,v) chart, and in fact lie in the set (0, v).
However, in this set, f(x) reduces to be Re(v) (the height function)
on S3, the unit sphere of H. Thus, the critical points are clearly the
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two points v = +£1, that is, (0, £1). We leave the readers to verify
that they are indeed non—-degenerate. O

Exercise 8.19.

(1) Find the identification of H as subsets of M4(IR) and prove
that Re(x) = 1tr(x).
(2) Verify that the two critical points of f on M7 are non-degenerate.

In summary, we have shown that M/ are all homeomorphic to S”
by problem 7.23. Now, we show that there exists some k such that
M7 is not diffeomorphic to the standard S”. Recall that in the proof of
problem 7.23, suppose M/ is diffeomorphic to S7, then we can attach
an standard 8-disk D® onto the boundary of the total space of the
disk bundle D(EF) along M7 = S7 via the assumed diffeomorphism.
We denote the resulting closed 8-manifold by WP. We notice WP is
nothing but the Thom space T(Ey), by the usual Thom isomorphism
theorem (again, see [MS74], sec.10), we get (by excision and Ue(Ey)):

H'(s*) = H*"'(D(Ey), S(Ex)) = H*"!(T(Ex), to)-

The integral cohomology groups of WP therefore equal Z in dimen-
sion 0, 4, and 8, and zero in other dimensions. Actually, it is Z ®
Ze(Ey) ® Ze(Ex)?*. This implies o(W?P) = £1. Choosing an orienta-
tion, may assume ¢(W?) = 1. Now, apply the Hirzebruch signature
theorem, we have )
7p2 — P1

l=0= EETI

Recall that proposition 8.32, which states that

e(Epj) = (h+j)u, p1(Epj) =2(h —j)u.
In the present case, e(Ex) = u and p1(Ey) = 2ku. To pass this result
to WP, denote by 7t : Ex — S* the bundle projection, we always have
TE;, = 7*(TS*) @ *(Ey), so apply the Whitney product formula
and naturality as in section 7.2.1 and p(TS*) = 1, we get p(TE;) =
m*p(Ex) and p1(TEy) = 7*p1(Ex) = 7*(2ku) = 2ku = 2ke(Ek).
Thus, p?(TW?) = p3(TEy) = 4k>. This is true because of naturality,
the pontryagin classes of Ey are the restriction of Pontryagin classes
of W2 which is a smooth closed manifold and only have one more
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point than Ey, and so have the same value when we evlauate them
on the fundamental class.

Now, put everything into the signature formula, we get 4k% +
45 = 7p, = 0 (mod 7) ( since Pontryagin numbers are integers!).
This implies 4(k? —1) = 0 (mod 7) and so k = 41 (mod 7). But
k can be any odd integers! We get a contradiction for those E; with
k # £1 (mod 7). That is, M is not diffeomorphic to S”!

Remark 8.35. Although there are a lot of exotic seven spheres, they
may be diffeomorphic! For example, are Mg and Mg diffeomorphic?
In Milnor’s original approach [Mil56], he put everything in the cat-
egory of manifolds with boundary, and from this he constructed a
diffeomorphism invariant A which is exactly k* — 1 (mod 7). In this
way, he can distinguish some of these exotic spheres.

There is still another even more sophisticated question: How
many smooth structures can a topological sphere have? The follow-
ing paragraph is a summary of Kervaire and Milnor’s result to this
question. We will omit the proof and give the reference for the proof.

In the rest of this section, we assume all manifolds are smooth
and oriented with dimension n > 5 and all vector bundles are smooth
and oriented.

Definition 8.36. Two closed n-manifolds M;, M, are h-cobordant if
Mi; \ My = dW and M;, M, are both deformation retracts of some
(n 4 1)-manifold W.

As in the case of cobordism, this defines an equivalence relation
on manifolds.

Exercise 8.20. Check that h-cobordism is indeed an equivalence re-
lation.

Recall that in exercise 7.25, we define the connected sum M #M>
of two connected n manifolds M;, My. The h-cobordism is compati-
ble with the connected sum (cf. [KM63], Lemma 2.2). In summary, all
closed n-manifolds form a commutative monoid under # with iden-
tity the standard S" and descends to the h-cobordism classes. Now,
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we call a closed manifold M a homotopy n-sphere it M is closed and
has the homotopy type of S”. Two main results of [KM63] are the
following;:

Fact 8.37 ([KM63], Theorem 1.1). The h-cobordism classes of homo-
topy n-spheres forms an abelian group ®, under #.

Fact 8.38 ([KM63], Theorem1.2). ®,, is finite!!

A landmark in h-cobordism theory is the following h-cobordism
theorem due to Smale.

Fact 8.39 (Smale’s h-cobordism theorem, [Sma62]). If M and N are
h-cobordant via W, then W is diffeomorphic to M x [0, 1].

Smale’s original proof is to decompose a manifold M into han-
dles, which is the smooth analogue of cells. The procedure is known
as handlebodies decomposition. One can consult the [Kos93] for this
account. Alternatively, one can consult [Mil65] for Morse theoretic
exposition for the proof of Smale’s theorem.

Remark 8.40. One of the consequence of i-cobordism theorem is that
that simply connected manifolds in higher dimension (at least 5)
are much easier than those of dimension 3 or 4. In fact, Smale’s
proof fails for dimension 3 and 4. Moreover, Donaldson proved that
(smooth version) h-cobordism is false in dimension 4 while topolog-
ical version is true by the work of Freedman, cf. section 8.7.

An important consequence of h-cobordism theorem is the solu-
tion of Poincaré conjecture in higher dimensions:

Fact 8.41 (Generalized Poincaré Conjecture,[Sma61]). For n > 5, a
homotopy n-sphere is homeomorphic to the standard sphere S".

Thus, we know that ©,, is the group of smooth structures on S".
We will not actually use these facts in the sequel. Instead, we will

Uin the paper of Milnor and Kervaire, they cannot decide the order of ®;.
However, if one assume the Poincaré conjecture for n = 3, then it can be shown
that ©3 = 0.
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describe a subgroup bP,;1 C ©,. To define it, we need the concept
of parallelizable manifolds.

Definition 8.42. A smooth manifold M is parallelizable if TM is trivial
and is s-parallelizable if TM @ € is trivial, where € is the trivial line
bundle over M.

We need the following basic facts:
Lemma 8.43. Let § be a k plane bundle over M", k > n. If § @ €” is trivial,

then ¢ is trivial.

PROOF. It suffices to consider the case ¥ = 1. The isomorphism
& @ e = "1 gives rise to a bundle map

& —— o
L
M ——S

where 7* is the universal oriented k plane bundle over the oriented
grassmannian Gy, 1(R) = S¥. Since k > , f is null homotopic, so &
is trivial. ]

Corollary 8.44. Let M" be a submanifold of S"**,k > n, then M is s-
parallelizable iff the normal bundle is trivial.

PROOF. The bundle T ® N @ € is always trivial, where € is the
(trivial) normal bundle of §"** in R"*k+1 If the normal bundle N is
trivial, apply previous lemma to (T @ €) & N, we get T & € is trivial.
Conversely, if M is s-parallelizable, apply previous lemma to N &
(T @ €), we get that N is trivial. O

Corollary 8.45. A connected manifold with nonempty boundary is s-parallelizable
iff it is parallelizable.
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PROOF. We use Morse theory (cf. theorem 7.54 for the compact,
without boundary case) to conclude that a smooth manifold admits a
CW complex structure, and if the boundary is not empty, the dimen-
sion of this CW complex can be choosen to be < n = dim(M). In the
proof of lemma 8.43, we need only k > the CW complex dimension,
so the result follows. O

Corollary 8.46. Any oriented submanifold M of R" with oM # @ is
parallelizable.

PROOF. Such manifold has trivial normal bundle. If we take n
large, then M becomes s-parallelizable by corollary 8.44. So it is par-
allelizable by corollary 8.45. ]

Now we define the set bP, 1 C @,: it consists of those homo-
topy n-spheres which bound a parallelizable manifold. This condi-
tion depends only on the /-cobordism class (This is clear if we use
h-cobordism theorem). The main property we should know is that
bP,4 is a finite cyclic group and its members can be classified by
simple topological invariant. For simplicity, we only consider bP,,,
for m > 2, the collection of all parallelizable 4m manifolds with
oM = (4m — 1)-sphere. The corresponding signatures o(M) form
a non trivial subgroup of Z, denote it by ¢,,Z where 0, > 0. Then
the following structure theorems are known:

Theorem 8.47 ([KM63], Theorem 7.5). Let ¥, be two 4m — 1 homo-
topy spheres, OM; = X;, with M; parallelizable. Then % is h-cobordant
to Xy if and only if 0(My) = 0(My) (mod oy,). In another words, the
signature (mod o), classifies the smooth structures on S¥"~1,

Hence, bPy,, is a subgroup of Z /0y, Z. In fact, we have
(1) bPy11 =0
) bPyy_n = Z/2Z if m # 1,2,4
(3) bPyy, is cyclic of order ¢y, /8, which equals to

4B
€n22"2(22"=1 _ 1) x numerator of (ﬁ) ,

where €, = 1if mis odd, = 2 if m is even.
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8.7. Existence of Exotic R*

In the section, we give a brief survey to topology for 4-manifolds
as a complement for discussions on manifold topology of higher
dimensions in previous section. Specifically, we will state Donald-
son’s and Freedman’s theorem and use them to construct exotic R*-a
smooth 4-manifold M which is homeomorphic to R* but not diffeo-
morphic to R* with standard differentiable structure. The details of
the proof for Donaldson’s theorem will be given in the next section.

First of all, in section 7.8.3, we have defined the intersection pair-
ing gy of a manifold M. Now, if M is a simply connected closed
topological 4-manifold, one can show that H*(X, Z) and Hy(M, Z)
are torsion—free'” and the intersection pairing gas (which is symmet-
ric) can be regarded as a quadratic form over Z:

gum : HX(M,Z) x H*(M, Z) — Z

via the cup product («, B) — (a U B)[M]. Moreover, Poincaé duality
shows that g is unimodular, i.e. det(gy) = +1.

The intersection form g, actually contains non-trivial informa-
tion about the topology of M. For instance, here is an early result
due to Whitehead and Milnor (cf. [Mil58], theorem 3):

Fact 8.48 (Whitehead, 1949). Let M be a simply connected closed
topological 4-manifold. ;s determines the homotopy type of M.

Example 8.49. Now let us compute some examples.

(1) Let M = S*. Since H2(S*,Z) = 0, qp1 = @.

(2) Let M = S? x §% = CP' x CP. By Kiinneth formula for
homology which is the same form for cohomology version
given in problem 2.23), we know that Hy(M, Z) = Z? gen-
erated by the cycles a = [S? x pt] and b = [pt x S?]. Clearly,

> =b*=0, ab=1.

126ince M is simply connected, H1(M, Z) = 0. The universal coefficient the-
orem shows that H?(X,Z) = Homz (Hy(M, Z), Z). The result then follows from
the simple algebra fact that Homy (A, Z) kills all the torsion part of A and Poincaré
duality: Hy(M, Z) = H*(M, Z).
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01 ) . )
Hence, gp1 ~ 1 0) Notice that g, is equivalent to the

1
diagonal form (0 01> over Q but not over Z.

(3) Let M = CIP?, thn Hy(M,Z) = Z[H] = Z, where H =
CP! is the complex line. Hence, gy = (1). Let CP? be the
same underlying manifold with reverse orientation. Since
[@] — —[CIP?], we have Jepz = (1)

Exercise 8.21. Let M1, M be simply connected, closed 4-manifolds.

(1) Show that M;#Mj is still a simply connected, closed 4-manifolds.
(2) Show that Hy (M #Mp) = Hy(M;) ® Hy(Mp) and gpr4m, =
qmy, D qmy-
(Hint: Use Mayer—Vietoris sequence, cf. lemma 2.30).

Hence, for M = CIP*#CIP?, we get gy = (1) @ (—1). However, as

10

over Z. Hence, CP*#CP? and CP' x CP! have different homo-
topy type by Whitehead’s theorem. One may furthermore pose the

. . 1
we have remarked in previous example, gy ~ = 5252

following question: if the intersection form gqp; of a 4-manifold M
can be decomposed as q; @ 41, can one find 4-manifold M;, M, with
gm; = g; for i = 1,2 such that M = M 1#M;?

Before answering the question, let us first discuss the classifica-
tion theory of unimodular quadratic form over Z following the clas-
sical reference [Ser73], chapter V.

Definition 8.50. Let g be an unimodular form over Z on a free abelian
group A. We define

(1) the rank rankg of g by the rank of A;

(2) the signature o(g) of g as the signature of gr on A @z R.
As in linear algebra, we call g is definite if 0(q) = +rankq. Also, we
say qu is of even type or is even if gy (a, ) € 2Z and gy is odd if
otherwise.
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Exercise 8.22. Show that g = g1 @ g is even if and only if q; and g»
are even.

Here is the construction of the non-trivial positive definite form.
Let k € N, n = 4k, and V = Q" with the standard quadratic form
|x||> = iy x? = 0. Let Ag = Z" C V be the integral points of
V and g is the induced quadratic form from || - ||. Let A; := {x €
Ao : q(x,x) =0 (mod 2)} be the subgroup of Ag. In other words,
x € Arifand only if ' ; x; = 0 (mod 2) and thus A; is an index 2
subgroup of Ag.

Now, we define A = Z(e, A1), where e = (%, .., %) Sincen =0
(mod 4), one has 2¢ € Ay bute ¢ Ay. Hence, [A : A1] = 2. For
x = (x1,...,x4) € V,x € Eif and only if

n
(8.17) 2vi€Z, xi—x;€Z, Y x€2Z.
i=1

Then we have q(x,e) = 3 Y/ ,x; € Z. Since q(e,e) = k, one can
show that q(x,y) € Z, for any x,y € A. Moreover, since [Ag : A1] =
[A : A1] = 2, one can show that det(g) = 1 on A. Hence, g is
a unimodular form on A. Moreover, when k is even (i.e., n = 0
(mod 8)), q(e, ) is even and this implies q(x, x) € 2Z, for any x € A.
Thus, we denote ', := (A,q) in this case. Then T, is a positive
definite unimodular form of even type with rank n = 8m

When m = 1,ie. n = 8, let {ey,...,e,} denotes the standard
basis on Q¥, then elements x € I's with g(x, x) = 2 are of the form

. 1¢
te;ter(i #k) and 5 geiei, € = il/EEi =1

One can check that

1
5(6’1 +€s—62—'"—67),62—61,63—62,61 +ep,64—€3,65 —€4,66 —€5,87 — €6
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forms an ordered basis for I's and the corresponding g with respect

to the basis is given by
2 -1
-1 2 -1
-1 2 -1 -1
-1 2 0
-1 0 2 -1
-1 2 -1
-1 2 1
-1 2

For m > 2, the vectors x € I's,, such that g(x, x) = 2 are simply the
vectors the vectors +e; +¢;, for i # j. Hence, they do not generate
I'gy, for m > 2. Particularly, we know that I's @ I's is not isomorphic
to I‘16.

Exercise 8.23. Verify the details in the above constructions.

Remark 8.51. For readers who familiar with theory of Lie groups, I's
forms the root system of type Eg and the matrix is the Cartan matrix

associated to the Dynkin diagram N

Here are some facts on unimodular forms whose proof can be
found in [Ser73], Chapter V, §2-3.

Fact 8.52. Let g be an indefinite unimodular form, then g is uniquely
determined by its rank, signature, and type. Furthermore,

(i) if gis odd, then g ~ s(1) @ t(—1), for somes, f € IN.
(ii) if gisevenand o(q) > 0, then g is equivalent to m (1) (1)> ®

nI's, where n = Zo(q)and m = L(rankq — o(q)). If o(g) <
0, then the corresponding result follows from changing g to

J— q .
For g is definite, there is no easy classification. However, we have
the following arithmetic restriction for any even forms.

Fact 8.53. If q is even, then 0(q) =0 (mod 8).
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Now, we compute a more involved example of intersection form.
Let M := {[Zo: Z1 : Zp : Z5] : ¥} _o Z# = 0} be the Kummer surface,
which is the quartic surface in CIP° with defining equation of Fermat
type. In general, for a hypersurface M; C CIP" of degree d, we have
the normal sequence

0 — TMy — i*"TCP" — Np, — 0.

Let us denote Opn (1) by the hyperplane bundle of CIP”, 1 := ¢1(Opn (1))
be its first Chern class which is also the Poincaré dual of a line L C
CIP". We abuse the notation by still denoting & by the restriction of
c1(Opn (1)) onto M. The hypersurface M, has degree d means that
its normal bundle is the restriction of d-tensor power of hyperplane
bundle onto M;. In other words', Ny, = (O(1)®%)] - Hence.
from Whitney product formula, we have

i*c(CP") = ¢(My)(1 + dh).

From (7.13), we know that c(CIP") = (1+h)"*! and thus i*c(CIP") =
(1 + h)"*! by functoriality of Chern class. From this, one can com-
pute c(M,) by

o(My) = (1+h)" (1 +dn)!
= [+ 1) (1 = dh - dH? = )

n—1
where [- - -],_1 means taking the degree (n — 1)-part in the expan-
sion.

Thus, for n = 3, d = 4, the Chern class of Kummer surface M =
My is given by

1+ c1 (M) + co(M) = (1+4h + 6h?) (1 — 4h + 4h*) = 1+ 6h>,

Hence, c;(M) = 0 and c;(M) = 6h? = e(M) (cf. exercise 7.21 (2)).
By Chern—-Gauss—Bonnet theorem (cf. theorem 8.30), we can com-
pute its Euler characteristic as

(M) = /M c2(K3) = /M 612,

13This is known as adjunction formula in algebraic geometry.
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Notice that another interpretation for a hypersurface M; C CP”"
having degree d is that its homology class [M;] € H**~2(CP",Z)
is homologous to d[H], where [H] is a hyperplane in CIP". Also, ob-
serve that the Poincafe dual of [H] is given by h"~!, we then have

o= w0 = 1 @) = T H) = 1

Particularly, this shows that the Euler characteristic for Kummer sur-
face x(M) = 24 = by — by + by — b3 + by. Since M is compact and
connected, b; = by_; and by = 1. Also, by Lefschetz hyperplane the-
orem (cf. theorem 7.56), we know that by = 0. Hence, b, = 22 and
thus H*(X, Z) = Z*2.

Now, we are ready to determine the intersection form g,s of Kum-
mer surface M. First, by Hirzebruch signature theorem, we know
that ¢(M) = o(qm) = 3 while the first Pontryagin number of M is

given by
p1(M) = (=1)e2(TM @ C)[M] = —2¢2(M)[M] = —48.
Hence, 0(M) = —16 and thus g is indefinite. One can show that
gu is of even type and thus by fact 8.52, we know that
01
(8.18) qm ~ (—2)F8 ®3 (1 0) .

Exercise 8.24. Show that the intersection form g,s for Kummer sur-
face is even.

Remark 8.54. Notice that Kummer surface satisfies co (M) = 0, which
implies the canonical bundle Ky; = A*° T*M is trivial. This is ex-
actly the Calabi—-Yau condition we have mentioned in section 6.7. In
general, a complex compact surface'* S with trivial K is called a K3
surface, named after Kummer, Kéhler, and Kodaira. Thus, Kummer
surface is an example of K3 surface.

As mentioned the remark 8.40 in previous section, we know that
Smale’s proof for h-cobordism theorem fails for dimension 3 and 4.

14 A non-trivial fact due to Yum-Tong Siu is that all K3 surfaces are Kihler.
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The classification for manifolds in dimension four remains largely
mysterious until the early 1980s. In 1981, Freedman gave a remark-
able result on complete classification theorem for compact, simply-
connected topological 4-manifold:

Fact 8.55 (Freedman, [Fre82]). For compact, simply-connected topo-
logical 4-manifold M*, the homeomorphism type is uniquely deter-
mined by g, if gas is even and up to two choices if ;7 is odd.

Moreover, every unimodular form g can be realized by gy for
some M*.

We refer the monograph [FQ90] for exposition of Freedman’s work.
From Freedman'’s result, we know that the classification for (simply—
connected compact) topological 4-manifolds is essentially the same
as the classification of unimodular forms. Particularly, his theorem
shows the Poincaré conjecture in dimension 4.

Corollary 8.56. Let M be a homotopy sphere of dimension 4. Then M is
homeomorphic to S*.

Back to our previous question. Since every unimodular form is
realizable by some simply connected closed 4-manifold, if g5 de-
compose into q; @ g2, Freedman’s result shows that there exists two
topological 4-manifolds M;, M, with q; = gy, for i = 1,2 such that
M is homeomorphism to M #M,.

We have not mentioned anything about differentiable structure
up to this point. In fact, the topological manifolds and smooth mani-
folds are sharply distinct in dimension 4, as indicated by the another
remarkable diagonalizable theorem due to Simon Donaldson [Don83]
nearly at the same time.

Theorem 8.57 (Donaldson, 1982). Let M be a compact, simply—connected
smooth 4-manifold. Assume that qy is definite, then q,y is diagonalizable
over 7.

As a first corollary, Donaldson’s theorem shows that the topolog-
ical 4-manifold realizing positive definite even forms like I's, I's ® I,
or I';16 cannot admit any smooth structure.
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From this, one can establish the existence of exotic IR* as follow-
ing. Consider the Kummer surface M, from (8.18) and Freedman’s
result, there exists a topological surgery M = M;#M,, where M;
is the topological manifold with intersection form g5, = (—I's) ®
(—Ts) and My = 3(S? x S?), as shown in below.

M, ‘L M, = VU X is smooth

=0

topological D*

However, Donaldson’s theorem shows that such a surgery can-
not be smooth. We denote V by the topological 4-disk, which is
homeomorphic!® to R*, in M, = 3(5% x §?) and X = M, \ V. Since
M, = V U X is smooth, we can induce a smooth structure on V in-

herited from M.
Now, we take U to be a collar (cf.

problem 2.14) of X in M. Don-
aldson’s theorem then show that
there exists no smooth embedding
/ from S3 = 9V < U, for other-

wise the surgery will be smooth.

I\

S

c=vau Hence, we have shown that the

compact set C = V' \ U cannot be
surrounded by any smoothly em-
bedded 3-sphere.

Of course, on IR* with standard differentiable structure, any com-
pact sets can be surrounded by smooth 3-spheres of sufficiently large

1574 is actually quite technical to show that V is homeomorphic to R*, which
uses some topological results called Casson handles described in Freedman’s 1981
paper cited above, see [FU84], theorem 1.6.
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radius. Therefore, V is homeomorphic to R* but not diffeomorphic
to R* with standard differentiable structure!

Remark 8.58. In fact, Taubes [Tau87] later proved that there are un-
countable families of exotic R%s.

8.8. Introduction to Donaldson Theory

In this section, we discuss some ideas in the proof of Donaldson’s
diagoalizable theorem (cf. theorem 8.57). For details, we refer to the
original paper [Don83], the exposition [FU84], and [Lawsonguage].
One can also consult the more comprehensive monograoh [DK90].

The key ingredients in Donaldson’s proof is the gauge theory'®.
Let M be a compact, simply connected, smooth 4-manifold, E — M
be a G-vector bundle, where G is a compact Lie group. In practice,
we take G = SU(N). We denote g = su(N) C M,(C) by the Lie
algebra of G with bi-invariant inner product (A, B) = —trAB.

As we have seen in section 7.1, given a trivializing cover {U,}
for E, we can write a G-connection V (cf. problem 7.1) locally as
V =d+ 6, on U,, where 6, is a g-valued 1-form. Also, recall that the
curvature 2-form Fy = d6, + 0, A 6, is a globally-defined g-valued 2-
form. In fact, both of them are differential forms valued in the vector
bundle g over M, called adjoint bundle’” of the G-vector bundle E.

161 physics literature, this is often referred as Yang—Mills theory though ear-
lier ideas have appeared in the work of Weyl. gauge theory (and its “quantiza-
tion”) plays the dominant role in modern physics, especially in standard model,
the current model in theoretical physics to explain the fundamental interactions
and particles (apart from gravitation). From the mathematical point of view, it is
an open problem to construct quantization of a Yang—Mills theory mathematically,
cf. [JaffeWitten].

171f one use the language of principal bundles (cf. problem 7.9), given the Lie
group G, the vector bundle E — M is just the associated bundle of a principal G-
bundle P with respect to a representation p : G — GL(V'), where V is any fiber of
E (cf. problem 7.11). The g-valued forms 6, and Fy are actually differential forms
values in the adjoint bundle gr := AdP (cf. problem 7.14 and ??, whose fibers are
the Lie algebra g of G.
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Remark 8.59. Since in the sequel we are interesting to not just one
tixed connection but the spaces of connection, we would like to re-
gard a connection as an object rather than as an operator. We differ
with our notations in section 7.1 by denoting a connection by A, the
associated covariant derivatives (on all associated bundle for E) by
d 4, and the curvature of A by F4. Also, to avoid the confusion with
connection A, we denote the space of smooth k-forms with values in
some vector bundle F by Q(F) rather than A’(F).

Now, let (M, g) be a Riemannian manifold, we can define the
Yang—Mills functional YM on the space of G-connections'® A on E by

(8.19) YM(A) := [|Fa|% = /A |Fa P,

where (-,-) := [,,(-,-)dug is the L>-norm with respect to the inner
product {-,) on O?(gg). Recall that A is an affine space modeled on
O(gg) (cf. exerciseaffineness of connection and problem 7.14, we
may investigate the critical points of YM by: let a € Q!(gg), from
the proof of proposition 7.4, we know that the curvature for F4 4, is
then given by

PA—l—ta = Pu + tdALl + tZEl Aa.
We then calculate the derivative of YM(A + ta) with respect to t:

d , d , ,
a‘tZOHPA—HuH = E)t_o /M\FA+tdAa+t a A a|*mug

_> / (daa, Fa) = 2(daa, F4) = 2(a, d%F).
M

Hence, A is a critical point for YM if and only if d F4 = 0. Notice
that this is a second order non-linear PDE with respect to A, called
the Yang—Mills equation.

Exercise 8.25. Write down the Yang-Mills equation d% F4 = 0 in lo-
cal coordinates when the metric g;; = J;; is flat. Also, explain why
this is the non-linear and non—abelian version of Harmonic theory dis-
cussed in chapter 4.

181 physics literatures, a G-connection A is called a Yang—-Mills field.
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When dim M = 4, as we have seen in section 8.5, (??) shows that
the exterior bundle splits into self-dual part and anti-self dual part.
Obviously, the decomposition extends to forms with values in any
vector bundles. In particular, we have the orthogonal decomposition

O*(gg) = Q% (gr) ® O2 (o).

Hence, F4 = F; @ F, and ||Fa|]> = ||[ES 1> + || F4 |I*

Now, we restrict ourselves to the case N = 2,ie.,, E - Misa
complex vector bundle of rank 2 with structure group SU(2), and we
consider the characteristic classes on E, which are ¢;(E) and ¢, (E).

Since g = su(2), we have ¢1(E) = [5-trF4] = 0. Hence, we have
N2
[(ﬁ) tr(F3)] = c1(E)?> —2c2(E) = —2c5(E). The characteristic
number of E is given by
-1
—2co(E = —trF4 A F
(E)M) = [ StEaNEy
-1

=12 /M (tr(Fy ANFy) 4+ trFy AFY)

— + + - -
= H/Mtr(FA N*Fy) —tr(Fy ANF,).

We then get k := c(E)[M]| = 817 (IF£11> = |IF4|I?) € Z. This is
called the topological charge of the Yang-Mills field A. When k > 0,
the absolute minimum of ||F,||? is 87t%k, which occurs if and only if
FX = 0, or xF4 = —F4. In this case, we call A is an ASD connection.
Similarly, when k < 0, the minimum is —87tc,(E) which occurs if
and only if F, = 0. Thus, we then call A in this case a self-dual
connection. We will focus on the case k > 0. In this case, we see that
the minimizing problem for Yang-Mills functional is equivalent to

the solution of F;{ = 0, a first order non-linear PDE.

Remark 8.60 (Classification of SU(2)-bundles and Line Bundles on
4-Manifolds). Actually, on 4-manifolds M, complex vector bundle
of rank 2 over M with structure group SU(2) is classified by the
topological charge k € Z. Since SU(2) = Sp(1), such complex vec-
tor bundle are in fact quaternion line bundle with classifying space
HIP® (cf. section 7.5 and section 8.6). Therefore, the isomorphisms
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classes of SU(2)-bundles are one-to-one corresponds to [M, HP*],
the homotopy classes of maps from M to classifying space. As in ex-
ercise 8.17 indicated, the CW complex structure of HP® is given by
HP* fork =0,1,2,...,and HP! 2 $4. Thus, by cellular approxima-
tion theorem (cf., for instance [Hat02]), theorem 4.8)

[M,HP®] = [M,S*] = 7,

where the last isomorphism comes from taking the degree of the map,
which is compatible with taking c,(E)[M].

Similarly, the complex line bundles on M are in fact classified'’
by their first Chern classes ¢1 (E), for any CW complex M.

Now, for a rank 2 complex vector bundle E with ¢;(E) = k, notice
the following relation between intersection form q,; with the split-
ting of E.

Lemma 8.61. E splits topologically into Ly & Ly, for some line bundles
Ly, Ly, if and only if the equation —k = qp(a, ) is solvable for some
a € H?(M,Z). Moreover, in this case, & = “+c1(Ly) and Ly = L;.

PROOF. Suppose E splits, then Whitney product formula implies
0= Cl(E) = C1(L1) —|—C1(L2) and k = Cz(E) = Cl(Ll)Cl(Lz) =
—c1(Ly)? Thus, —k = qm(x,a), where & = +c¢1(Ly) and L, = L}

Psince the classifying space for complex line bundle is CIP*, the isomor-
phism classes of line bundles are one-to-one corresponds to [M, CIP®]. Similar
to the construction of quaternion Hopf fibration in section 8.6, the sphere bundle
S+ 5 CIP* for the tauotological bundle v — CIP¥ is a S'-fibration. Hence, in-
ductively, we have a S!-fibration S* — CIP®.Using homotopy exact sequence of
fibration (cf. fact 7.41), we know that the homotopy groups of CIP® are trivial ex-
cept 1o (CIP®) = Z. Then from Hurewicz theorem (cf. section 7.8.1) and universal
coefficients theorem for cohomology, we have

H?(CP*,Z) = Hom(Z,Z) = Z{c,),

where ¢; = 1z € Hom(Z, Z) is the universal first Chern classes (cf. section 7.5.3).
For any f € [M,CIP®], we associate the cohomology class f*c; € H?*(M,Z).
Hence, we obtained an isomorphism [M, CIP®] = H?(M, Z) by f — f*c;.
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(since ¢1(Lp) = —c1(L) and by the classification result for line bun-
dles in previous remark).

Conversely, if « € H?(M,Z) satisfies qp(a,a) = —k. By previ-
ous remark, we know that there exists a complex line bundle L with
c1(L) = a. Above calculation then shows that —c;(L @ L*)[M] = k.
By previous remark again, we know that SU(2)-bundles are classi-
fied by topological charge, and thus E = L @ L~! as SU(2)-bundles.

O

Now, we are ready to state how Donaldson approached the diag-
onalizable theorem (cf. theorem 8.57).

Theorem 8.62 (Donaldson, 1982). Let M be a compact, simply—connected,
smooth 4-manifold with negative definite intersection form qp;, E — M be

a SU(2)-bundle with charge k = c(E) = 1. We denote M by the moduli

space of ASD connections on E (which depends on a choice of Riemannian

metric g on M). Then for genetic Riemannian metric g on M, the following

statements hold:

(1) There exists p1,...,pm € M such that M\ {p1,...,pm} isa
non—compact, oriented smooth 5-manifold.

(2) There exists an open set M), C M such that M is diffeomor-
phic to M x (0,Ag) and M \ M, is compact. In other words,
M has a collar neighborhood M, and we can compacitify M
into M by adding M = M x {0} as a boundary.

(3) Each singularity p; € M are one-to-one corresponds to the topo-
logical splitting E = L ® L*.

(4) There exists a neighborhood Uj; of each p; such that U; homeomor-
phic to C3/S1, a cone on CIP? or CIP,

We may illustrate the moduli space M satisfying (1)—(4) above
by the below figure.

Granted theorem 8.62, we may prove the diagonalizable theorem
as following:

PROOF OF THEOREM 8.57. Since M is oriented cobordant to dis-
joint union of m(+£CIP?) via M\ {p1,..., pm}, where —CIP? := CIP2,
From lemma 7.50, we know that signature is an invariant under
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Cone over CIP2 or CIP2

V P1
Pz

cobordism. Since g is negative definite,

by(M) = rankH*(M, Z) = —c(qp) < mo(CP?) = m.

However, by the process of diagonalization of integral quadratic form?’,

we must have m < by. Hence, we conclude that b, = m and thus g
-1
is diagonalizable to - . [
-1

In the remaining section, we will discuss some ideas in the proof
of theorem 8.62. First, we define the moduli space M. As in the dis-
cussion in Plateau problem (cf. section 6.4), the space of connections
A also has many redundancy due to action of infinite dimensional
symmetric group. In the present case, the symmetry group in con-
sideration is just G := Aut(E), the group of bundle automorphisms
of E. It acts on A by: for each section s € C*®(E),

do(n)s == g 1da(gs).
In terms of local description, by writing dg(4) = d + g(Ax), we know
that

8 d(g(s)) = g 1 (d+ Au)(gs) = ds+ (g 'dg + g ' Aug)s.

20if v € H2(M, Z) such that q(x,a) = —1, then H2(M, Z) = Za & a* by B —
g(a, B)a+ (B — q(a, B)a). Since g is definite, number of solution for g(vy,v) = —1
for v € a't equals to m — 1 and rank(q]lx . ) = rankg — 1. The result then follows

from indcution.
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Hence, ¢(A,) = ¢ 'dg + g 1 Asg (compare exercise 7.1) and thus
Foa) = g 1Fsg = Ady(F,). This shows that G acts on trivially on
the “form part” of F4 and acts on the g-part by adjoint representation
Ad : G — Aut(g). Hence, in view of adjoint-invariance of the inner
product (-, -) on gg, we know that YM is in fact a well-defined func-
tional on the orbit spaces .A/G and the condition of ASD is preserved
under the action of G. We then define the desired moduli space of
ASD connection by

M = {AEA:*PA = —FA}/Q.

ADHM Construction. Before actual proving the theorem, let us
consider the case M = S*, where the moduli spaces of ASD SU(2)
connections for k = 1 can be explicitly described*'. We identify R*
as the quaternion H with the unit group Sp(1) = SU(2) & §®
Spin(3). Its Lie algebra sp(1) = su(2) can then identified as ImH,
the imaginary part of quaternions.

Then the tautological bundle v§; — HP! = S* is then a Sp(1) =
SU(2)-bundle. Exercise 8.17 shows that the underlying rank 2 com-

plex bundle ¢ satisfies ¢1(7¢) = 0and 2 (7¢) [HP!] = 1. Now, we
(x1)

V1+[x]2

ASD connection A = d + w by the su(2)-valued connection 1-form

_ Im(xdx)
I

We then define an

trivialize v o with the section o(x) =

8.9. Problems

81. LetE - M = S* be a complex vector bundle over an 2m-sphere.
Consider the twisted signature operator D : C%( /\% T"M®E - ANTCM®
E) in exercise 8.16.

(1) Show that indD = —~ f om Cm (E).
(m—1)t JS
(2) Deduce that the only spheres which could admit almost complex

structures are S? and S°. This generalize problem 7.4.

2IThe construction of ASD connections on §* in general case is due
to Atiyah, Drinfeld, Hitchin, and Manin [ADHM]. For more details, see
[AtiyahGeometryofYM] or [DK90] chapter 3.
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*(3) Construct an almost complex structure on S°.
**(4) Does there exists an integrable almost complex structure on S°?
(cf. footnote 18 in Chapter 6)

Classification of Clifford Algebra. In problem 8.2 to 8.5, we consider the
classification of Clifford algebra. The presentation here mainly follows the
original source [ABS64] and the exposition [LM89], £4.

8.2. Let V be a real vector space of dimension n, Q be a quadratic form
with signature (r,s = n — r). Under the identification, (V,Q) = (R",q),
where g = diag(1,...,1,—1,...,—1), we denote C, ; by the Clifford algebra

r S
C(R",q). Show that the following algebra isomorphisms (H =quaternions).

(1) Go=C Ci=RDR.
(2) CZ,O = H, C1,1 = Mz(lR), CO,Q = Mz(]R)

(3) Crs =C/

‘11 foranyr,s > 0.

(IABS64], §4)

8.3. Show the following algebra isomorphisms for any n,7,s > 0:
(1) Cuo® Cop = Conia
(2) Con ® Co0 = Cranp
) Crs ®Ci1 = Crys41-
(IABS64], §4)

8.4. In this problem, we classify the C, g and Cy , in terms of matrix algebras
over R, C, or H.
(1) Show the following isomorphisms of IR-algebras
(@ CorC=CaC.
(b) Cor H = M(C).
(c) Hor H = My(R).
(2) For any n > 0, show that there are “periodicity” isomorphisms

Curs0 = Cuo®Cs0; Cours = Con®Cog

(3) It remains to classify C, o and Cp,, for n < 8. Prove the following
table (Here, K(n) := M, (K) with K = R, C, H).

1 2 3 4 5 6 7 8
Cool C | H [HoOH| H(2) C(4) R(8) | R(8) & R(8) | R(16)
Con IROR |R(2) | €C2) |HQ2)|HQ) ®H(2)|HA) | C@8) |R(16)
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With above table and C;; = M(IR), one can actually obtain the table for
Cys, forany 0 <r,s <8, cf. [LM89], p.29.

([ABS64], §4)

8.5. In this problem, we consider the classification of Clifford algebra of a
complex vector space.
(1) For any r +s = n, show that C,s ® C = Cl,, := C(C", q¢), where
qe(z) = Lio1 2}
2) Cly2 =2ClL,®ChLand Cl, = Mz(C)
Mou2(C) n even
(3) Show that Cl,, =
Mzan (C) D MZ% (C) n Odd

(IABS64], §4)

Spin Groups. For simplicity, we consider C,, := C,o = C(V, g), where
V = R", g is a positive definite symmetric bilinear form on V.

8.6. Denote C,‘ by the multiplicative group of unit of C,.

(1) Show that C,; is a Lie group with Lie algebra C,.
(2) More generally, show that if R is a finite-dimensional associative
k-algebra (k = R or C), then R* is a Lie group.

8.7 (Pin and Spin Group). We define groups Pin(n) and Spin(n) as the sub-
set of C,5:

Pin(n) = {Z)l LU0 eV, |Ul" = 1}
Spin(n) := Pin(n) NG,

(1) We define a map « : C, — C, by the unique map extending V —
V given by v — —v. Show that it is an involution on C, and C;-
are +1-eigenspaces for «.

Following [ABS64], we define a twisted adjoint representation Ad: C} —
GL(Cy) by Ady(x) = a(¢p)xg™".
(2) Show thatifv € V, v # 0, then ZEIU is the reflection with respect
to the hyerplane v = {w € v" : ¢(v,w) = 0}.
(3) Show that p : Pin(n) — O(n) given by p(¢) = Ezlq, is a surjective
Lie group homomorphism with ker p = Z,.
(4) Deduce that Spin(n) is a non—trivial double cover for SO(n) for
n > 2 and is its universal cover if n > 3 (cf. problem 7.21).
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Dirac Operator and d-operators on Kihler Manifolds. In problem 8.8 to
problem , we investigate Dirac operator on Kihler manifolds.

8.8 (Dirac Operator on Complex Manifolds). Let W be a holomorphic vec-
tor bundle over a Kdhler manifold M. Given any hermitian metric & on
E, let VW be the Chern connection on W. Since M is Kahler, the Levi-
Civita connection V€ on M is the Chern connection on T'9M. Hence,
they induces a canonical connection VE = VI€®1+1® V" on E :=
ATV Mo W.

(1) Show that E is a Clifford module with Clifford connection V¥, and
the associated Dirac operator D = v/2(dy + 9}y ).

(2) If M is only a complex manifold, define the Clifford connection
and its associated Dirac operator D on E = A\ T**'M ® W. More-
over, show that the Dirac operator D — v/2(d +9*) € C*(M, EndE)
and such term vanishes exactly when M is Kéhler.

8.9 (Dolbeault Operators and Harmonic Theory). Let W — M be a holo-
morphic vector bundle over a complex manifold. Recall that in section
7.2.2, we have defined the Dolbeault operator d : AP“(M, E) — APATY(M, E).

(1) Show that 9% = 0.

Thus, we can form the Dolbeault cohomology by
HP(M,W) = ker(3)") /im(3y)" ).

We define A5 = := 9j,0w + dw0jy be the o-Laplacian on W.

(2) Show that problem 6.13 can be generalized to forms with values
in W:
(a) dimHP4(M, W) < oo, where HP1(M, W) := ker(4Aj5, ).
(b) APA(M, W) = og(APA~Y (M, W)) &HPA(M, W) @ 9% (APATL(M, W)).
(3) Deduce that Hg’q(M, W) = HPA(M.W).

8.10 (Hirzebruch—-Riemann—Roch Theorem). Let W — M be a holomor-
phic vector bundle over a compact Kdhler manifold M. Let D be the Dirac
operator on the Clifford module E := A% M@ W.

(1) Show thatindD = Y,(—1)' dim H)' (M, W).

(2) Compute the twisting curvature for W.
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(3) Deduce Hirzebruch-Riemann—-Rock formula rom Atiyah-Singer
Theorem (cf. theorem 8.20):

i3 0i _ 1
(8.20) ;(—1) dim H' (M, W) = /M Td(M)ch(W),
Td(M) = det < T > is the Todd genus (cf. problem 7.7).

(4) Argue that (8.20) holds for any compact complex manifold.

8.11 (Bochner-Kodaira—Nakano Identity). Let E — M be a complex mani-
fold. We denote by (V%1)* the formal adjoint of V%! = 9.

(1) Show that the complex analogue for connection Laplace (cf. exer-
cise 4.15 (2)) holds

(Vo’l)*vo’l = — Zinin o VVZiZ"'
i

where {Z;} is a local orthonormal frame for T'*M with respect
the hermitian metric on M.

Assume furthermore that M is Kéhler. We define canonical line bundle of M
by K := N"(T*''M).
(2) Express the curvature of K* with respect to the Levi-Civita con-
nection in terms of Riemannian curvature of M.
(3) Let E be a hermitian holomorphic vector bundle over M. Show
that in the holomorphic coordinate z of M, the folllowing Bochner
type formula, known as Bocher—Kodaira—Nakano identity, holds:

(821) 3E8E+a*aE — (vOl) vOl _|_Z€ dZ dz])FW(X)K*(a 9 )

zirUzj
i

where FW®K" is the curvature for W ® K*.

8.12 (Kodaira Vanishing Theorem) A hermitian line bundle L. —+ M with
curvature FL = Y Fijdz' N dz* is said to be a positive line bundle if F j is posi-
tive definite. Use Bochner-Kodaira-Nakano identity to deduce the Kodaira
vanishing theorem:

(1) If L — M is a hermitian holomorphic line bundle on a compact
Kéhler manifold such that L ® K* is positive, then

H%(M,L) =0, fori> 0.
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(2) If L is a positive hermitian holomorphic line bundle and W is a
hermitian holomorphic vector bundle on M, then for m > 0,

HY(M,L*" @ W) =0, fori> 0.

8.13. Classify all intersection forms of surface M, of degree d > 1 in CIP°.
([DK90], p.13)



