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On the Behavior of Newton Iteration (ICCM 2007,
TR X HEETE LG~ £M)



The Newton iteration provides an algorithm to
approximate the roots of smooth maps f : R" —> R"

from Euclidean n-space to itself.

For the one-variable case it 1s well known that the Newton

Iteration always converges locally at any root, unless the
derivative of all order vanish there. For multivariate
case, the method is efficient if the root a is a simple

root .



If the root Is a zero of homogeneous order k, then the
Newton iteration behaves like a contraction mapping of
dissipation factor (k-1)/k. Furthermore, if f iIs dominated
by its lowest homogeneous part in the sense that a non-
degeneracy condition holds, then N behaves like the
strictly homogeneous case. In this case, we can even
modify the Newton iteration to make the dissipation factor
approximates 0, and therefore achieve an exponential rate
of convergence.



EXAMPLE
Consider: f, =5x +3xy—5y° , Where
f,=14x" -7xX°y—4xy’ -11y*  f(x,y)=(f, f,)
The Newton iteration is given by
(—161x° + 462x*y — 235x°y — 220x2y® —93xy* —110y°

X
|
y

\

—238x" +602x°y —330x°y* —464xy° —172y"
140x° —147x*y + 280x°y* — 205x°y° —354xy"* —119y°

—238x* +602x°y —330x°y* —464xy° —172y*

)



Let S, ={(x,y)x/ye[-3.9,-3.3]

S, ={(x yJx/ye[223]

Then N(S,)= N(S,),N(S,)= N(S,) . And if we begin
withany x € S, or S, then the Newton iteration will
send it to Infinity. The picture below show the

direction of — D(x)= N(x)—x . When x is at the upper
left region contained in S;, N(x) will be in the right
upper region contained in S, then N(N(x)) will be in
the lower region contained in S, and so on.



And it will be sent further and further from the origin.
Furthermore, one notes that in this example, Df never
vanishes except at the root, but the Newton iteration still
diverge.

This shows that homogeneity Is essential in the general
convergence of Newton iteration. (See the figure below.)
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The string topology BV algebra, Hochschild cohomology
and the Goldman bracket on surfaces (2008 Intel Science
Award)



In 1999 Chas and Sullivan discovered that the
homology H*(X ) of the space of free loops on a closed
oriented smooth manifold X has a rich algebraic
structure called string topology. They proved that

H.(X) is naturally a Batalin-Vilkovisky (BV) algebra.
There are several conjectures connecting the string
topology BV algebra with algebraic structures on the
Hochschild cohomology of algebras related to the
manifold X, but none of them has been verified for
manifolds of dimension n > 1.



In this work we study string topology in the case when
X 1s aspherical(i.e. its homotopy groups 7. (X ) vanish
fori > 1). In this case the Hochschild cohomology
Gerstenhaber algebra HH (X ) of the group algebra A
of the fundamental group of X has a BV structure. Our
main result is a theorem establishing a natural
isomorphism between the Hochschild cohomology BV
algebra HH (A) and the string topology BV algebra

H.(X).



In particular, for a closed oriented surface X of
hyperbolic type we obtain a complete description of
the BV algebra operations on H*(X ) and HH *(A) in
terms of the Goldman bracket of loops on X. The

only manifolds for which the BV algebra structure on
H..(X ) was known before were spheres and complex
Stiefel manifolds. Our proof is based on a combination
of topological and algebraic constructions allowing us
to compute and compare multiplications and BV

operators on both H,(X ) and HH"(A).






