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A course by prof. Chin-Lung Wang
2019 Fall

Exercise 0 (by Kuan-Wen).

This is an example of proof.

Remark. This is an example for how to write in this format.

1 Affine Varieties

Exercise 1 (by Jung-Tao).
(a) A(Y) = klz,y]/(y — «) = klz]

(b) A(Z) = k[z,y]/(xy — 1), which is generated by invertible elements x,y, is
not isomorphic to k[z]

(c) If char(k)# 2, irreducible(non-degenerate) quadratic polynomial az? + bry +
cy* + dx + ey + [ in k[z,y] can be represented as either x?> —y = 0 (if
b? = 4dac) or 22 —y* =t (else) under linear parameterization, and notice that
zy —1 =0 is equivalent to (z +y)* — (z — y)* = 4, so we are done.

Else if char(k)= 2, consider the quadratic polynomial az? + bxy + cy* + dx +
ey +f,

if b # 0, we can assume d = e = 0 under translation, az? + bxy + cy? =
g(x,y)h(x,y), where g, h are linear. If g = zh, for some z € k, the quadratic
polynomial is not irreducible, so g # zh, and the coordinate ring k[z, y]/(gh—
f) is isomorphic to k[x,y]/(xy — 1), because k[z,y| = k[g, h].

Else b = 0, we can assume e = 0, else e # 0, and let ¢ = y + %x, and d
becomes zero. And then we can assume a = 0, so the quadratic polynomial
becomes cy? + dx + f, and the coordinate ring is obviously k[z]



Exercise 2 (by Yu-Ting).

Let f =y — 2% and g = z — 2°. Note that Y = V(f,g), then Y is closed.
A= klz,y, 2]/(f,g) = k[z], which is a domain, then (f,g) is a prime ideal, hence
Y = V(f,g) is an affine variety. Also, we have I(Y) = I(V(f,9)) = /(f,9) =
(f,9), and dimY = dim A(Y) = dim k[z] = 1).

Exercise 3 (by Te-Lun).

V(g —yz,xz—2)=V
UV(z—1)]

where (z,v), (z,2), (z* — y, 2z — 1) are obviously prime by taking their quotient
domain.

Exercise 4 (by Shi-Xin).

Clearly, the Zariski closed set in A! are the sets of finitely many points. So the
Zariski open sets in A! are the complement of finitely many points. Since open
sets of A! x Al are the union of U; x V; where U;, V; are open in A!, in the sense of
the product topology of their Zariski topology, the closed sets in A! x A! consist
of some point points, some horizontal lines and some vertical lines. However, there

are more varied closed sets in A? such like the curve defined by y — x2.

Exercise 5 (by Pei-Hsuan).

(=) Say B = k[zy,...,x,]/I(Y) for some algebraic set Y in A". Clearly, B
is finitely generated, and since I(Y) is a radical ideal, B has no nilpotent

element.
(<) Since B is finitely generated, we can write B as k[zy,...,x,]/a for some
n € N and for some ideal a in k[z,,...,x,]. Since B is reduced, a is radical.

Let Y = V(a), then B = A(Y).
Exercise 7 (by Tzu-Yang Tsai).
(a) To show these are equivalent, we shall show the following:

(i)=(ii) For any closed set chain in the family of closed subsets, there’s a minimal
element. Then the intersection of minimal elements of closed set chains,
which satisfies d.c.c, has a minimal element, which is the minimal
element in the family of closed subsets.
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(ii)=(i) For any closed set chain {F;};cs, expand it into a family of closed set,
which has a minimal element. The minimal element can be denoted as
N, F; for some n € N, in other word, the chain has a minimal element.

(i)<(iii) (And also (ii)<(iv)) Easily shown by taking complement.

(b) If {F;}ier is a set of open cover of A, we assume the result is wrong, then
HF,}iez st. {UF;}iez is an a.c.c. in X that don’t have maximal element,
which contradicts to Noetherian by (a)(iii).

(¢c) f Y C X is not Noetherian, i.e. 3Y; C Y, C ... that is not stationary, then
take closures of Y; in X, which leads to a chain with d.c.c., which is not
stationary thus a contradiction.

(d) Suppose it’s not finite, for an infinite set of points {x;};cs, take open sets
{Fi}tier st. @; € Fy and x; ¢ F;Vi # j. Then Ul F; C X, which is a chain
with a.c.c, by (a)(iii), it’s a contradiction. Therefore X is finite, thus has a
discrete topology.

Exercise 8 (by Zi-Li).

Let Y = V() be an affine variety of dimension r in A", H = V(f), f is an
irreducible polynomial. V(B) NV (f) = V(B + (f)), say VB + (f) =N, P, P,
is minimal prime divisors of /9B + (f). Work in A/, /B + (f)/B = V/(f) =
Nk, P;/B, where f denotes the image of f in A/B. We can assume Y N H # ()
and Y ¢ H, ie. fis not a unit or zero divisor in A/9. Note that (f) and \/(f)
have same minimal prime divisors, hence htP; /8 = 1. Hence, htP;, = ht'}3 + 1,
every irreducible component of Y N H has dimension of r — 1.

Exercise 9 (by Shuang-Yen).

Induction on r, the case r = 0 is trivial. Let a be generated by fi, fo,..., f, and
let o' = (fy,..., fr_1), then every irreducible component of V' (a’) has dimension
> n —r+ 1. For an irreducible component V' of V(a), suppose p = I(V). Let
V() = Wiy UWeU...UW, be all the irreducible component and suppose
qr = I(Wy), then Nqx C p implies that q; C p for some k. Hence p/qy is one of the

minimal prime over @> < kl[zy, ..o xn]/qk. Ifi_r is neither a zero divisor or a unit,
then htp/q; = 1. If f, is a zero divisor, then f, = 0, which means htp/q; = 0. If
fr is a unit, then p = k[xy, ..., z,], a contradiction. So htp/q; < 1, which implies

htp <htqp, +1<r = dimV >n —r.

Exercise 10 (by Yi-Tsung).



(a)

()

(d)

(e)

If dim X = oo, then there is nothing to prove. Suppose dim X < oo, for any
chain Cy C C} C ... of irreducible closed subsets in Y, we have CoCCC...
a chain of irreducible closed subsets in X. If there exists n € NU {0} such
that C,, = n—+1, note that C,, NY = C'_nY = (C,, where C'_ny denote the
closure of C, in Y, then C),, = (), .1, contradiction. Thus dimY < dim X.

It suffices to show that dim X < supdim U;. For any chain Cy C C} C ... of

irreducible closed subsets in X, t;ke x € Cy and 7 such that x € U;. Then
ConU; C CiNU; C...1s a chain of irreducible closed subsets in U;. If there
exists n € NN {0} such that C,, NU; = C,,41 NU;, note that C; NU; is dense
in C}, then

Co=ConU " =0y, =00, = Chi

which is a contradiction. Hence Cy N U; € C; N U;
irreducible closed subsets in U;, then dim X < dim U;

dim X = sup dim U;.

C ... is a chain of
< supdim U;. Thus
i

Consider X = {1,2} with open subsets {1,2},{2},0 and U = {1}. Then
dimU = 0 but dim X = 1.

IfY # X, let Cy € Cy C ... C Caimy be a chain of irreducible closed subsets
inY, then Cy € C; € ... € Cgimy © X is a chain of irreducible closed
subsets in X, yielding that dim X > dim Y, contradiction. Hence ¥ = X.

Let X = N with closed subsets {{1,2,...,n}|n € N}. Clearly X is noethe-
rian but {1} C {1,2} C ... is a chain of irreducible closed subsets in X,
therefore dim X = oo.

Exercise 11 (by Chi-Kang).

First we show that Y is irreducible i,e, I(Y") is prime. Now suppose Y = VUV,
with V; proper closed subset of Y, then each V; is of the form V N V(1;) for some
ideal I; of k[z,vy, z]. Now since Y is not a subset of V(I;), we have I(Y) 2 I, for
cach i. Now let f; € L\I(Y'), we have V' (f;) D V(I;). So we have

VicY NV(f) = {4t €k, fi(t3,t*,°) = 0}.

But fi(t3,t*,t5) # 0 (otherwise f; € I(Y)), there are only finitely many root of
fi(3,t1,4°), thus Y NV (f;) must be a finite set, so does V;, but Y is an infinite
set since algebraically closed field always infinite, so it cannot be a union of two
finite subsets, hence we get a contradiction and so Y is irreducible. And in the
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above proof we also show that every proper closed subset of Y is finite, thus
any non-empty proper closed irreducible subset of Y must be a single point, so
dim(Y’) =1, hence ht(I(Y)) =3 —-1=2.

To show I(Y’) cannot be generated by 2 elements, now we give the new "degree"

of variables by degx = 3, degy = 4, deg z = 5. Then since 8 is the smallest integer
which can be written in more than one distinct non-negative integer combination
of 3,4,5, every monomial term of element in 7(Y') has degree at least 8. Now it is
obviously that xz — y?, 23 — yz, 2%y — 22 € I(Y).
Claim: for any f,g € I(Y), at least one of zz — 3, x
the ideal (f,g).
To prove this claim, first we write f = > f4,9 = >_ ga for fq, g4 be the homogeneous
part of degree d in f,g. Then since fy(t3,t4,t°) = g4(t3,t*,t°) = 0 for each
homogeneous part of f,g, and xz,y* are the only two degree 8 monomial in
k[x,y, 2], 2%, yz are the only two degree 9 monomial in k[z,y, z|, 2%y, 2 are the
only two degree 10 monomial in k[z,y, 2], we must have

3 —yz, 2%y — 2% not lies in

fs = ai(zz — y2)7f9 = a2(33'3 —y2), fio = ag(:v2y - 22)

gs = bi(vz — ?/2)799 = 52(953 —Y2), 910 = 53(952?/ - 22)
for some a;,b; € k. Now if w2 — y* 2% — yz, 2%y — 2? all lies in (f,g), then for
rz — y?, there is some hy, hy € k[z,y, 2] s,t, hy f + hog = xz — y?, since in k[x, vy, 2]
any polynomial has no degree 1,2 terms, let ¢; be the constant term of h;, we must
have

a a Qa
o <] [bi " bﬂ —1 0 0]

Similarly if 2* — yz, 2%y — 2% € (f, g), there is d;, e; € k s,t,

C1 Co a a a 1
1 2 3|
d [bl by bJ X
€1 0

S = O

0
0
1

But by counting the rank it is obviously impossible. Hence at least one of
vz — Y, 13 — yz, 2%y — 2% not lies in the ideal (f,g), so any 2 elements of I(Y)
cannot generate the complete 1(Y).

Exercise 12 (by Wei-Ping).

Take zy + 1 = 0 to see that there are two components. Assume xy + 1 =
p(s,y)q(z,y), then counting degree of x and y we must have p and ¢ are both linear
and is in form zy+1 = (az+b)(cz+d). Then ac =bd = 1,bc+ad =0 = 2+ =,
which is impossible in R. Hence xy+1 is irreducible but its zero set isn’t irreducible.
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2 Projective Varieties

Exercise 1 (by Chun-Yi).

If f € S is a homogeneous polynomial with positive degree such that f(p) € Z(a)
in P*, then f(p) € A"™!. By usual Hilbert Nullstellensatz, f¢ € a for some ¢ > 0.

Exercise 2 (by Chun-Yi).

Exercise 4 (by Jung-Tao).

(a)

(b)

()

If Z(a) # ¢, we have I[(Z(a)) =a=a,Z(I(Y)) =Y =Y. And
Za)=¢p<=a=SorS,

I(¢) = S, so we got a one-to-one inclusion-reversing correspondence between
Y an algebraic set in P™ and a a homogeneous radical ideal of S not equal
to Sy by [Ex 1.2.3].

Y is not irreducible <Y =Y, UY, < [(YV) = I(Y1) N I(Y3)

Where Y7,Y5 are closed and # Y.

it 1(Y) = 1(Yy) N 1(Ya), 30 € (Vi) \ 1Y),y € I(Ya) \ I(Y) = ay € I(Y)
So I(Y) is not a prime ideal.

On the other side, if I(Y") is not a prime ideal, consider its primary decom-
position. The fact I(Y) is reduced = it is intersection of prime ideals
more than one, so I(Y) = I(Y;) N I(Ys), for some closed Y7, Ys, and Y is not
irreducible.

I(P") =0 is a prime ideal = P" is irreducible

Exercise 5 (by Jung-Tao).

(a)

(b)

A descending chain of irreducible closed sets in P™ corresponds to an ascend-
ing chain of prime ideals in S. So the S is a noetherian ring implies P" is
noetherian.

algebraic set Y in P™ corresponds to a radical ideal in S. Consider the
primary decomposition of I(Y) = P, N...N P,, P, is prime since I(Y) is a
radical ideal. so P, = Z(Y;), and I(Y) = I(Y;)N...nI(Y;), and Y = Y, U...UY,,
where Y] is irreducible, and no one contains another one.

If there is a "redundantless" way to represent Y as finite unions of irreducible
closed sets, it will corresponds to a primary decomposition of I(Y'), by the
uniqueness of primary decomposition, we concluded that every algebraic set
in P" can be uniquely written as a finite union of irreducible closed sets, no
one containing another.



Exercise 6 (by Tzu-Yang Tsai).

Let V; = ¢(U; UY), A(Y;) is the coordinate ring of Y; in U;, then A(Y;) =
((S(Y)s,)(0), which implies A(Y;)[z;,z; '] = S(Y;).;. Take function field of both

side, we get K (A(Y;) [z, 27']) = K(A(Y))[z:]) 2 K(S(Y;)a,)-

Consequently, dim S(Y) =trdeg,, K(S(Y)) =trdeg;, K(A(Y:)[z;]) = dim(A(Y;) +
1 = dimY; + 1. It remains to show that 37 € Ns.t. dimY; = dimY. But
Y =U!,U; UY is an open cover, by Exercise 1.10, we have dimY = supdim Y],
therefore 37 € Ns.t. dimY; = dimY.

Exercise 7 (by Yi-Heng).
(a) By Ex2.6, dimP" = dim S(P") — 1 = dim k[zo, ..., x,] — 1 = n.
(b) Consider Y; = p(Y NU;) # ¢. By Ex2.6, dimY = dimY; = dimY; = dim Y.
Exercise 8 (by Yi-Heng).
Note that dimY =n—1< ht(/(Y)) = 1.

(=) Since S is an UFD, I(Y) = (f) for some f € S irreducible by Propl.12A.
Thus, Y = Z(f).

(<) Let Y = Z(f) for some f € S irreducible. Then, by Thm1.11A, ht I(Y) =
ht(f) = 1 since deg(f) > 0 and S is a domain.

Exercise 9 (by Yu-Chi).
(a) Notice that if we given a polynomial f(y1,...,yn) € k[y1, ..., yn], then

a(B(f)) = a(zy™ ) f(w1 /w0, ... ,xa/z0)) = f.

Therefore, given f € I(Y), B(f) vanishes on YNU, =Y. Since Y is
dense in Y, f vanishes on whole Y. This gives S(I(Y)) C I(Y); hence,

(BUIY))) C I(Y).
For the reverse inclusion, consider g € I(Y), then a(g) = g(1,y1,...,Yn)
vanishes on Y. As a result, a(g) € I(Y). Say a(g) has degree r (note that

r < d), then
Bla(g)) = Bla(Lyr, - yn)) = 209(1, 21/ 30, -, 20/ 0).

Thus, g(zo,..,2,) = 2~ Blg) € (BI(Y)).



(b) From previous exercise 1.1.2, we know that the defining ideal 7(Y") of affine
twisted cubic Y is given by I(Y) = (f; := 2* —y, fo := 2% — 2). Then their

homogenizations are 3(f1) = 2* — yw; B(f2) = 23 — 2w?.

Notice that y? —zz = (y + 2?) fa — xf1 € [(Y) and B(zz — y?) = zz — y>.
However, xz — 4% ¢ (B(f1), B(f2)). To see this, suppose there exists f, g €
klx,y, z,w] such that

rz — y2 = f(x,y,z,w)(wy - 1’2) + g($,y7z,w)(w2y - xg)'

By comparing degree, one see that g must be 0 and f must have degree 0.
This gives a contradiction.

To obtain a generator of (3(I(Y)), we first see note that {g; := 2z —y?, go :=
Ty —2z, g3 = 22—y} is a set generators of I(Y') since we have 2% — 2 = xg3+¢»
and g3 = f1. In fact, {g1, g2, g3} is reduced Grobner basis for I(Y) with
respect to grevlex as one can verify by hand or using Macaulay 2.

We now claim that their homogenizations {g; = zz — y?, 3(g2) = 2y —
zw, B(g3) = 22 — yw} is a set of generators for I(Y) = (B(I(Y))). Let
J = (xz — y* 2y — 2w, 2% — yw), then on affine part U(w) := P3\ Z(w),
Z(J)NU(w) 2 Z(xz — y* xy — 2,2% — y) C A3, which is just affine twisted
cubic. For points P = [z : y : z : 0] on Z(J) N Z(w), we see that the
homogeneous coordinates of P satisfies

rz—yt oy =022 =0.
This gives z =y = 0. Hence, P =[0:0: 1 :0]. Therefore,
V() ={[t::*:1tek}u{0:0:1:0]}.

Since V(J) is a closed subset containing Y, we have Z(J) 2 Y, and
thus I(Z(J)) € I(Y). Conversely, for any homogeneous polynomial f €
k[z,y, z,w]? such that f vanishes on Y, i.e., g(t) := f(t,t2,t3,1) = 0 for
all t € k. Since k = k, k is an infinite field, g(¢) must be zero polynomial.
Suppose that f(0,0,1,0) # 0, then f must contains a term of the form cz?
for some ¢ # 0. Then g(t) = ct®® + h(t), where deg h(t) < 3d. Therefore, it
cannot be zero polynomial. Hence, I(Y) C I(Z(J)) and Y = Z(J). Now,
Z(J) =Y is irreducible since Y is. This shows that .J is a prime ideal, and

hence I(Y) = I(Z(J)) = J.
Although this example shows that if {f1, fo} generates I(Y), then {8(f1), 5(f2)}

does not necessarily generates I(Y'). However, one can prove that if {g;,...,g,} is
a Grobner basis of I with respect to some graded monomial ordering (eg., grlex,
grevlex), then their homogenization generates the ideal (5(I)), as illustrated by

above example.



Exercise 10 (by Pei-Hsuan).

(a) Clearly, f € I(Y) is generated by homogeneous polynomial, so f(0,...0) = 0.
Also, f(671(Y) = 0 by definition of I(Y) and 6. So I(Y) C I(C(Y)).

On the other hand, for g € I(CY)), write

9= Z 9d;
d=0

where g4 is homoeneous with degree d.

Since for any (ao,...a,) € C(Y), then (Aag,..., \a,) € C(Y), VA € k. So
we can see that

0= ng()\ao, Ce Ay) = ng(ao, )AL
d=0 d=0

RHS is a polynomial in k[A], but it vanish on all k, so it must be a zero
polynomial. Thus, g4(ag,...a,) =0, ¥d. Then g4 € I(Y),Vd = g € I(Y).

(b) C(Y) is irreducible. < I(C(Y)) is prime. < I(Y) is prime. < Y is
irreducible.

dim C(Y) = dim k[zo, ... ,2,]/I1(C(Y)) = dim k[zo, ... ,z,]/I(Y)
=dimS(Y)=dimY + 1 (The last equality is due to exercise 1.2.6.)

()

Exercise 12 (by Wei-Ping).

(a) klyo, ..., yn]/ker 8 — k[xq, ..., x,] is injective, since k[xo, ..., z,] is domain,
image of 6 is also a domain, hence kernel is a prime ideal(so a radical ideal).
For any 0(f) = 0, their homogeneous part must also map to 0, hence kernel
is a homogeneous ideal.

(b) Im pg C Z(ker ) since for any f € ker 6, choose any (My(a)... M,(a)) €
Im pg, f(Mo(a)...M,(a)) = 0(f)(a) = 0. To prove the converse, we
construct preimage. First we pair number from 0 to N with n-tuple
(g, ..., en) such that >" e; = d, and let My (b) = [[;_, 05", where b =

(bo, - ..,by). Consider point a = (ao,...,an) € Z(ker ), construct point
a = (Cl(d,o,...o), QA(d—1,1,0,...0)5 A(d—1,0,1,...,0)5 - - - 7a(d—1,0,...,0,1))-

Now we claim p4(a) = a by saying pq(a)(co,...e.) = a?d_’é .... 0)Xeoy - en) for any

(€g,...,€n). Then it suffices to show that f = xao ..... 0) 1T, "E?Zl—lyﬂ 77777 1..0) —
d—1

T(40...0)%(coren) € ker 0 for any (eo, ..., €,), which holds since both two
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terms are sent to y80+d(d_1) [T, ;. Note that this method works with
a(gp,..0) 7 0, since not all aq,. 4.0 = 0, by suitable reordering we can
always assume it is nonzero.

(c) By (b) and injectivity(fixing some by # 0, and compare by 'b; for 0 < j < n
to see that ratio of (bg, ..., b,) is fixed), the map is bijective. Now the map in
(b) is inverse map, and both are continuous since both map is in polynomial
form, so any preimage of closed set define by equations is still defined by
polynomial equations, which is closed. Hence the map is homeomorphism,
in fact, it is an isomorphism.

(d) The embedding is (zg,71) — (23, 231, Tox?, 23), assume zg # 0, then it is
twist cubic curve (1,t,t% %) where t = oL

Exercise 13 (by Shuang-Yen).
Let Y = V(a) as in the previous exercise and let Z =Y NV (I) =V(va+1)

for some radical homogeneous ideal I. Since dimZ = 1 and dimY = dimP? = 2,

htvT = 1 in klyo,...,ys)/a = D0 S2m = k[0, 21, 22] which is a UFD. So

VT = (F) for some f € k[yo, . ..,ys] implies that va+ I = \/a + (f), so
Z=V(a+(f)) =V(a+(f)) =V()nV(f)=YnV,

where V = V/(f) is a hypersurface.

Exercise 14 (by Tzu-Yang Chou).

We need to show that the ideal defined by the kernel of the map ¢ : k[z;;|i =
0,---,7mj=0,---,8] = klxo, -+ ,Zr, Y0, - ,ys| Will define the image of Segre
embedding.

First, we note that the image of ¢ is equal to Z(I), where I is the ideal
generated by binomials of the form z;;21; — z;2,;. One side of the inclusion is clear.

For the converse, given any p = [zg0 : - - - : 2rs] € Z(I), we may choose some z;; # 0
and then define a; := zﬁ for k # 4 and a; := 1. Similarly, we define b, := 2 for
| # j and b; := 1. Then we found that ([ag : - :a,],[bo : - - - : bs]) will map to the

point p under the map .

Now, it remains to show that kernel of ¢ is exactly the same as I since then
I will be a prime ideal and hence our assertion is proved. Again, one inclusion
is obvious. Conversely, for a polynomial f with ¢(f) = 0, we may assume f
is homogeneous by looking at each of its homogeneous part. By the algebraic
independence of z; and y;, we see that the sum of the coefficients of terms, whose
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second indices differ by a permutation, must be zero, that is, the sum of coefficients
Of 2, 0(i1) Ziso(ia) Zisolis) * * * Zigo(iy) fOT all o € Sy is 0. So we reduce to the problem
that whether a binomial which is difference of two such terms can be generated
by zijzi — zizk;, namely, those of degree two. However, since the symmetric
groups are generated by 2-cycles, we obtain that z;,,(i;)2iye(is) Zise(is) * * * Zigo(iy) CAN
be generated by those binomials of degree k — 1. This completes the proof.

Exercise 15 (by Shi-Xin).

(a) Let ¢ : Pxy x Pyy — P be the map sending ((X,Y),(Z,W)) to

w’x7y?Z

(XZ,XW,YZ YW). Then by exercise 2.14, one can show Im ¢ = Z(xy —
zw) = () immediately.

(b) For t,u € P!, let {L;} and {M,} be the image of {t} x P! and P x {u} via
¢, respectively. Then

Ly = {(w,z,y,2) € PP | tyx = t,2, t1y = trw}

Mu = {(w7$?y7z) € IP)?) ‘ U2W = UL T, Uy = ulZ}

It is clear that L, = Ly if and only if ¢ = ¢ in P!, and L; N Ly = () whenever
t # t'. Similarly, the same result holds for M,,. Moreover, L; N M, only meet
at the pOil’lt (tlul, tl’LLQ, t2u1, tQUQ)

(c) Consider the set T' = Z(z — y) N @ which is a closed set in Q. It is easy
to show that Im(S) = T where S = {(\,\) | A € P'}. If S is closed, it can
be write as U x V for some closed subsets U,V C P'. Choose two distinct
point (A1, A1), (A2, A2) in S. Then (A1, A2) should be in U x V', which leads
to a contradiction since (A1, A2) should not be in S. So S is not a closed set
in the product topology.

Exercise 16 (by Yi-Tsung).

(8) Let Qi = V (& — yuw), Qs = (ay — =w), then Qi@ = V(22 — yuw, 2y — =)
For (z,y,z,w) € Q1 N Q2, we have

rzw = 2%y = y*w
=w=0ory* =2z
=r=w=0ory* =21z
= QNQ CV(z,w)NV (y° — z2)
Conversely, it is clear that @, N Qs 2 V (x,w) NV (y* — z2), hence we see

that Q1 N Qs =V (z,w) NV (y* — x2z) is the union of a twisted cubic curve
and a line.
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(b)

Let C = V (2? —yz) L =V (y) C P2 = CNL has exactly one point
P=1(0,0,1) = I(P)=(z,y) and I (C)+ I (L) = (2*> — yz) + (y). However
rel(P)butz ¢ I(C)+ (L), hence I (C)+1(L)#1I(P).

Exercise 17 (by Chi-Kang).

(a)

(b)

()

Let C(Y) be the affine cone of Y in A", then we have

dimY =dimC(Y) -1 =dimAC(Y))—-1>n+1—g—1=n—gq

Let Y be a variety of dimension r in IP"™ which is a strict complete intersection.
Then I(Y) = (f1, ..y far). Thus Y = V(I(Y)) = V(f1)N...0NV (f,,—,), which
is a complete intersection as set.

To show Y is not a complete intersection, similar to 1.11, we can see that when
we give the weight v of variables by v(w) = 0,v(z) = 1,v(y) = 2,v(2) = 3,
then 22, yw are the only 2 degree 2 monomial of weight 2. zy, zw are the
only 2 degree 2 monomial of weight 3. And zz,y? are the only 2 degree 2
monomial of weight 4. Since every variables have distinct weight, in I(Y)
there ia no monomial with degree or weight less that 1.

Now let f,g € I(Y), we claim that at least one of 2% — yw, vy — 2w,z — y
is not in (f, g).

To prove this, first we write f = Y fuv, 9 = D gaw for fi,, gs. be the
part of degree d and weight v in f,g. Then since fy,(s,st,st? st®) =
Gan(s, st,st? st3) =0 for all t € k,s € k — 0 (s parametrized the degree, t
parametrized the weight.)Similar to 1.11 we must have

2

Joo = a1(9€2 —yw),foz = az(ry — 2w), f24 = az(xz — ?JQ)

go2 = b1 (302 —yw),gaz = ba(wy — 2w), 924 = b3(2 — ?/2)
for some a;, b; € k. Now if xz — y? 23 — yz, 2%y — 2% all lies in (f, g), then
for zz — y?, there is some hy, hy € klz,y, 2] s,t, hif + hog = vz — y?, since

2 — yw, 2y — 2w, xz — y* are the lowest degree term in I, let ¢; be the
constant term of h; we must have

a a a,
e ) {bi " bj — 10 0

Similarly if xy — zw, rz — y? € (f, g), there is d;, ¢; € k s,t,

1 C “ e a 1 00
1 Q2 as| _

dy ds [ b by bJ =010

€1 €2 0 0 1

12



But by counting the rank it is obviously impossible. Hence at least one of
rz — y*, 13 — yz, 2%y — 2? not lies in the ideal (f,g), so any 2 elements of
I(Y) cannot generate the complete I(Y).

Thus Y is not a strict complete intersection. To show Y is a set theoretic
complete intersection. Let H, be defined by 2% — yw, Hs be defined by
y(rz —y?) + z(xy — 2w) = 2zxyz — y* — 2%w, the we have

Hyn Hs ={[1,z,y, z]ly = 22,224y = 2xyz}
U{[0,z,y, 2]Ja* = y(2xz — y) = 0}
={[1,t,2%,2]|(z = £°)> = 0} U {[0,0, 9, 2]|y* = 0}
={[1,t,*, ]|t € K} U{[0,0,0,1]} =Y.

Hence Y is a set-theotetic complete intersection.

13



3 Morphisms
Exercise 1 (by Zi-Li).

(a) By exercise 1.1, any conic Y is isomorphic to Al or zy—1 = 0. Say Y = Z(zy—1),
let o : Y — A' — {0}, (z,y) —> 2z, ¥ : A' — {0} — Y,z — (z,1/z).The com-
positions of ¢ and 1 are identities, hence, Y ~ A! — {0}

(b) Let Y be an open set of A!, we may assume 0 ¢ Y, then f: Y — k,y — 1/y
is a regular function on Y. Suppose ¢ : Al = Y then 1/p(z) = g(x) for some
g(x) € klx]. However, the zeros of g(z) lead to a contradiction.

(c) Let F(x,y, z) = ax®+by? + cz*> + dxy + eyz + fzx be an irreducible polynomial.
Consider F(1,s,t), by technique in classification of conic of A%, there exists trans-

: s| |A Bl |u P B 9 o
formation [tl = [C D} [U} + {Q] such that ' =u — v° or F' = uv — 1, where

A B T 1 0 0 u
{C’ D} is invertible matrix. Let |y| = [P A B| |v|, then F = uv — w?
z Q C D| |w

or F' = vw — u?, hence, we can assume conic Y = Z(zy — 2z?). Then, 2 — Uple
embedding of P! gives us the isomorphism between P! and Y.

(d) Any two curves in P? intersects, however, there are two curves which do
not intersect in A2

(e) If affine variety Y is isomorphic to projective variety, then A(Y') ~ k, hence
I(Y) is maximal, and hence Y is one point.

Exercise 2 (by Wei).
(a) Recall that the map ¢ is defined by
o AY = V(y? —2%) C A%t (1717

(a.1) Bijectivity : the inverse set map is given by

oy Je @) £ 0,0)
o @y) {0, if (2,1) = (0,0)

(a.2) Bicontinuity : ¢ is clearly continuous. If we can show continuity of

¢!, then we are done, that is, the image of a closed subset of Al (i.e.
a finite set of points) is closed in V(y* — z?), which is obvious.
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(a.3) Not an isomorphism : if we can show that the induced map on rings
isn’t an isomorphism, then we are done. Notice that the induced map is

¢kl yl/ (v = 27) = K[t a e P y o
but this maps misses t.

(b) Recall that the map F' (Frobenius morphism) is defined by
F:A'" 5 At P
where k is algebraically closed and has characteristic p > 0.

(b.1) Bijectivity : Notice that F' is surjective under the assumption that k
is algebraically closed, and that F'is injection under the assumption
that char(F') = p.

(b.2) Bicontinuity : By the fact that F' is bijective and that the closed
subsets of A! are finite points, this is true.

(b.3) Not an isomorphism : if we can show that the induced map on rings
isn’t an isomorphism, then we are done. Notice that the induced map is
F* kY] = E[X], YV — X7
which is clearly not surjective (since F'* misses X).

Exercise 3 (by Yi-Tsung).

(a) For (U, f) € Oyp)y, let ©p (U, f)) == (¢ (U), fog). fis regular on
U = f o isregular on ¢~ ' (U). Hence ¢} is a map from Oyp)y — Opx,
and it is clear that ¢} is a homomorphism.

(b) (=) Since ¢ is bicontinuous and bijective, ¢ is a homeomorphism.

(<) For X Lk regular, since ¢% (f) is regular and @5 ~' (f) and 5! (f) =
f o™t hence ¢! is a morphism, and hence ¢ is an isomorphism.

(¢) For ¢} (f) =0,
f oy =0 on an open subset of X
= fop=00on X
= f=0on ¢ (X)
= f=0o0nY since ¢ (X) is dense in Y

= p Is injective.
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Exercise 4 (by Wei).
Previously, we’ve seen that the d-uple embedding
Pd - P* — PN, a +—» (Ml(a))fio

is a homeomorphism of P" onto its image P := py(P"). It is clear from definition
that pg is a morphism, so we have to check if its inverse is also a morphism.
Being a morphism is a local property; that is, if for a chosen open cover {U;}!, of
P that p;' is a morphism from py(U;) to U;, then p;* is a morphism.

Choose for P™ the typical affine open cover {U;}"_, with isomorphisms to affine
spaces ¢; : U; — A", define P; as py(U;). Assume that

i =0, (Mo, My, My, ..., M,)) = (zoxd™ !, 21207t 2ond™t . 2,207
Then among restricting pgl to Py and composing with (g, we obtain

opyt  Po— A" [Yo 1y et UN) = (10 Y0yt oot Un/ Y0l = (Y1 Y05 o Yn/Y0)

This is a map into an affine variety with regular component functions. Therefore
p;' |k, is a morphism.

Exercise 7 (by Wei).

(b) Suppose Y N H = (), then Y C P" ~ H. Y being closed, irreducible in P", it
is also closed, irreducible in P" ~. H, so along with Exercise 3.5, Y is then
an affine variety. Being both an affine variety and a projective variety, we
have by Exercise 3.1(e) that dim(Y") = 0.

(a) Special case of (b).
Exercise 7 (by Yu-Chi).

I would like to give a direct proof on part (a) without using part (b). Given
two plane curves X,Y C P?2. By Exercise 1.2.8, we know that there exists
irreducible homogeneous polynomials f,g € k[x,y, z] with positive degree such
that X = Z(f),Y = Z(g). Then X NY = Z(f, g). The homogeneous coordinate
ring of X NY is given by k[z,y, z|/(f, g9) = k[z,y, Z]/(g), where the bar means the
image in the quotient ring k[x,y, z]/(f). Note that the quotient ring is a domain
since f is irreducible.

If g € (f), then X C Y, and hence X NY = X # (). Therefore, we assume
g & (f), then g # 0in k[z, y, z]. On the other hand, if g is a unit in the quotient ring,
then there exists some h € k[x,y, z| such that hg 4+ rf = 1 for some r € k[z,y, z].
However, by comparing degree, f, g are homogeneous of positive degree, and thus
above situation is impossible.
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Thus, g is neither a zero divisor nor a unit in k[z,y, z]/(f). By Krull’s principal
ideal theorem, any minimal prime in the quotient ring containing g has height 1.
Therefore, ht(f, g) < 2. Suppose that X N Y = ), then (f,g) D (z,v, 2), and the
latter ideal has height 3. This gives the contradiction.

Exercise 8 (by Tzu-Yang Tsai).

We extend this function to global and write it as f = g in P\ (H; N Hy) for
some f, g are homogeneous polynomials that have same degree. Then g has no
solution on P\ H; = g = x7, similarly, g has no solution on P\ H; = g = 7,
then these two conditions are mutually contradicts. Thus ¢ is a constant, which
leads to f is a constant.

Exercise 9 (by Shi-Xin).

The idea is to show that S(Y) = k[x, v, 2]/(xz — y?) is not a UFD by checking
that z is an irreducible element but not a prime element in S(Y). Clearly, =
is not prime since § -y = T -z € (Z), but § doesn’t lie in (Z). Now, suppose
T = f-gforsome f,g€ S(Y). Then x — fg = (vz —y?)h where f,g,h € k[z,v, 2].
Replacing y? by zz, we can assume that f, g have at most degree 1 w.r.t y, and
hence h € k[z, z] since x — fg has at most degree 2 w.r.t y. We may write

r— (a+by)(c+dy) = (xzz—y*) -h fora,b,cd hc k2
In the view of polynomials of y, we have the following equation from the coefficients:

r—ac=1xz-h
ad +bc=0
bd = h

If h # 0, let n, m be the degree of h,ac w.r.t . From the first equation, it follows
that m = n 4+ 1. Moreover, one can derive m = n(mod 2) from the other two
equations. However, it is impossible that n 4+ 1 = n(mod 2), so h should be zero.
Since z is irreducible in k[z,y, 2], either f or g is a unit, and hence either f or g is
a unit. Thus 7 is irreducible.

Exercise 10 (by Yi-Heng).

For every open set V' C Y’, and for every regular function f : V — k, we want
to show that f o p|x: : (¢|x) (V) — k is regular.

Let P € (plx) H(V) and Q = ¢(P) € V. Since f is regular on V, we have
f = g/h on some open neighborhood U of @) in V. Note that g/h is regular on
W :=Y — V(h). Thus, (g/h) o ¢ is regular on ¢ (W), and (g/h) o ¢ = f o ¢|x
on p 'WW) N (plx) (V) D (p|lx)"H(U) > P. Hence, f o ¢|x is regular.

17



Exercise 11 (by Jung-Tao).

Consider an open affine cover Y of P, O, = A(Y),,,, so prime ideals of O,
corresponds to prime ideas of A(Y'),,, corresponds to prime ideals of A(Y") inside
m,, corresponds to the closed subvarieties of ¥ containing P. So we have to prove
that the closed subvarieties of Y containing P corresponds to closed subvarieties
of X containing P.

We have to prove that there are no closed subvarieties U and V, UNY =V NY.
If there are such U and V, Y¢ and U covers V, V is irreducible and P e U NY
soV ¢ Y¢ and V C U, similarly U C V = U =V, and we are done.

Exercise 12 (by Pei-Hsuan).

If X is affine, then by Theorem 3.2(c), it is done!

Now, suppose X C P2, For point p € X, we use affine cover. There exists an
affine piece such that P € X; = X NU;. By Theorem 3.2(c), dim O, x, = dim X, =
dim X. So it is sufficient to show that O, x = O, x,. Opx € O, x, is clear. On
the other hand, for < U, f >€ O, x, (i.e. f is regular on U C X;.) But U is also
an open subset of X. Thus, < U, f >€ O, x. The proof is complete.

Exercise 13 (by Yi-Tsung).
For any nonunit (U, f) € Oyx, since f is vanishing on ¥ = 1 — f # 0 on

1
Y = 1 Hence

is defined on Y. Since f is regular on U, so is

1
<U, ﬁ> € Oyx. Thatis, (U,1 — f) is a unit in Oy x. Therefore Oy x is a

local ring. Moreover,

dim X = dim A(X) = dim A(z) /737y +e1()

=dimY + dim OY,X
Hence dim Oy x = dim X —dimY.

Exercise 14 (by Yi-Tsung).

(a) By changing the coordinates, we may suppose that P = (1,0,...,0) and
P" = V (x9). Then ¢ (aop,as,...,a,) = (0,a4,...,a,). Hence ¢ is clear a
morphism.

(b) Y : (z,y, 2,w) = (¢, t%u, tu?,w’) , P = (1,0,0,0). Then ¢ (V) = {(¢*,#*u,0,u*)}
=V (y® — z*w) is a cusp cubic curve with equation y* — z%w in P? = {z = 0}.
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Exercise 15 (by Tzu-Yang Chou).

(a)

(b)

Assume that X xY = Z;UZ, with Z;: closed. Let X; := {z € X|zxY C Z;}.
Then since X; are closed in X, we have X = X; or X5 and hence X XY = Z;
or Zy = X x Y is irreducible.

Define o : A(X)®r A(Y) — A(X xY) by a(f®g)(z,y) := f(x)g(y). Then
we see that « is epic. To show that « is a monomorphism, we express an
nonzero element in kernel as the sum of f; ® g;,7 = 1,--- ,n, with shortest
expression. Now, by plugging in a point of Y we can write g, as a linear
combination of g1, -, g,_1, and hence this leads to a contradiction.

The projections are defined by polynomials and hence are morphisms. For
the universal property, given Z and f: Z — X,g: Z — Y, we may define
amap Z — X XY by z — (f(2),9(2)). Moreover, this map is a morphis,
since both f, g are defined by polynomials.

Set a := dim X, b := dimY. Noether Normalization says that A(X)(resp.
A(Y")) is integral over a polynomial ring of a(resp. b) variables. This implies
A(X) ®, A(Y) is integral over a polynomial ring of a + b variables. Hence
dim X xY =dimA(X xY) = dim A(X) @, A(Y) = dim A(X)+dim A(Y) =
dim X +dimY.

Exercise 17 (by AY).

(a)

(b)

Since any conic in P? is isomorphic to P!, we only need to show that P! is
normal. But since S(P') = k[z] is integrally closed, Op = S(P')(n,) is also
integrally closed.

(1) The coordinate rings of the affine covers of Q) are all k[z,y, z]/(zy — 2),
which is isomorphic to k[z,y,zy| = k[x,y] which is a UFD and thus
integrally closed. Hence (), is normal.

(2) The coordinate rings of the affine cover of Qo are k[z,y, z|/(z — 2?),
klz,y,z]/(zy — 1), and k[z,y, 2] /(zy — 2*). The first two are integrally
closed since they are isomorphic to UFDs k[x,y] and (k[z,1/z])[2],
respectively. Let a € Q(R) be integral over R = k[z,y, 2]/ (zy—2?%), then
a = az + b where a,b € Q(k[z,y]). Consider the primitive polynomial
(a — b)? — a®zy. It is the minimal polynomial of a in Q(k[z, y])[a] and
hence in k[z,y][a]. Thus the coefficients 2b and b? — axy are in k[z,y],
and since xy is square-free, a,b € k[x,y|]. As a result, o € R, and R is
integrally closed. Hence @5 is normal.
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(c) Let Y = Z(2? — y®). Then A(Y) = k[z,y]/(2* — ¢*) is isomorphic to
A = k[t?,#3], which is a proper subset of B = k[t] since t ¢ A. But
Q(B) = Q(A). Hence B is the integral closure of A and A is not integrally
closed.

(d) The statement follows from the fact that A = A’ < V maximal m € A[A, =
Al]. = is a direct consequence of the preservation of integral closure under
localization. There remains the proof of <. Suppose by contradiction that
there is a t € Q(A) \ A that is integral over A , and consider the ideal
I ={a € Alat € A}. This is a proper ideal since 1 ¢ I, and hence [ is in
some maximal ideal m. Then ¢ ¢ A, but ¢ is integral over A, since A is a
subring of A, which gives a contradiction.

(e) Let A= (A(Y)), then according to Theorem 3.9A, the domain A is finitely
generated k-algebra, and hence is a coordinate ring of some affine variety.
This affine variety is Y, and 7 is the morphism associated with the natural
homomorphism h : A(Y) — A. The remaining is to prove that for all
integrally closed finitely generated domain A and an injective homomorphism
f: A(Y) — A, there exists a unique homomorphism g : A — A such that
goh = f. This is clear since A(Y) 2 f(A(Y)), A= (A(Y)) = (f(AY))),
and ¢ is the natural homomorphism between them.

Exercise 18 (by AY).
(a) SV) = (SY)) = SV )mp = (S(V)mp)" = SV )(mp) = (S )mp))

(c) They are isomorphic with the map (t,u) < (z,y, z,w) = (t*, 3u, tu?,u?). A
regular function f(z,y, z,w)/g(z,y, z,w) on Y can be pulled back to a regular
function f(t*, t3u, tu®, u?) /g(t*, t3u, tu®,u*) on P!, and a regular function
h(t,u) = f(t,u)/g(t,u) on P! can be pulled back to a regular function,
the equivalence class of (h(z/y,1),Y \ Z(y = 0)),(h(1,y/z),Y \ Z(z =
0)), (h(z/w, 1), Y\ Z(w = 0)), (h(1, w/2), Y \ Z(> = 0)).

(b) It’s normal smce it is 1somorph1(: to P, which is normal. S(Y) = k[z, y, z, w]/(xw—
yz, 122 —wy?, P — 12z, 23 —w?y), andX =xz/y € Q(S(Y))\S(Y) is integral

)

over S(Y') with the polynomial X? — zw = 0. Hence S(Y) is not integrally
closed. As a result, Y is not projectively normal.

Exercise 20 (by Chi-Kang).

(TO BE CONTINUED) (a) Since every variety are assumed be quasi-projective,
so P has a quasi-affine neighborhood, thus we may assume Y is quasi affine. Now
let Y C A" be quasi affine, then f = ¥ for some g, h € k[z1,...,7,] and h(z) # 0
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forallz € Y — P.

What we need to show is h(P) # 0 i,e, h ¢ mp. Since Y is birational to Y, we
have Op = A(Y),,,, = NA(Yy), where the last equality is taking the intersection
over all height 1 prime ideal @ s,t, Q) C mp.

So we can change to show that h ¢ @ for all such prime ideal. If h € @ for some @,
then hly(g)=o, since h(z) # 0 for any x € Y — P, we have V(Q)NY = {P}. But
V(Q) NY has each component has codimension 1, so since { P} is an component
of V(Q) NY, we conclude that dimY =1, which is a contradiction.

(b) Let Y = A, f = %, P =0, then this is obviously f is a regular function on
Y — P which connot extend to P.

Exercise 21 (by Shuang-Yen).

(a)

(b)

Since = + y and —y are polynomials, ;i : A2 — Al and -7! : A — Al are
morphisms, so (G, is a group variety.

Since 1/z is a rational function that defines on all of A' — {(0)} and zy is a
polynomial, i : (A*—{(0)})*> = A'—{(0)} and - 7' : A'—{(0)} — A'—{(0)}
are morphisms, so G,, is a group variety.

Let ¢,¢ € Hom(X,G), define (¢ - ¥)(p) = ¢(p) - ¥(p). Since [p —
(p(p), ¥(p))] € Hom(X, G x G), by the universal property of product variety,
¢ =polp— (o(p),¥(p)] € Hom(X, G). Clearly, (p-¢)-n=¢- (¢ -n).
Let e € G be the identity, then the map é = [p — e] is a morphism and
p-é=¢e-p=pforany ¢ € Hom(X,G). The inverse of ¢ € Hom(X, G)
is defined by (¢~ 1)(p) = (p(p))~!, it’s a morphism since inverse on G is a
morphism, also -~ = 71 = €, s0 7! is the inverse of ¢ in Hom(X, G).
Hence, Hom (X, G) is a group.

Define 6 : Hom(X, G,) — O(X) by 0(¢) = ¢, then it’s well-defined since
regular functions are morphisms to A!. It’s clerly a bijective homomorphism,
so Hom(X, G,) = O(X).

Define 6 : Hom(X, G,,,) — O(X)* by 0(p) = ¢, then it’s well-defined since
regular functions are morphisms to A! and 0 ¢ Imyp. It’s clerly a bijective
homomorphism, so Hom (X, G,,) = O(X)*.
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4 Rational maps

Exercise 1 (by Yu-Ting).

Let F' be a function defined on U UV such that F|y = f and F|y = ¢g. Then
F'is regular on U and V', hence F' is regular on U U V.

Now, let f be a rational map with eqivalence class (U,, fa), @ € A. According
to the above argument, f is regular on (J,.,, which is open in X. If 3V > (J,cp Ua
such that f is regular on V', then (U, fv) = (U, f), contradiction. Hence, [ J,, is
the largest.

Exercise 2 (by Yu-Ting).

For (U, ¢u) = (V, ¢v), define ¢yuy such that ¢yuy |y = ¢v and gyuv|v = dv.
If f is regular on open subset W C Y, either ¢, (W) C U or ¢, (W) C V,
then f o ¢ is regular on ¢, (W), hence ¢puy is a morphism on U U V. Let ¢ be
(Ua, @a), a € A. Similar to Exercise 1, |J, ., Ua is the largest open set on which ¢
is represented by a morphism.

Exercise 3 (by Te-Lun).

(a) Note that f is itself a regular function on the open set P\ Z(xg), and definitly
not regular on any point in Z(x), so the set of points where f is defined is
then P\ Z(z¢) and the regular function be f(xg: zy: x9) = &

Zo

(b) Compose the following:

Q: P? - Al — P!
(l’o M o5 T 1’2) —

The resulting rational map is p(zq : 21 : x2) = (i—é ; 1> = (x1 : xp), which is
regular on P2\ {(0:0:1)}.

Exercise 4 (by Pei-Hsuan).

(a) By exercise 1.3.1(b), any conic in P? is isomorphic to P!'. Since a morphsim
is a rational map by definition. Thus, it is rational.

(b) Let Y = Z(y? — x3) C A2
) P : P? --> Y v Y --s P2
Consider . " and
(zo,21) = ()% (2£)%) (z,y) = (z,9)
Clearly, ¢ and 1 are rational maps, and it is easy to check ¢ o @) = idp1 and
Y o ¢ = idy as rational maps.
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(c) Following the hint, it is easy to see p(z,y,2) = (z,y).
(S P! -— Y
Define
(.%’0, 331) = ((‘CE% - x(Q))xf)? (‘CE% - x%)xb 5138)
and ¥ o ¢ = idp1 as rational maps. Thus, Y is rational.

, then p o =idy

Exercise 5 (by Pei-Hsuan).

Since we know that @ is isomorphic to P! x P! through the Serge embedding.
P! x P! is birational to P? since their function fields are isomorphic to each other.
(ie. K(P' x P = K(P') ®;, K(P') = k(z,y) = K(P?).)

However, P! x P! is not isomorphism to P2, since any two curve in P? must
intersect, but {s} x P! and {t} x P! has no interestion in P* x P! whenever s # t.

Remark. You can also prove that ) birational to P? by considering the following
maps:
@ : Q --» P2 P P2 --3 Q
@y mw) o @y M (@) o (a2
Then check that ¢ o1 = idp2, ¥ 0 p = idg.

Exercise 6 (by Tai-Ning).

(a) Observe that ¢ : [ag, a1, as] — [a1a9, apas, apay] is a well-defined map from
P? — {[0,0,1],[0,1,0],[1,0,0]} to P2, and it is defined by polynomials, hence ¢ is
a morphism. For [ag, a1, as] € P — V(zyz),

@2([%,&17612]) = [aﬁalaz,aoafaz,aoalai] = [a07a17a2]-

So  is it’s own inverse.

(b) Let U =V =P — V(zyz), then ¢ is a morphism from U to V, and ¢ is it’s
own inverse.

(¢) ¢ can be defined on P? — {[0,0,1],[0,1,0],[1,0,0]}. To see that ¢ can not
extend further, suppose otherwise, we can extend ¢ to P = [1,0,0], then, let
Q) = p(P). Since @ has at least one non-zero coordinate, choose a regular function
f to be either £, § or £, so that f can be defined on Q. By definition, g = fo ¢ is
also a regular function. Since f can be defined on (), g can be defined on P, so
g can be written as % on Vj near P. But on P2 — {[0,0,1],[0,1,0],[1,0,0]}, g is
either Z—(l), Z—; or Z—f on some V5. Let’s say g = Z—? (the other two cases are similar),
S0 g = % = Zil on their intersection Vi N V5, so a1G — agH = 0 on Vi N V5, which
is dense in P?, therefore, a;G — agH = 0. Thus, a; | H, but H cannot be zero at
P. Contradiction. So, ¢ cannot extend.

Exercise 7 (by Tai-Ning).
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Take affine open neighborhood U C for P, since Opx = Opxny, we may
assume assume X C A" Y C A™ are affine.

For any k-algebra homomorphism h : Opx — Ogy, let T; be coordinate
functions on X, which can always defined on the entire X, let h(X,7;) = (V;, &),
where &; is a regular function defined on V; near @), take V = N;V;. Now we show
that 6(h) : V' — X defined by 0(h)(y) = (&1(y), ..., &n(y)) is a morphism sends Q)
to P. As the proof of prop 3.5 , we can see that #(h) is a morphism, we only need
to check that §(h) sends @ to P. Suppose not, say 6(h)(Q) = P’, which means
P = (&(Q),...,&(Q)). Then suppose P and P’ is different at index i. consider

1
h(1) = h(m_—m(xi —&(Q)))
1
= h(—————)h(z; — &
(e M~ Q)
1
=h(———=)(& — &
e @)
Notice that —X—- is a well-defined regular function in Op x. But the right-hand-

z,—&(Q)
side is zero at (), and left-hand-side is a constant 1, contradiction.

Finally, we can see that 8(hg) = 0(g)0(h), so it is a contravariant functor, hence
isomorphism of k-algebras will induced an isomorphism of varieties.

Exercise 10 (by Wei-Ping).

Let (t,u) € P!, and solve system of equation y* = 23, xu = yt. Consider ¢ # 0,
then set t = 1 and put the image in A3, which is (u?,u®,u) or x = y = 0, u arbitrary.
Clearly the latter is exceptional curve. Similarly do these with assumption u # 0,
and get Y = (v, v 1,u) and ENY = (0,0,1,0). Now let u — (u? u? 1,u), a
isomorphism from Y to A'.(Since all coordinate can be express in polynomials.).
Now map from A! to Y is u — (u?,u?), which is bijective, bicontinuous, but not

isomophism by 3.2(a).
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5 Nonsingular Varieties
Exercise 1 (by Jung-Tao).

(a) f=a' 4yt —a2, fo = 42?2 — 2z, f, = 4y

singular point is (0,0), its graph is a Tacnode.

(b) f=a2°+y° —ay, fo =62" —y, f, =6y° —x
fo=f,=0 = 62°=y,60° =2 = 62° =2y =06y% 2 =0iff y =0,
so we may assume 2% = 3% and f = —42%5 =0 = 2 = 0, and the only
singular point is (0, 0), its graph is a Node.

() f=a* =B +yt+ % fo=42° =322 f, =4y + 2y,x =0 iff y =0,
ify#0 = 2y> = -1 = 2* — 2% = 1, which is impossible. So the only
singular point is (0,0), and its graph is a Cusp.

(d) f=at+yt—aPy—ay?, fp = 423 —22y—y?, f, = dy* —2ay—a2?, 2 =0 iff y = 0,
else f, = f, =0 = 42® =y(2x +y),4y* =22y + z) = day(z +y) =
4ot + 4yt = zy(Bwr + 3y) = z+y =0, and ay(z +y) = 2* +y* = 22" =
0 = z =0 and the only singular point is (0, 0), its graph is a Triple point.

Exercise 2 (by Jung-Tao).

(a) f = ny2 - Z27fx = y2afy = 2$?J7 fz = -2z
fo=fy,=f.=0 = y=2=0, and its graph is a pinch point.

b) f=a+y* =24 fu=f,=f.=0 = x=y=2=0, and its graph is a
conical double point.
(€) f=ay+a®+y’ fo=y+32° fy=2+3y*, v =0iff y =0,

else v = =312, y=—-322 = —ay=322=3y, f=—-2>=0 = 2 =0.
So the singular points are of the form (0,0, z), and its graph is a double line.

Exercise 3 (by Yi-Heng).

(a) up(Y) =1« fi = ax + by with a,b not all zero < Df|0 = (a, b) is of
rank 1.

(b) 2,2,2,3 (the multiplicity is the smallest degree in each equation)

Exercise 4 (by Yi-Heng).
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(a) To prove that (Y - Z) is finite, it suffices to show that Op/(f, g) is noethe-
rian and has dimention = 0. Note that Op ~ A, is noetherian and
dim(Op/(f.9)) = dim(A(Y )m,/g) = dim(Y') — ht(g) = 0.

Next, let I = (z,y), m = up(Y) and n = pup(Z). Then (Y - Z)p >
WOp/(I™™, f,9)) = Uk[z,yl/(I™"™, f, 9)) = dimy,(k[z,y]/(I™*", f,g)). Con-

sider the exact sequence

k‘[l‘,y]/[” X k[I,y]/Im — k[$7y]/ln+m — k[l.7y]/<]n+m7f’g) —0

(A, B) » Af + Bg

Therefore, dimy(k[z, y]/ (I, f, g)) = dimy.(k[x, y]/T™T™)—dimg (k[z, y]/T")—
dimy(k[x,y]/I™) = mn.

(b) Note that O7/(f,az +b) = (¥#]/f(2, 522))mp if ab # 0. Thus (L-Y)p = pup(Y)
for ab # 0 and f,(z, 3*7)) # 0 (n = pp(Y)).

(c) We may assume L = V(z) by changing coordinate. Then P = (0, Py, P») €
Y NLhas P, #0or P, #0.

£ P, #0, then (L-Y)p = (V&) - V(f(2,1,2))0,m) = femoeern) (F(0,1, 2))
by the discussion in (b). Similarly, if P, = 0, then (L-Y)p = pi(z—0,4=p)(f(0,,1))

In conclusion, (L-Y)p =3 p o(L-Y)p+ 3 p_o(L-Y)p = (the largest deg
of zin f(0,y, 2)) + (the smallest deg of y in f(0,y, 2)) = d.

Exercise 5 (by Pei-Hsuan).

case 1 If p{ d or p = 0, then choose f(zg,z1,72) = 28 + 2¢ + 23. Notice that
Xo,x1, To are not all zeros, so Df = (dxg_l, dx‘f_l, dxg_l) has rank 1.

case 2 If p | d, then choose f(xzg,x1,2s) = x4 oy + ¢ 2y + 24, Notice that

Df =(0,0,0) < z; =0 and zo = 0.

But f(0,0,25) =0« 22 =0. So, Df|, =0« p=(0,0,0) which is not in
P2.

Exercise 6 (by Shuang-Yen).
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(a) Y = V(23 — (y* + 2" + y*)) is a cusp. Let t = y/x, then the equation
23 = y? + 2t +y* can be written as (z — (2 + 2 + 22t*))x? = 0, so one of the
affine chart of the blowing-up image is isomorphic to V(z — (t* + 2 + 2%t*)).
It suffices to show the nonsingularity at (z,¢) = (0,0), which is clear since
f2(0,0) =1 # 0, where f(z,t) =z — (t* + 2* + z%t*). Another affine chart
of the blowing-up image is defined by ys® = 1 + y?s* + y?, which doesn’t
contain the preimage of O. Hence the blowing-up of Y is nonsingular.

(b) WLOG let P = (0,0). Write f = fo+ -+ and f; = cgor® + cq_112% 'y +
-+ coqy?, then P is a node implies that f; = 0 has distinct solutions in P!,
say A1, Ao. WLOG let \; € D(z). Let t = y/x, then the equation f =0 can

be written as
2’ ( g 061,62x81+62_2t62> =0,

€1,€2

so one of the affine chart of the blowing-up image is isomorphic to V(f),

where 3
F@,t) = oy epa® T2,
€1,€2
The preimage of P in the affine chart is V(f) NV (x), which is (0, );), so the
preimage of P has two points. Since

Je(0, M) = 2¢o0Ai +c1,1 # 0,
(0, ;) is nonsingular. So blowing-up resolves the singularity,

(c) The variety Y defined the equation 2? = 2* 4+ y* has a tacnode at P = (0,0).
Let t = y/x,s = x/y, then the equation can be written as 2%(1 — 2? — 2%t%) =
0,y%(s® — y?s* — y?) = 0, so the preimage of P appears in the affine chart
which is defined by the equation g := s? — y?s* — > = 0, then it’s a node
since s? — y? = 0 has two solutions [1 : +1].

(d) The multiplicity of (0,0) on Y is 3. Let t = y/x,s = x/y, then the equation
y® = 2° can be written as 23(* — 2?) = 0,y3(1 — y*s®) = 0, so the preimage
of O appears in the affine chart which is defined by the equation g := t* — 22,
and hence a cusp. One further blowing-up resolves the singularity by the
way similar to (a).

Exercise 7 (by Wei-Ping).

(a) Clearly f is non-singular at point not equal to P. Since deg f > 1, %(P) =

%(P) = %(P) = 0. Thus P is the only non-singular point.
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(b) Consider system of equations zv = yw,zw = zu,yw = zv, f(z,y,2z) = 0.

Consider the open affine set that u # 0, then set uw = 1 and get f(z, xv, zw) =
98/ f(1,v,w) =0. If 2 =0 = y = 0,2 = 0, which is the exceptional curve.
Assume z # 0, let (z,y,2,v,w) — (z,v,w) be isomorphism from A® to
A3. The blow up of X, say X, maps into closed set defined by equation
f(1,v,w) =0.
To say that this set is non-singular, calculate ( =
(0, fy(1,v,w), f.(1,v,w)). Note that (f,(1,v,w), fy(l v w) fz(l v,w)) #
(0,0,0) since f is non-singular, and f,(1,v,w) +vf,(1,v,w) +wf.(1,v,w) =
deg f - f(1,v,w) = 0. This implies that (0, f,(1,v,w), f.(1,v,w)) # (0,0,0),
now cover X with open affine sets to conclude it is non-singular.

of (1w w) Bf(l v w) of(1, vw))
Oz

(c) ¢~ (p) is union of three sets: {(0,0,0,1,v,w) | f(1,v,w) = 0}, {(0,0,0,u,1,w) |
f(u,1,w) =0}, {(0,0,0,u,v,1) | f(u,v,1) =0}. This is just (0,0,0) x Y.

Exercise 8 (by Yu-Ting).

Let P = (aq, . ..,a,). Foreveryi,j, i (Nag, . . ., Aay) = )\d_lng;(ao, cey Q)

) 8xj

hence, the rank of H gg *(ag, - . .,a,)|| is independent of the choice of coordinates.
J

Up == P — Z(xp) d%) A" and Y, = ¢, (Y NU). For every k,1 # i # t,
k

define g;x(zo, ..., Thy.- ., Tn) = fi(zoy..., k-1, 1, Tp41,...,2,). P is nonsingu-
lar on Y if and only if P is nonsingular on Y} for all k satisfying a; # 0, i.e.
6sz o 0gi.k ( ap an\ _ Ofi (ao ap_1 g1 _
, ..,ak ‘—’I’L T. FOI‘]#]C, oz, (a,...7a)—87j(a,..., ax ,1, ax e T

8—f’,(P). By Euler’s lemma, 7 a; (gf,‘) = df (P) = 0, then the column (g—;i) is

Ox; x

redundant. We have rk H g:f? (ag,...,an)
J

=n-—r.
Exercise 9 (by Yu-Ting).

Suppose f is reducible and f = gh, where g,h # f. By Exercise 3.7, two
curves have intersection, then there exists P € (Z(g) N Z(h)) C Z(f). f.(P) =
gz(P)h(P) + g(P)h,(P) = 0. Similarly, f,(P) = f,(P) = 0, contradiction. Hence,
f is irreducible.

Exercise 10 (by Wei).

Given variety X and point P € X, recall that the Zariski tangent space on P
denoted by Tp(X) is the k-vector space (mp/m%)" := Homy(mp/m%, k).

(a) We know that since mp/m% is finite dimensional (by Noetherianess), we have
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On the other hand, we have the inequality
dlmk mp/m% > lel]€ OP,X
where equality holds iff P is a non-singular point.

Suppose given

X 5y

We get a diagram
Op x <¢— Og(p),y

T
mp<—m¢(p)

I |

2 2
mp S My(p)

In order to construct a map Tp(X) — Typy(Y), it suffices (by duality) to
construct a map mp/m% <— my(py/ mi( p)- The composition of maps

¢*
mp/m? < Mp —— Myp) —— mi(P)

is 0 by above, so we may define mp/m?% < m¢(p)/mi(},) to be the map
making the diagram commutative

Mp < My(p)

| Js

T N
mp/mp === My(p) /M py

Write X, Y as the following varieties
X=V(@—-y*) CA* Y =A'

with morphism

XLY,(x,y)Hx

Denote P as the point (0,0) € X, then ¢ induces a map

(k2. 9)/ (52 = 2)) ) = Orx 2= Oy = (KlH])e
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given by x <+ t. To show Tp(¢) is 0, it suffices to show (Tp(¢))" is 0, or
(Tp(£)")
mp/m} ¢ myp)/ mi(P) S My(p)

¢*
= mp/m?; < mp — my(p)

is 0 (the equality above is by our definition in (b)). Choose f € mgyp), that
is, a function vanishing on ¢(P) = 0, then f = tg for some g, so

Op(f) = dp(tg) = op(t)0p(9) = 2dp(9) = Y*dp(g) € mp
Therefore, we have (Tp(¢4))" = 0.
Exercise 11 (by Tai-Ning).
The statement is true only when char k # 2. Let’s assume char k # 2,
Y ={[z,y,z,w] € P*: 2* — 22 —yw = 0,yz — 2w — 2w = 0}.

7 ={[r,y,2] € P*: y*2 — 2° + 22* = 0}

Now we show that ¢ : Y —[0,0,0,1] — Z — [1,0, —1] defined by ¢ : [z, y, z, w] —
[x,9, 2], and we could find ¢! by

2
_ r,y, 2, =] ity # 0.
’ 1<[x,y,z]>={[ g
[x,y,z,HZ] if x4+ 2 # 0.

Now we check well-defined.

e For any [z,y,z,w] € Y —[0,0,0,1], it’s impossible that y =0 and z + 2 =0
at the same time, since otherwise, 22 = 2z +yw = —a2, so 222 = 0, so x,y, 2
are all zero, contradiction. Therefore, if y # 0, we have w = ﬂ;ym, substitute
and get yz = (x + z)%, so y?z — 2% + x2% = 0. If otherwise x + 2 # 0, we
have w = 2= and get #* — vz — y2%, also have 3?2 — 2° + 22° = 0. And
[z,y,2] # [1,0,—1]. Thus, ¢ is a morphism.

e For any [z,y,z] € Z —[1,0,—1], it’s impossible that y = 0 and z + z = 0
at the same time, for the first case, we check 2% — zz — y% = 0 and
yz — (v + z)% = 0, which is true because [z,y, z] € Z. Another case is
similar. Therefore =1 is a well-defined morphism.

30



Since Z is defined by an irreducible polynomial, so Z is irreducible. And the
derivative matrix is
(=322 + 22, 2yz, y?+ 2x2]

The only possible to be all zero is x+ = y = z = 0. So Z is nonsingular. By
the isomorphism of ¢, Y —[0,0,0, 1] is also irreducible and nonsingular. So it’s
sufficient to check Y is nonsingular at [0,0,0,1]. The derivative matrix of Y is

2 —w —x —y }

0O -1 0 O
-—w oz Yy—w —xr—z

-1 0 -1 0|
which has rank 2, so is nonsingular.

Exercise 12 (by Shuang-Yen).

(a) A quadratic form over a field k& with characteristic # 2 has an orthogonal
basis, after linear transformation, may assume f = 2% + - - + z2.

(b) For r = 0,1, f is clearly reducible. For r > 2, induction on r. Suppose
not, say f = gh and g,h ¢ k*, denote deg; the degree of x;, then deg, g +
deg; h = 2 for each i. If deg,g # 1 for all 4, then deg; g = 2,deg; h = 2
for some i # j, then there will be a term z7z3 in f with coefficient in
klzo,..., &, ..., %, ..., 2], which is a contratiction. WLOG let deg,g =
degy h = 1, write g = azg + b, h = czy + d, then ac = 1 implies a,c € k*,
after scaling, may let @ = ¢ = 1, then b+ d = 0 and bd = z3 + - - + 2.
If » > 2, by induction hypothesis, one of b,d is a unit, then b +d = 0
implies the another one is a unit, but bd is not a unit. If » = 2, then
—b* = bd = 22 + 23 = (x1 + ix2) (1 — i), but k[xy,zs] is a UFD. So f is
irreducible if and only if r > 2.

(¢) Z = Sing @ is defined by the equations, f and df/dx;, which is
Z=V(xg+ -+ 220,...,22,,0,...,0) = V(zg,...,7,),
a linear variety of dimension n —r — 1.

(d) Let Q' = V(22 + -+ 2% 211, .-, 1) C V(Trsr,...,2,) = P, For any
A= (ag,...,a,,0,...,0) € Q@ and B = (0,...,0,b.41,...,b,) € Z, every
point C' on the line AB can be written as (sao, .. ., Sa,, tby41, ..., tb,), then

(sag)* + -+ (sa,)? =s*(ag +---+a?) =0 = C€Q,

so the cone of Q" and Z is contianed in Q. For any point C' = (¢, ...,c,) €
Q, if at least one of c¢y,..., ¢, is not 0, then C lies on the line jointing
(co,.-.,¢r,0,...,0) € @ and (0,...,0,0.,4,...,0),) € Z, where (t).,,,...,tb,) =

rvn
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(br41,...,b,) for some t such that (b, ,...,b,) # (0,...,0). If all of
Coy ..., ¢ is 0, then C lies on the line jointing (1,7,0,...,0) € @ and
(0,...,0,¢41,...,0,) € Z.

Exercise 13 (by Zi-Li).

We can assume the variety X is affine, let R be the integral closure of A(X) in
its quotient field. By 3.9A, R = Zle A(X) f;, we may assume f; = g;/F.Then,
X — Z(F) is nonempty and every points of X — Z(F') is normal because 1/F € Op
for every P € X —Z(F'). Besides, if P is a normal point, write f; = a;/B, B(P) # 0,
then P € X — Z(B) and every points of X — Z(B) are normal points. Hence,
non-normal points of a variety form a proper closed set.

Exercise 14 (by Shi-Xin).

(a)

Suppose P € Y = Z(f) and Q € Z = Z(g) are analytically isomorphic. By
suitable change of variables, we can assume P = @ = (0,0) and write

f = fs + h-O-t-,g =0+ h.o.t.

where f5, g; € k[z,y| are the homogeneous polynomials of minimal degree s, ¢
in f, g respectively. WLOG, assume y is not their common tangent direction.
Denote L = Z(y). Since k[[z,y]l/(f) = k[[z,y]]/(9), we have

k([]]/(z®) = E[[=]]/(f(2,0)) = k[[z,y]]/(f, L) = k[[z,y]]/(g, L) = k[[«]]/(z")
Then it forces s = t, and hence up(Y) =s =1t = po(2).

Consider the same process in the textbook. The idea is that for any k& > r,
find gi_¢, hi_s such that

k—t—1

fie = gshi—s + gihe + Y gili

i=s+1

when all the other terms are known. Then it suffices to show that for
any homogeneous f of degree k > r, there are homogeneous polynomials
Gk—t, hx—s of degree k —t, k — s respectively such that

J = gshi—s + gr—tlu.
Write gs = y°g(z), hy = ytﬁ(z), f= ykf(z) where z = x/y and §,h, f € k[z].
Let m = deg g,n = deg h and consider the linear map
¢ : Py X Py — P,y defined by ¢(A, B) = A+ hB
where P, denote the polynomial in z of degree less than n.

Since 0 = deg(ged(g, h)) = m +n —rank(¢), ¢ is surjective, and hence there
are A, B such that §A +hB = f. Just let gy, = y*'B, hj_s = y* A.
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(¢) (i) (2-fold) According to b, we may write f = fi fo with two distinct linear
factors f1, fo. Then there is an automorphism of k[[x, y|] sending f1, f2
to x,y respectively. It induces an isomorphism

kllz, yll/ | = Kllz, yll/ (zy).

Thus every ordinary 2-fold point is analytically isomorphic to (0,0) of
Z(zy).

(i) (3-fold) Write f = fifofs with three distinct linear factors fi, fa, f3.
Then every ordinary 3-fold point is analytically isomorphic to (0,0)
of Z(xy(x 4+ y)) by considering an automorphism of k[[z,y]] sending
f1, fo, f3 to ax, by, x + y for some a,b € k.

(iii) (4-fold) Write f = fi fof3f4 with three distinct linear factors fi, fo, f3, fa-
For the same reason, every ordinary 4-fold point is analytically isomor-
phic to (0,0) of Z(zy(x +y)(x + ay)) for some o € k by considering an
automorphism of k[[x, y]] sending fi1, fo, f3, f4 to az, by, x +y, c(x + ay)
for some a,b,c € k. Denote f, = zy(x + y)(z + ay), and consider
(0,0) in Z(f,) and (0,0) in Z(fg). If they are analytically isomor-
phic, then there is a map ¢ : k[[z,y]]/(fo) — k[[z,v]]/(fa) such that
o(z,y) = (z,y) and ¢((fa)) = (fs). It forces that o = 5. Thus there
is a one-parameter family of mutually nonisomorphic ordinary 4-fold
points.

(d) Given any f = fo + h.o.t. with fy # 0. If f, has two distinct linear factors,
according to (c)(7), it is isomorphic to an ordinary 2-fold point, which is
isomorphic to the singularity (0,0) of Z(y* = z?). Now suppose f, has
only one linear factor, by taking a suitable automorphism, we may assume
[ =v*+ygi(x,y)+ hi(z) where deg g; > 2 w.r.t . By sending y+ g1/2 to v,
we have f = y? + yga(z,y) + ho(z) where deg go > 3 w.r.t y. Continuing the
process, we can assume f = y* + yg(x,y) + h(z) where deg g is sufficiently
large. Now we refer to some results in a useful textbook !. Since the Milnor
number of f, denoted by pu, is finite, f is right (@ + 1)-determined, which
means we only need to care the part of f of degree no more than (u+ 1).
Hence by above process, f is right equivalent to 3? + h(x) for some h € k[x].
Thus f defines a singularity which is isomorphic to (0,0) of Z(y* = z").

1Greuel, G.M., Lossen, C., Shustin, E., 2007. Introduction to Singularities and Deformations,
Springer, Berlin, ch2
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6 Nonsingular Curves
Exercise 2 (by Tzu-Yang Chou).

(a) Let f:=a2*—12 — 4y Then f, = 3z* — 1.f, = 2y. However, f, f,, f, cannot
all be zero, that is, any P € Y = Z(f) is nonsingular. Also, smoothness
implies normality.

(b) x is clearly transcendental over k since if some g(z) € (f), then g = 0. Thus
k[x] is a polynomial ring. Recall that UFD is integrally closed, so it suffices
to show that A is contained in the integral closure of k[z] in K. Now, y € A
satisfies the equation —t? +2® —x and hence it is integral over k = A = k(x).

(¢) The given map o : A — A is its own inverse and hence is an automorphsim.
If a € k[z], them o(a) = a = N(a) = a® € k[z]; if a € A, then we may write
a=py+qwith p,q € k[zr] = N(a) € k[z]. N(1) =1 and N(ab) = N(a)N(b)
follows from o(1) = 1 and o(ab) = o(a)o(b).

(d) Given a € A with ab = 1 for some b € A, we have N(a)N(b) = 1, that
is, N(a) is a unit in k[z]. Again write a = py + ¢, we obtain that p(x) =
0,q(x) ek=0%#ack.

The irreducibility of z,y follows from a degree argument on N(z), N(y).
Then A(Y) is not a UFD since y? = 2° — z = x(2* — 1).

(e) If Y is rational, then Y is either P! or an open subset of A! and then A(Y)
is a UFD, which leads to a contradiction.

Exercise 3 (by Tai-Ning).
(a) Let X = P2, which is nonsingular and

v: X—-1[0,0,1] — P!
(2,9, 2] — [2,y]

cannot extend to [0, 0, 1].
(b) Let X =P Y = A'. Then,

p: X—[0,1] — Al
[z, y] — 2

cannot extend to [0, 1]. Since a morphism to A' is a regular function, but the only
regular function that can be defined on the entire P! is constant.

Exercise 4 (by Chi-Kang).
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¢ : Y — P! is a morphism is just by the Riemann mapping theorem. To show
is ia surjective with finite fibres. Note that when Y C P", a rational function is
induced by a rational function of IP", so it is in the form 5, f,q € k[xg, ..., x,], and
f, g are homogeneous with same degree. Now realize P! = A' U oo = {[a, 1]|a €
A'} U {[1,0]}. Then ¢ !(a) in P" is the set % = a, which is equal to the
hypersurface defined by f —ag. (and p~!(c0) =V (g)).

Exercise 6 (by Yi-Tsung).

b
(a)Let¢:P1—>P1,x»—>ﬂ

1 dr —b

ad — bc —cx +a’
isomorphism of P!.

, then consider ¢ : P! — P! 2 —
cx+d

Then clearly p o) = 9 o ¢ = id.pr. Hence ¢ is an

(b) By cor 6.12, giving ¢ € Aut (P') is equivalent to giving ¢’ € Aut (k(x)).
Thus Aut (P') = Aut (k(x)).

(c) For ¢ € Aut (k(x)), write p(z) = % with ged (f(z),g9(x)) = 1. For
= %, we have f(x) —yg(x) = 0. View y as a variable, then since

f—yg € k[y][z], we may write f —yg = > hi(y)z’ for some h;(y) € k[y]
i=0

m—1 . )
with deg h; < 1. Since (hy, (y) )"+ > (b (y) )" K™= (y) hy (y) = 0 and
i=0
k [y] is integrally closed, we see that h,, (y) xz € k[y]. Say h,, (y)z =a(y) €
m—1 .
klyl. Now a(y)™ + Y a(y) k1 (y)h; (y) = 0. If deg(a) > 2, since
i=0
m—1 . )
deg ( ST a(y) R (y) by (y)) is at most | Jnax. {m —i+ideg(a)} =

1=0
1 4+ (m — 1)deg(a), then we must have mdeg(a) < 1+ (m — 1)deg(a),

which is a contradiction. Hence deg(a) < 1. Now z = ha 3(/> with
m \Y
deg (a),deg (h,,) < 1, by part (a), y = ¢ (z) is a fractional linear trans-

formation. Thus PGL(1) = Aut (k (x)), and thus PGL(1) = AutP'.

Exercise 7 (by Jung-Tao).

Denote P, = Qg1 = 00, the map from P'—{P;, ..., P, 1} to P'—{Q1, ..., Qr 11}
be ¢, and its inverse map ¢~ !.

All but finite point in P! is a nonsingular quasi-projective curve, and is an
abstract nonsingular curve, so we can extend ¢ (r 4+ 1)-times to get a morphism
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¢ from P! to itself, similarly we can extend ¢j1 to ¢~ 1, then ¢o—! is identity at
all but finite point, which is an open set. So ¢ is an isomorphism and ¢~ is its
inverse, that means ¢ sends { Py, ..., P41} points to {Q1, ..., Qs11} bijectively, and
r+1l=s+4+1, r=s.

Note that from 6.6, every automorphism of P! is of the form z +

cx+d’
in most of the cases, three points will determine the map, and if we choose

the point arbitrarily, there won’t be a map intuitively. To prove it directly, we
want to determine the condition when three points identify an automorphism.
Suppose f(z1) = —y1, f(x2) = —ya, f(x3) = —y3, where x;’s and y;’s are different
respectively, we will get b + x;a + z;y;,¢ + y;d = 0, consider the row [z;, i, T;yi],
if x; = y; = oo, it becomes [0, 0, 1]
if x; = 0o # y;, it becomes [1, 0, y;]
if x; # 0o = y;, it becomes [0, 1, z;]
if 2, y; # oo, it is simply [z, yi, 2:v;]
Notice that even if we force one of the x;’s and y;’s to be oo, the determinant
of the matrix determined by three rows [x;, y;, z;y;] is not a zero polynomial.
Denote x1 = y; = 00, pick w9, 3, x4, Y2, ys as indeterminate, enumerate the
bijections from three of the {xy,...,z4} to {y1,...,ys}, every such bijection deter-
mines a matrix, note that all of those determinants are not zero polynomial, so
the product of them is not a zero polynomial, and we can find xs, x3, 24, Y2, y3 s.t.
the product of the determinants is not zero, that means all of the bijections from
three of the {1, ..., x4} to {y1,...,y3} determines an unique automorphism, and in
any situation, f(the left one) is determined, and we just choose y, to avoid those
finite possibilities.
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7 Intersections in Projective Spaces
Exercise 1 (by Yu-Ting).

(a) Denote impy by Y.

= —'a:" + lower degree terms.
n!

Py (z) = Ppa(dz) = <d$ + n> dn

n

Then degY = d".

(b) Denote the image of segre embbeding by Y. dimY =1r + s.

T T rlsl

r+s
Py () = Ppr(x) - Pps(x) = (x - r) : (x * S> = 4 lower degree terms.

Then degY = (rte)t (Hs).

rls! r

Exercise 2 (by Yu-Ting).

(2) pa(P") = (=1)"(Pes(0) = 1) = (=1)" ((",") = 1) = 0.

(b) Let Y = Z(f), where n = 2. The exact sequence 0 — S(—d) 5s =
S/(f) = 0 implies pg/(5)(1) = @s() — s(l — d) = ('3}?) = ("74"?). Then
oY) = (D' (Py(0) = 1) = = ((3) = (3) = 1) = 3(d = 1)(d - 2).

(c) Let H = Z(f). Similar to (b), we have g, (1) = (*") = ("4*"). Then
pa(H) = (=1 () = () = 1) = 0" (9 = ().

(d) Suppose Y = H; N Hy, where H; and H, are of degree a and b respectively.
Let Hy = A(f) and H; = Z(g). Consider the following short exact sequence:

0—5/(fg9) = S/(f) ®5/(9) = S/(f,9)
Then s/(1.9)() = es/n(1) + s/ = w5y = ((57) = (757)) +

((57) = (57) = ((3) = (7577))- 3

o o ( 3
Hence, p,(Y) = (-1) ( (3;‘1) — (3?’) + (3734))) =labla+b—4)+1.

(@) wyxz(l) = @y(l) - pz(1). pa(Y x Z) = (1) (Py(0) - Pz(0) — 1) =
pa(Y)pa(Z) + (_1)8pa(y> + (_1)Tpa<Z)'

Exercise 3 (by Shuang-Yen).
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Let Y = V(f) and let P = (bo, b1,b2) € Y. Let g = apzo + ayx1 + asxs and
L =V(g) be a line pass through P, then

S L) =Keoaaa] /1, ) = oo, 2al/ (o) /7).
Since one of ag, a1, as is not 0, say ag # 0, then k[zg, x1, x2]/(g) = k[z1, 22] and

f factors into linear functions {h;},, where d = degf. By Chinese remainder
theorem,

S(YNL) IIkMJa/
- Z(YV, L; P) = #{l | hi(bl,bz) = }

Note that f has a multiple root at (a1, 25) = (b1, by) if and only if

0
(b1,b2) = af (b1, b2) = 0.
T
Since .
flay,20) = f (—a—(alxl + a2x2),x1,$2) , fbi,bo) = f(P).
0
Also,
of ap of of of as Of af
a 1(b1>62) aoaxo P +8$1(P)’ ax2<b17b2> Cloal'o< )+ax2( )
So both of the derivatives equal to zero is equivalent to
o |of of of
awsarial = | 5e). 2Ly 5 )

Hence the unique line Tp(Y') is

V (Gt g P+ G,

So the map
or . of
P |5 gL 3L )

is a morphism from Reg Y to (P?)* since df/0x;’s are polynomials.

Exercise 4 (by Pei-Hsuan).
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If a line is not tangent to Y and doesn’t pass through any singular point of YV,
then by Bezout’s Theorem, it must have exactly d intersection with Y. So our goal
is to show that the tangent lines and the lines pass through the singular points
are contained in a proper closed subset of (P?)*.

By exercise 1.7.3, the tangent lines of Y is contained in Y* which is proper.
Also, we have the following fact:

1 =dimY > dim Sing Y.

Thus, dim Sing Y = 0 which means Sing Y has only finitely many point. For each
singular point p, {Lines pass through p} = P!
Thus, U = (P?*)* \ (Y* U {Lines pass through Sing Y'} is what we require.

Exercise 6 (by Shi-Xin).

(=) By Prop.7.6(b) in textbook, Y is irreducible. Assume dimY = 1 first,
and let P, be two distinct points in Y. Consider H is a hyperplane containing
P,Q. Then if Y ¢ H, every irreducible component of Y N H has dimension 0.
Also, by Thm?7.7, deg(Y N H) = 1. It follows that Y N H is a point, which leads
to a contradiction since P,) € Y N H. Therefore, Y is contained in any such
hyperplane, and hence it must be a linear variety.

Now, assume dimY = r. By induction hypothesis, for any hyperplane H
doesn’t contain Y, we have Y N H is a linear variety of dimension » — 1. Note
that for any two distinct points P, in Y, we can choose several hyperplanes
which doesn’t contain Y such that their intersection is the line PQ. It follows that
Y N PQ is linear for any P # Q € Y. Thus f must be a linear variety.

(<) Since Y is a linear variety, Y is the intersection of some hyperplanes. Note
that every hyperplane has degree 1. Thus by Thm?7.7, it forces degY = 1.

Exercise 7 (by Chi-Kang).

(a) X is an algebraic set by the definition, to show X is irreducible, suppose
X = X;UX5 be union of closed subsets. Then for any ) € Y, PQ is an irreducible
variety, so P() C X; for some 1.
Let V; :={Q € Y|PQ C X;}, then Y = Y] U Y5, since Y is irreducible, some Y; is
equal to Y, say Y7, then we have X; D UPQ, since X is closed, we have X; = X,
so X is irreducible.

To show dimX= r+1, since Y is a proper closed subset of X, we have dimX >r.
And for each PQ, there is an isomorphism ¢g : P* — PQ s,t, ¢g(0) = P, ¢g(1) = Q.
Now we consider the map

0 Y xP' 5 X

[Q, 2] = ¢q(2)
[P, z] — P.
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Then we have r + 1 =dimY x P! > dim(imp)=dimUPQ=dimX, so we conclude
r <dimX <r+1, hence dimX=r+1.

(b) For convinience to apply induction on zero dimensional case we remove the

condition Y is irreducible. When r = 0 we have deg} is the number of the points
of Y, snd X is a union of degY'-1 lines, so degX <degY.
Suppose the concequence holds for dimY < r, then for dimY=r, let H b a
hyperplane s,t, P € H, Y 2 H, and the intersection multiplicity of H and X,Y
of all irreducible component is 1. Then by thm7.7 we have degY=degH NY,
degX—=degH N X. Since P € H we have H N X = UgeunyPQ. So by the
induction hypothesis we have degY N H > deg X N H, so degY >degX.

Exercise 8 (by Chi-Kang).

Applying the construction of exercise7.7, we have X is a variety of dimension
r+1 with degX < 2. So by exercise7.6 we have X is a linear variety i,e, X = P!
and it is obviously Y C X.

40



	Affine Varieties
	Projective Varieties
	Morphisms
	Rational maps
	Nonsingular Varieties
	Nonsingular Curves
	Intersections in Projective Spaces

