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+(X.5) - SWIX .M
.

Def
.
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.
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Toa = roUaon -> spin' connection ↑ on Wp = We Ep.A

Dirac operator Dp : (
*

/WTOEp) + CS/W' * Ep)

Define IND = (erDp-cokerD) + K(T) (well-defined by Fredholm theory)1 p+ T

A-S index theorem (for family

=> ch(SND) = Sx ch(2") - # (x) ~ch(s) = H
*

1T . 4)↑
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.
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.
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·
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++z
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Prop . (i) (n regular) & Mr (X . iR)

open ,
dense

wrt CO top.

() Eyo reg , pao , Asso St Eyele with lly golly"
=>

7
is reg. (M*
/.Tip is smooth with expected dim /Li -2x-31))

pf of wall crossing formula assuming this prop.
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W
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* IP n13 . 0. 4/lox : T Ital + 112-MalEn + 1012
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+
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↓
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* /) /Ex
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↑
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Then 1TDA
+
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. 8. 4) - Dat
+

(3 . 8 .4//lo
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+
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So Mg(1gzi) is a pet med with boundary Miya)-MIg .s)- Mgl.

Ms(y) = (A ,
g .
t] + &((y+3) (IET = 53/Go

Lemma . Mg(y) is cobondant to Mil-S . E)/ACY , DAE0 , NE : /go
pf += + itw

, in] = 1 E)
, in

F - F [md
+ 102+= H

*+@Emdt by Hodge theory
d+
(A-A0) = o

So SW-eq ↳ I f + y = (id- +
+ ) u+1)*)0)

Dat = 0 d* (A-A) = 0

Mg(y) ~ Mglp is now given by MSC) == sol
,
of I fA + y

= s (id-

+)r+ ((E)0)

DAE = 0

IIE11" = G A

Now
,
wix .n) = S c

,
(b)

d
= S Ih&

M(g)
-

M(n-al Mo
"

"
=S,

4 d = indbaa

Lemma
. Let D : E -> F be a complex Fredholm operator/cpt In-dim mfd M.

$Suppose Dl : E + F is transversal to the zeno section.
SE &

sphere bundle

Then Su,
PLld : Scul-INDD) , L : tautological line budo

↓
where M(D) = ((x .3) < SE/Dx3 : 03/ 1 = PE

,

d = indDx + n- 140



pf .
Take E

,
=E fin codim . sit Day is inj . E : E E

F = DE
, If also for code -> F = F. F ,

- D = Goo Do (I Dil

After a perturbation , may assume Poolsto & Olseo in Fo

- D'IsE OlgEmF
ii

Boot Di = E + F

Take Kt " E - F St Ke.x is a pet operator Ft . X
,
and

& = 0
. K = Do : E + Fo

since Di is bij
I

- cobordism MID]eMID') ~ McDoo)

So
may

assume E
, F are fin ·

dim bundles,

Choose& sections y .. -- 4d CPEY st D' = Do y , 0--04 :* -> F&
11

rkE-rkF +n - 1
has

reg. crossings.

~ D" : Ede' - Face
may assure s--so are le indep

1) SI

So.S , --- Sp qN
+ ~ I' = s , - - su) FocEl

~ S(()" = #MID") = (5nF/F) =SafM(D)

- Sucn(FE) : (i <n)-IND (D) 1

S w .
n =Su,
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Def
.

A ruled surface is a pet smooth mfd X - S with DIP' fiber.
↑

Riemann surface

A symplectic 4-fold X is minimal if SCX with self intersection (ixts])"--1.
↑

symplectic sub

Thm
. (Tambes) Let E- X be a x l.

b
· with SWTX

. Mel * 0·

Then ECEX represents (IE).

↑

symplectic sub

Every conn . comp.

CidC satisfies K . C :
< g((: ) -1-(

·

(*)

Sketch of pf of # :

Adjunction formula - 29() - 2 sc + K : 2
,

do M(X ,
[Ci)) = <i - K- 2: >0

5) C
(t)+ (-k()29 (t(-)

2 2

Cor
.

Let E
,
E' - X be x lb's with SWIX

. PE) ,
SW

+
(X , Yell O

.

Then E . E' Yo
. (So ,

if b+ 32
,
then R** 0

g((i) - 1 = C
pf Write CIE) : [[Ci]

,

<
, (E) : &TC ! ]

,

with S g(() - 1 = (2 !)
f

f

X min .
= C :

240
. 16530 .

So Ci ·Cj, Vi
.j .

= E - E = [C ·20 A
i

.j

This
.

Let X be a minimal symplectic 4-fold with K*0
·

Then X is a ruled surface.

1 = b+
= 1 by Cor)

Thm
. (McDuff) If ES-CEX with self-intersection number iCJ O

,

ten X is rational or ruled.



Lemma
.
If Elb

.
E + X It SW+X

. PE) +O
,
E + K. E CO.

then X is national or ruled.

pf By Taube's thm , GCET : [[Ci].
i

Adjunction - 2g((:) - 2 = (i + k - Ci
#

E-Ci

=> [12g(2) - 2) = 1E +k) · E <O - Ci * &" for some i.
i

K .C 0
,
X minimal - C30 - X rat

.
or ruled by the thi. A

Since KCO
, this shows that SW

+
(X , Tp) = SWIX ·↑can) = 0.

for
any etHiCX .4)

,
let whe + * /Sx -11 2ei)" ,

k+*
-> wIX , PE) if C

,
(E) -e

- will = SW
+

(X
· Yan) = 1

.

↓
a line (ab = H = ar

,
6% ab = 0 + a //b since bt = - 1)

Consider the Set I := H'(X
, 2) vH'(X .

2) = HX
.EG)

,

which contains nontorsion elements (by w10) + 0) When K + 0·

Claim .
= a H2(X

.E] set

(i) a" = 0
,
Kaco

,
(ii) du MCXNpk-ga) 40 - wipk-gal 0·

(pk-ga)
2

- 12 · (pk-ga) = (p2-p)k"+ g(2p - 1) (k - a)

If K =0 , then (ii) is always true and (i) is easy.

If KIP
, take aelt - 1 na = 0

,
a"o by the sublema above

↓

Then w(pK-gal-S
+
(x-12pk)"sl-2ptme to

-

↓ 1

K-a 0 = may assure K : a < O



Now
, wel = SW

+ (X
. Te) + (1) SW+

IX .Twel to > SWY(X
.Pe) +0

or Su
+

(X
. Tice) #o

Goal : find p .g st SWT(X
.Ve) + O

,
e + K . e < O E DONE by lemma.

11

pk-ga

AssureI such (p-g).

e = a - dimM = - K . a > 0 = w(a) + 0
,

a + k -a

=> su
+

(X
. M-a) + 0 = (k-a)+ 4 - 1k- a) = 2k

-

-3k . a < 0

Elet s = - k x0
,

+ + - k . a30
,

x +7

The condition +Kie <o
,

dim M = e - K. e 0

- sp + 2tpg-sp + tq < 0

E
2p +1

4
X

= S p g1 if pel)
-> p2 +2+ pq + sp - +q30 II

feb f(p- 1)

Since f(p) is strictly dec .

(in pl , Fg31 . El p >, 2 st the condition holds.

=> SW
+

(X .↑e) to > (K-a) . (k-e) >O by Cor.
11

(p-1)s - (p +g
-1)t

=> X 32pg-gp,
=> (p-g)(t -p)0 = q74

But paz p &



Thm
.

For X minimal symplectic ,
TFAE :

(i) X admits a positive scalar curvature metric

(ii) X admits a symplectic structure w with K. [r] < 0

(vii) X is national or ruled.

(iii) => (i) , (ii) : X = CIP2 : take Fubini-Study metric

X ruled -> take standard metic on
Fr

I DXP'
#xKP'/+i (with KIP' smail)

Thm
. Suppose (X

.
W) is a symplectic 4-fold with bt = 1.

Then SW/X
. Man) = 1

,

and YE
, SWT(X .

TE) O - E . Twic

(" ="( E = ()
Sketch of pf. Suppose SW"(X

. E) + 0

Then En(nx) = xSwew +2) ·Two MIX .N⑪

&
1 fora large.

=>E sol (B , %0 . Y2) of JB to+ 42 50 1 DAE = o

A = Acn + B eA(t) S 2 Fr
*

= YoY2

& =%other (E) @RE)
4i/FBIn - 4x + 1425- 101 I # FAcon +Fig +Y

: O (Eto

So 0 : 11840+ 212 = 11BYo + 1 fall" + 2/53240 · 427

~ 215BYolk + 11 qull" (40) oNy . 41)
for 40- * 124070N5

2lIGBYol = JE4 .40) : Ildyoll" - 0 +X · E .() + 2 +X114all2

db
*

dis 40 -2: /Fp)
w %o

+ Sx (4πX - 1y01)" - -11 %0 Yall?

↓ (ABY) oN5 , y2) saldYol +@ /I Yell
takeX large

-> ll-c)IIdYolF + 12x-E) Dyal + positive) < 8X · E . [m] >E . [W] > 0



(i) $ (ii) "positive scalar curvature - MIX . Man . 4) = P for small
n.

SW
+
(X

. Paul +0 b = 1 ad <10) = #. [W] . K so a K + 0
·

E K"Co
,

then X is ruled (ii) => (ii) Hi
que

2 KC, 0
,

then K = (K[Wgs)(wg] + 1 = K - Engt +P

A

↑

any metric g .

H (X) (otherwise K = (-* <0)

(ii) - (iii) :

May assure 1230
.

Il

2x+ 3= = 4 - 4b' + 2b+ + 2b + 3b
+

- 36 = a - 46' - b
.

~ b = 0 or 6 = 2
,

6 = 0
.

1
,

Case 1 .
6' - 0

, OX odd

· Ed . p . --Bm
ot Ox :) fi) musa .

scaling
f

K = Xa + Empi , [] = 2 + [FiBi
- X

.M odd by adjunction) 14 [s < 1)

k = X [mi = 9 m = x* 9

If X >0
.
then K . [w] = x - Emc, = Xc(5m9)

= (j) · (a
,2)

So X . -[mi = X + m - 9

Takea(E) = d = SW'(X
. c) = [SWt(X

. Tra) = 0
#

(K- 2) · [w] < O
11]

Lemma

dim MITa) = ** - K . < >0 = SWIX
. Tab 31 - X rat

,
or neled.

(2)k= = 0 1 +x = x2+k-x < 0

(3)

Case 2 . b = 0. Ox even - Ox" H or Hog

Ox = H = 1 ,
1) + K + x +y . 1m] = A+ 2 ,

X x0 even
,
as

=> (1). (2)
. (3)

&x = Hf-g => K = X+

Mp + [rifi .

X
.M . U

,
even =0 = XMCO .

[w) = x+ 28 + [8jUj (5> E30
.



(5 V: 6j <U:Uj)" = (K-xa+p(
:
kn]-a-gp)

= (2xm) · (2a) < (a(x) + (u))"

So k . () = x2 + M + 2V0 ; (i) 0 - X . M Co
.

=> (K-x) · Tw) = K- in] <0
,

22 - k. a = y> 0
. a + 4. x = MCO

(l) (2) 13)

Case 3
.

b = 2
. Qx odd

12 . in] <0 -> SW(X . ↑con) = swicX .Mn) = 0 -> W0
,

=> = j
-+ with y + b2 + 0x - (1 - 1)

*
O

k = xx +Xb X0

[w] = a + &B may
assure

| a) > /

-

: w(o) = 1
, atBelt = HuH = e = NB +7)

= w(e) = S
+
Sy (2 - (1 -ze) = w(0) = 1

k = 3 = 1

Also
, (2) (k-e) · (w) = (l-a) X - 11 + 2) <0

(2) - k . e = - 2x > 0

1) e + k . e = 2x0

Case 4
.

6' : 2 . Ox even - Ox-H : ( , )
(k2 =0)

↓

k = xx X0
=

[u] = 2+

al 238

w1) = 1 => <H - Bot + w(p)
= wo) -1

Also ·
(1) (K-P) · [W] = X2 - 10

(b - k .

B = X > 0

+)b + k-p = x0
E


