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Abstract

Cohomology groups most frequently arise as obstructions to solving global analytic prob-
lems, eg. the Mittag-Leffler problem. In this article, our main purpose is to describe several
methods to reach vanishing theorems which are useful tools to eliminate cohomology groups
and have played a central role in algebraic geometry. We also



0 Introduction

Cohomology groups most frequently arise as obstructions to solving global analytic
problems, eg. the Mittag-Leffler problem. In this article, our main purpose is
to describe several methods to reach vanishing theorems which are useful tools to
eliminate cohomology groups and have played a central role in algebraic geometry.

61 is devoted to using harmonic theory and some differential geometry formalism
to prove Kodaira-Nakano vanishing theorem, which states that let X be a compact
complex manifold, the higher cohomology groups HY(X,QP(L)) = 0 for all ¢ > 0
provided that £ — X is positive and p + ¢ > dim X. The proof can be found in
[Gri78] or [Aki]. This is a generalization of the original statement of Kodaira in 1953,
which said H?(X,wy ® £) = 0 under the same assumption. Moreover, we introduce
Serre vanishing theorem by generaralizing the line bundle in Kodaira-Nakano van-
ishing theorem to arbitrary coherent sheaf, which said that H7(X, O(L*) ®@ F) =0
for all ¢ > 0 provided that p >> 0 where £L — X is a positive line bundle, and F
any coherent sheaf.

In §2, we begin with Hérmander’s L? existence theorem ([Hor]) to obtain solutions
of J-equations and introduce the multiplier ideal sheaf Z(p). Let £ — X be a
line bundle equipped with a singular hermitian metric of weight e 2%, where ¢
is a plurisubharmonic function. Then Z(p) is the sheaf of germs of holomorphic
functions f such that |f|?¢=2% is integrable. Using the L? existence theorem, we get
an acyclic resolution of O(Kx ® £) ® Z(), and see Nadel vanishing theorem [Nad]:
HI(X,O0(Kx® L) ®I(p)) =0 for all ¢ > 0. The reference of this section is §5 of
[Dem].

Instead of discussing line bundles with semipositivity conditions, we give a more
flexible notion for algebraic purpose, the notion of numerical effectivity in §3, and
show that Nadel vanishing theorem is a generalization of Kawamata-Viehweg van-

ishing theorem ([Kaw] or [Vie]): HY(X, Kx+ [D]) = 0 for ¢ > 0, provided that X is



a projective algebraic manifold, and D is a nef and big Q-divisor. We discuss also
the original (more algebraic) proof of K-V vanishing theorem by applying the con-
cept of a cyclic cover ([Esn]). This can be viewed as application of the generalization
of Kodaira vanishing theorem to de Rham log complexes.

In §4 we discuss Deligne’s theory of mixed Hodge structures([Del II] or [Del III]).
To extend classical Hodge theory on compact nonsingular manifolds, we construct
mixed Hodge structure on varieties with normal crossings and nonsingular quasi-
projective varieties. Deligne’s technique is to express the cohomology of the variety
as the abutment of a degenerate spectral sequence (E,, = E;) whose E, term is the
cohomology of some smooth projective manifold. Thus the F, term has a Hodge
structure and induces a mixed Hodge structure on the cohomology of our desired
variety(see §4, §5 in [Gri]).

In the final §5, we apply the concept of a cyclic cover Y ([Esn]) along some smooth
divisor on X where X is a quasi-projective space with dimension n. Using the De-
Rham complexes we mentioned in §4, one can correlate the cohomology groups
HP(X,Qx ® A) with the cohomology groups H*(Y\ D, C). Finally by some projec-
tion formula and topological vanishing theorem, we conclude that combining some
mixed Hodge structure on cohomology groups and the cyclic cover imply Kodaira

vanishing theorem:.

1 Kodaira-Nakano Vanishing Theorem

In this section the remarkable result, Kodaira-Nakano vanishing theorem, which
provides the most useful condition such that the higher cohomology groups are
zero, was discussed. We use the Hodge decomposition of cohomology of a Kéhler
manifold with value in a vector bundle, together with some differential geometry
formalism to give the proof of the vanishing theorem. Furthermore, we reach Serre

vanishing theorem by applying Kodaira-Nakano vanishing theorem to PV and using



Hilbert Syzygy theorem.

1.1 Harmonic theory and Kodaira-Nakano vanishing theorem

Definition 1.1 Let X be a compact complex manifold, £ a holomorphic vector
bundle on X equipped with a hermitian metric and let D = D’ 4+ 0 be the unique

metric connection compatible with the holomorphic structure on £.

a) If A, B are differential operators acting on the algebra @, ,A??(E), their graded
commutator is defined by [A, B] = AB — (—1)®BA, where a, b are the degrees
of A and B respectively.

b) If moreover, X has a hermitian metric, let A* be the adjoint operator of A and

define A4 := [A, A*] the associated Laplace operator of A.

Theorem 1.2 Hodge Decomposition Theorem (Harmonic Theory) Let X
be a compact compler manifold, £ a holomorphic vector bundle, both equipped with

hermitian metrics, then Ag is an elliptic operator. Let HP'? := ker(A; A ))
P (E

a) dimH"? < oo,

b) Define H : AP9(E) — HPI(E) to be the orthogonal projection to kerANg . Then
there exists an unique operator, the Green operator, G5 : AP9(E) — API(E),
satisfying Go(HP4(E)) = 0,0G5 = G50, and 9*G5 = Gy0* such that I =
H+ NGy on APA(E).

Remark 1.3 In the above theorem, 0 can be replaced by D’ or D.
Proof . For the proof, see [Wel].

Proposition 1.4 Basic commutation relations(Hodge-Kihler identities) Let
(X,w) be a compact Kidhler manifold and let L be the operator defined by Lu = wAu
and A = L*.Then

0%, L] =v/—-1D', [D* L] =—v/-10,



[A,0] = —/—1D", [A,D']=+-10".
Proof . For the proof, see [Gri78|. O

Proposition 1.5 Bochner-Kodaira-Nakano identity If (X, w) is a compact Kdhler
manifold, then the Laplace operators Ap and ANy acting on € -valued forms satisfying

the identity
Ag - AD’ + [\/ —19(8),A]

Moreover, given u € AP4(E), we have
[0ull® + [|0"u]|* > /)(([\/—_1@(5),/\]%@%-
This inequality is known as the Bochner-Kodaira-Nakano inequality.
Proof .
i) From Proposition 1.4, we have 9* = —/—1[A, D], hence
D5 =—V=1[0,[A, D).

Using the Jacobi Identity, we get

0,[A,D']] = [A[D, 9] +[D', [0, A]]
= [Aa @(8)] + \/__1[D17 D,*]a

and

Ny = [V=10(F),A].

ii) Given u € AP9(E), we have (D' u) = [|D'u||> + ||[D*u||*> > 0. Plug Ap =
Ny~ [vV—10(E), A] into this formula, we get

18wl + 18" ul? Z/Xq\/——l@(g),A]u,mde.



Theorem 1.6 Dolbeault Theorem For X a complex manifold, H1(X, (L)) ~
HYI(X, L).
Proof . For a proof, see [Gri78].

Theorem 1.7 Kodaira-Nakano Vanishing Theorem Let X be a compact com-
plex manifold with dimensionn. If L — X is a positive line bundle, then H1(X, QP (L) =
0 forp+q > n.

Proof . Since £ — X is positive, the associated curvature form © is a positive (1,1)-
form. Let the metric on X be the one given by w = (v/=1/27)©. By Theorem 1.2
and Theorem 1.7,

HIX, P ® L) ~HPL).
It suffices to show there are no nonzero harmonic forms of degree larger than n.
Define Let n € HP(L), O := D? = D'0+ 0D', where D is the metric connection on
L. Use Hodge Identities,

A, 0] = —V—1D"|[A, D'] = V/-10"
we get

V=1(AOn, ) = V=1(AdD'n,n)
V=1((0A — V=1D")D'n, 1)

= (D", D'n,n)

= (D'n,D'n) 20
since dn = 0 implies On = 0D'n and (0AD'n,n) = (AD'n,d*n) =0
Similarly,

V=1(0An, 1) <0.
Therefore,

V=1([A,8]n, 1) > 0.
But © = 27/y/—1L and

V=1([ABn,n) = 2n([A, L]n,n)
= 2r(n—p—q)lnll > 0.
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Thus p+q¢>n=n=0 O

Remark 1.8 Use this vanishing theorem, Kodaira has shown that: If £ is a line
bundle on a compact complex manifold, then L is positive if and only if £ is ample.

(i.e. sections of LV give an embedding into P" for large N.)

One of the most important application of Theorem 1.2 is Kodaira-Serre duality.

Definition 1.9 Let X be a compact complex manifold with dimX = n and £ a

holomorphic vector bundle, both equipped with hermitian metrics, we ca define

a) the star operator

ke 0 API(E) — ATTPRI(E)

by requiring, for n,¢ € AP1(E),

(n,v) = /Xn A xgih.

kgt APUE) — AVPI(EY)
by setting
*x(p®e) =x(p) @ 7(e),

where ¢ € A9 e € £, and 7 : £ — £* is the unique conjugate-linear isometry

such that 7(v)(w) = (w,v) for all v,w € £.

Proposition 1.10 Kodaira-Serre Duality Theorem Let X be a compact, Kihler

manifold of dimension n, £ a holomorphic vector bundle over X. Then

HU(X, QP(€)) = H™ (X, Q" P(E%)).



Proof . Observe that We have the following commutative diagram, which proves the

result immediately.

APa(E)  ZE  An-pnoa(gr)
L
Hg’q|(|5) i %g—p{'"—q(g*)
. .
Hg’q|(|g) — ng|’|"‘1(5*)
. .
HI(X, QP (€)) — H"I(X,Q"7P(E7))

O

Corollary 1.11 Let X be a compact, complex manifold, L — X a negative line
bundle, then H1(X,QP(L)) =0 for p+q < n.

Proof . Use Kodaira-Serre duality theorem to dualize Theorem 1.7. 0

Corollary 1.12 Let H = P"=! C P" the hyperplane divisor, we have H(P", O(kH) =
0 forq>1,keN.

Proof . We have

HY(P", O(kH) = HYP",Q"(kH — Kp») =0
HYP", Q" ((k+n+1)H))
0

for ¢ > 1,k € N by Theorem 1.7. 0O

1.2 Serre vanishing theorem

Theorem 1.13 Hilbert Syzygy Theorem If M is an A-module of finite type and
if
OF—>FE,1—...>FE—>E,—-M—>0

is an exact sequence of A-module where E} s are all free, then F' is also free.

Proof . For a proof, see [Kob]|, p143. m



Lemma 1.14 Let Y be a subset of X, F a sheaf of abelian groups on Y, and j :
Y — X the inclusion map. Then H'(Y,F) = H'(X, j.F) where j,.F is the extension
of F by zero outside Y.

Proof . 1f (I', d) is an injective resolution of F on Y then (j.Z', j.d) is also an injective

resolution of j,F on X. Thus
HY(Y,F) = Hy(Y, ') = Hy(X, 5.T) = H'(X, j,F).

O

The following vanishing theorem for the cohomology of arbitrary coherent sheaf

is less precise but broader in scope than theorem 1.7.

Theorem 1.15 Serre vanishing theorem Let X be a projective manifold, L — X
a positive line bundle and F any coherent sheaf, then there is an integer g > 0 such

that H1(X,O(LM) @ F) =0 for all 1 > po and ¢ > 1.

Proof . Since L is positive, there exists some py and a closed embedding 1o : X — P7
for some r such that (*(O(H)) = O(L*) where H is the hyperplane divisor on P. If
F is coherent on X, ¢, F is also coherent. By applying Lemma 1.14, we may assume
X =P" and O(L*) = O(H) in the following. We want to prove the theorem by
using descending induction on 4. For i > r, we have H'(X, O(H) ® F) = 0 since X
can be covered by r + 1 open affine spaces. Since F is coherent, we have the exact
sequence
0 —¢ —@2,0x —F—0

where m € Z, and G is a coherent sheaf by Theorem 1.13. We twist the above

formula by O(H) and get a long exact sequence
- HY(X,G®O0(H)) — H(X, 0 0x®0(H)) - H(X,F®O(H))
— HY(X,GRO(H)) —....

Note that

H'(X,0,0x ® O(H)) = &L H(X,0(H))=0
and H™Y(X,G® O(H)) = 0,



by Corollary 1.12 and induction hypothesis, thus we get H'(X, F® O(H)) =0

Corollary 1.16 Nakano vanishing theorem Let X a compact, complex manifold
and L — X a positive line bundle. Then for any holomorphic vector bundle £, there

exists . such that
HIE,OLFRE)) =0 forq>0,u> po.
Proof . This is a special case of Theorem 1.16. 0

Remark 1.17 We can also prove Theorem 1.16 by a method similar to the proof
of Theorem 1.7.

2 Nadel Vanishing Theorem

We start from the L? existence theorem and introduce the multiplier ideal sheaf Z ().
At last, we reach not only Nadel vanishing theorem, but also obtain a quantitative

nature about the solution of d-equation.

2.1 Hormander’s I? estimate

Theorem 2.1 L? existence Theorem Let (X,w) be a Kdhler manifold. Here X
is not necessarily compact, but we assume the geodesic distance 6, is complete on
X. Let € be a hermitian vector bundle of rank r over X with a positive definite
curvature operator A = Ag’fu = [vV=10(&),A,] on APIT% @ E,q > 1. Then for any
form g € L*(X,AP1T% ® ) satisfying 0g = 0 and [, < A~ g, g > dV,, < oo, there
exists f € L*(X, A\P"'T% ® &) such that Of = g and

/ |f|?aV,, < / < A7lg, g >dV,
X X

Proof . Since ¢, is complete, there exists cut-off functions ¢, with arbitrary large
support such that |di,| < 1. Tt follows that every form u € L*(X, AP4T% ® £) such

that Ou € L?,0*u € L? in the distribution sense is a limit of a sequence of smooth



forms w, with compact support such that u, — u,du, — Ou, 0" u, — 0*u in L?.

Therefore Kerd is weakly (hence strongly) closed and
L*(X,\PT; @ £) = Kerd @ (Kerd)™.

According to the decomposition, write v = vy + vy for all v € D1 ® E). Use

Cauchy-Schwartz inequality, (Kerd)t C Kerd*, and Proposition 1.5 we get

l<gu>|P=|l<gu>|?< (/ <Alg,g>de)(/ < vy, v > dVL),
X X

/ < Avnvy > dV, < [|on |2 + |00 |2 = 0w = [|0v]?
X

Combining these inequalities, we have
| <ouv>IP<(f <agg>av)ou?
X

for every smooth (p, ¢)-form v with compact support. Define T : 9*(DP?® £) — C,
w = 0v < v,g>. T is a well-defined continuous linear functional on the range of
0* with norm < ([, < A 'g,g > dV,,)"/?. By Hahn-Banach theorem, there exists
some f € L*(X,A\P'T ® £) with [|f[| < [, < A7'g,g > dV, for every v such that
< v, >=< Ov, f > for every v, hence 0f = ¢ in the distribution sense. 0

We want to show that L? existence theorem can be applied to fairly general

manifolds,e.g. weakly pseudoconvex manifolds.

Definition 2.2 A function u : {2 — [—00, +00[ defined on an open subset 2 C C*

is said to be plurisubharmonic (psh for short ) if
a) w is upper semicontinuous;

b) for every complex line L C C*, u is subharmonic on Q@ N L (i.e. for all
onL

a € Q and £ € C" with [£| < d(a,0?), the function u satisfies the mean value
inequality u(a) < 2 [*"u(a + &eV=10)do

The set of psh functions on €2 is denoted by Psh((2)

10



Definition 2.3 1) is said to be an exhaustion function if for every ¢ < 0 the sublevel

set X, = {z € X : ¢(z) < ¢} is relatively compact.

Definition 2.4 We say that a complex manifold X is weakly pseudoconvex if there

exists a smooth psh exhaustion function ¢ on X.

Theorem 2.5 Let (X,w) be a Kdhler manifold, dimX = n. Assume X is weakly
pseudoconvez. Let L be a hermitian line bundle and let vi(z) < ... < v,(x) be the
curvature eigenvalues(i.e. the eigenvalues of /—10(L) with respect to the metric w)
at x. Assume that the curvature is positive (i.e. v3 > 0 everywhere). Then for any
form g € L*(X,A\PT% ® L) satisfying dg = 0 and [ (7 + ...+ 7g) g[?dV., < oo,
there exists f € L*(X,AP4'T% ® €) such that Of = g and

/ FPaV, < / (44 9) g PV
X X

Proof . We first show that every weakly pseudoconvex Kéahler manifold carries a

complete Kédhler metric : let 1» > 0 be a psh exhaustion function and set
we = w + 6/ —1009* = w + 2v/—1e(v A + O A Op).

Then each w, defines a Kéhler metric on X with |dy|,, < 1/e and [ (x) — ¢(y)| <
€ 0, (z,y). It follows that the geodesic balls are relative compact, hence 4, is
complete for every € > 0. Apply Theorem 2.1 to each ¢,, and pass to the limit.
Since (Au,u) > (71 + ...+ 7g)|u?], we have (A tu,u) < (y1+...+7,) 'lul? hence

/ |f|2de < / (m+...+ yq)_1|g|2de.
X X

O

An important observation is that Theorem 2.5 still applies when the metric on &

is singular with positive curvature in the sense of currents.

Definition 2.6 A singular metric on a line bundle £ is a metric which is defined in

any trivilization § : £| = U x C by
U
€]l = 18,z e Ug e L,

11



where ¢ € L},.(U) is an arbitrary function, called the weight of the metric with

respect to the trivialization 6.

Corollary 2.7 Let (X,w) be a Kdhler manifold, dimX = n. Assume X is weakly
pseudoconvex. Let £ be a holomorphic line bundle equipped with a singular metric

whose local weight are denoted by ¢ € Li,.. Suppose that /—10(E) = 2¢/—100¢ >

ew for some € > 0. Then for any form g € L*(X,APIT% ® €) satisfying 0g = 0,
there exists f € L*(X, AP4'T% ® €) such that Of = g and

1
/ F2e=2dV, < / gPe2dv,.
X qe Jx

Proof . Using convolution of psh functions by smoothing kernel, the metric can be
made smooth and the solutions for the smooth metric have limits satisfying the

desired estimates. O

2.2 Nadel’s vanishing theorem

Now we introduce the concept of multiplier ideal sheaf Z(y). The ideal Z(y) plays
an important role between analytic geometry and algebraic geometry because it
converts an analytic object into an algebraic one, and takes care of singularities in

a very efficient way.

Definition 2.8 Let ¢ be a psh function on an open subset 2 C X. Define the
multiplier ideal subsheaf Z(p) C Oq by Z(p)(U) = {f € Oq(U) : |f]?e7% is
integrable with respect to Lebesgue measure in some local coordinates near x for

every x € U}.

We see the zero variety V(Z(y)) is the set of points in a neighborhood on which

e 2% is not integrable and such points occur only if ¢ has logarithmic poles.

Definition 2.9 A psh function ¢ is said to have a logarithmic pole of coefficient ~y

12



at a point x € X if the Lelong number

v(p,x) := liminf ¢(2)
2=z log |z — x|

is nonzero and v(y, x) = 7.

Lemma 2.10 Let ¢ be a psh function on an open set €2 and let x € )

a) If v(p,z) < 1, then e 2% is integrable in a neighborhood of x; in particular,
I(So)a: — OQ,x

b) If v(p,x) > n+ s for some integer s > 0, then e™*? > Clz — z|72""% in a

neighborhood of x and Z(¢), C mssf’;cl, where mq 4 s the mazimal ideal of Oq ,

c) The zero variety V(Z(p) of Z(p) satisfies

E,(¢) CV(Z(p) C Er(p)

where E.(¢) = x € X : v(p,x) > ¢ is the c-sublevel set of Lelong numbers of

varpht.

Proof . The proofs are mostly elementary calculation and we omit them (for details,

see [Dem]). O

Lemma 2.11 Krull lemma Let R be a noetherian ring, I be an ideal of R, and
E C N be finitely-generated R-modules, then for all n > 0, there exists an n' > n
such that ENIYN C I"E.

Proof . For the proof, see [Ati].

Proposition 2.12 For any psh function ¢ on Q € X, the sheaf I(p) is a coherent
sheaf of ideal over €.

Proof . Since the result is local, we may assume that €2 is the unit ball in C*. Let F

be the set of all holomorphic functions f on  such that [, |f|?¢™*? dA < 400, then

13



the set E generates a coherent ideal sheaf J C Oq We claim: J = Z(p). J C Z(p)
is clear; in order to prove the equality, by Krull lemma we need only check that
J: +Z(p): N mf;;l = Z(p), for every integer s. Let f € Z(p), be defined in a
neighborhood V' of x and let 6 be a cut-off function with support in V' such that
# =1 in a neighborhood of z. We solve the equation du = g := 9(6f) by Theorem
2.1, where F'is the trivial line bundle €2 x C equipped with the strictly psh weight

@(2) = ¢(2) + (n+ s)log |z — z| + |2]*.

We get a solution u such that [, |u|?e 2|z — 2| 2" "9)d\ < oo, thus F = 0f — u is
holomorphic, F' € E and f, — F, = uy; € Z(p); N mf;’xl m
The multiplier ideal sheaves are functorial with respect to direct images of sheaves

by modifications.

Proposition 2.13 Let pn: X' — X be a modification of nonsingular complex mani-
folds (i.e. a proper generically 1 : 1 holomorphic map), and let v be a psh function
on X. Then

1 (O(Kx1) @ Z(p o 1)) = O(Kx1) @ Z(¢p)

Proof .Let n= dimX= dimX' and let S C X be an analytic subset such that
p: X'\S" — X\S is a biholomorphism. Recall that O(Kx) ® Z(i) is the sheaf of
holomorphic n-forms f on open sets U C X such that\/—lnzf A fe 22 in L} (U).

loc
2 (U), we may even consider f

loc

Since ¢ is locally bounded from above and f € L
as a form defined only on U\S, then use Hartogs’ extension theorem to extend f

through S. The change of variable formula yields
Jrnere = [ VAT e
U nU)
hence f € T(U,O(Kx) ® Z(¢)) iff p*f € T( 1 (U), O(Kx1) @ Z(p 0 ) O

Definition 2.14 A psh function u € Psh(X) will be said to have analytic singu-

14



larities if u can be written locally as

(0%
u = 5 10g(|f1|2 4+ ...+ |fN|2) + v,

where o € Ry, v is a locally bounded function and the f; are holomorphic functions.
If X is algebraic, we say u has algebraic singularities if u can be written as above

on sufficiently small Zariski open sets, with o € Q4 and f; algebraic.

Remark 2.15 In some special cases, we can explicitly express Z(yp). Consider
that ¢ has the form ¢ = ) «;log|g;| where D; = gj_l(O) are nonsingular irre-
ducible divisors with normal crossings, then Z(y) is the sheaf of function h such
that |h|? ] ]g;|72% is locally integrable. Since locally g; can be taken to be coordi-
nate functions from a local coordinate system (z,...,z,), the condition is that h
is divisible by []|g;|™ where m; — a; > —1 for each j, i.e. m; > |a;|(integer).
Hence
I(p) = O(=|D]) = O(= ) _|a;] D))

In general, consider the analytic singularities ¢ ~ $log(|fi|> + ... + |fn|?) near
the poles. We may assume that the (f;) are generators of the integrally closed
ideal sheaf J = J(¢/«), defined as the sheaf of holomorphic functions h such that
|h| < Cexp(p/a). First, one computes a smooth modification p : X — X of
X such that p*J is an invertible sheaf O(—D) associated with a normal crossing
divisor D = ) A\;jD;, where (D;) are the components of the exceptional divisor of
X (take the blow-up X'’ of X with respect to the ideal J so that the pull-back of J
to X' becomes an invertible sheaf O(—D’), then blow up again by[Hir64] to make
X’ smooth and D" have normal crossings). Now, we have K = p*Kyx + R where
R =" p,;D; is the zero divisor of the Jacobian function J,, of the blow-up map. By
Theorem 2.12, we get

I(p) = s (O(K 5 — " Kx) @ Z(p o p)) = pe (O(R) @ Z(p o 1)) -

15



Now, (f; o pu) are generators of the ideal O(—D), hence

popu~a) Aloglgl

where g; are local generators of O(—D;). Thus we are reduced to computing multi-
plier ideal sheaves in the case where the poles are given by a Q-divisor with normal

crossings Y aA;D;. We obtain Z(p o ) = O(—)_|aA;|D;), hence

Z(¢) = 1.05 (Y _(os — LaX)D; ).

We conclude this section with Nadel vanishing theorem which might be the most

central results of analytic and algebraic geometry.

Theorem 2.16 Nadel Vanishing Theorem Let (X,)) be a Kdhler weakly psu-
doconvex manifold, and let L be a holomorphic line bundle over X equipped with a
singular hermitian metric h of weight p. Assume that /—10,(L) > ew foe some

continuous positive function € on X.Then
HI(X,O0(Kx ®L)®Z(h)) =0 forallg>1

Proof .Let L := A7) ® L be the sheaf of germs of (n, ¢)-forms u with values in £
h
and with measurable coefficients such that both |u|?e~2¢ and |du|?e~2% are locally

integrable.
0 OKx@L)®L(h) SN LINY LS. -0
h h

Then by Corollary 2.7, we get (£, ) is a resolution of the sheaf O(Ky ® L). Since
each sheaf L£? is a C*-module, £ is an acyclic resolution. Let % be a smooth
psh exhaustion function on X and apply Corollary 2.7 globally on X, with the
original metric on £ multiplied by the factor eX°¥, where y is a convex increasing
function of arbitrary fast growth at infinity. This factor is to ensure the conver-
gence of the integral at infinity. Therefore, we conclude that HY(I'(X,£)) = 0 (i.e.
HIY(X,0(Kx ® L) ®Z(h)) =0) for all ¢ > 1. O
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3 Kawamata-Viehweg Vanishing Theorem

3.1 A proof as a special case of Nadel vanishing theorem

In this section, we claim that Nadel vanishing theorem can be seen as a generalization
of Kawamata-Viehweg vanishing theorem. First we introduce a more flexible notion

suitable for algebraic purposes, the notion of numerical effectivity.

Definition 3.1 A holomorphic line bundle £ over a projective manifold X is said
to be numerically effective (nef for short), if £-C = [, ¢ (£) > 0 for every curve
ccX

Lemma 3.2 Nakai-Moishezon ampleness criterion A line bundle L is ample

if and only of LP Y = fc c1(L)? > 0 for every p-dimensional subvariety.

Proof . For a proof, see [Har].

Proposition 3.3 Let L be a line bundle on a projective algebraic manifold X, on
which an ample line bundle A and a hermitian metric w are given. The following

properties are equivalent:
a) L is nef;
b) For any integer k > 1, the line bundle LF @ A is ample;
c) for every e > 0, there is a smooth metric h, on L such that /=10y, (L) > —ew.

Proof .a) = b) If L is nef and A is ample then clearly £* ® A satisfies the Nakai-
Moishezon criterion, hence £* @ A is ample.

b) = c¢) Statement c) is independent of the choice of the hermitian metric, so we
may select a metric hy on A with positive curvature and set w = /—10(A). If
LF ® A is ample, the bundle has a metric hgrgq of positive curvature, then the

metric he = (hergpa @ hy')Y* has the curvature
1 1
V—-10(L) = E(\/—IG(E’“ @A) —V-10(A)) > —E\/—1®(A);
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we can make the negative part smaller than ew by taking k large enough.
¢) = a) Under hypothesis c), we get £-C = [, g@hE(L) > —e27 [, w for every
curve C and every € > 0, hence £-C > 0 and L is nef. 0

Definition 3.4 If £ is a line bundle, the Kodaira-litaka dimension x(L) is the

supremum of the rank of the canonical maps for m > 1

o, X\B, — P(V}),
T — H, = {0 €V, :0(x) =0},

with V,,, = H°(X, £™) and B,, = Nyev,,0(0) = base locus of V,,,. In case V,,, = {0}
for all m > 1, we set k(L) = —oo. A line bundle is said to be big if k(L) = dim X.

Lemma 3.5 Serre-Siegel lemma Let L be any line bundle on a compact complex

manifold. Then we have
KX, L™) < O(m* X)) for m > 1,
and k(L) is the smallest constant for which this estimate holds

Proof . The proof is a rather elementary consequence of Schwartz lemma, and we

omit it.

Proposition 3.6 Let X be a projective algebraic variety, L a nef line bundle, and

E an arbitrary holomorphic vector bundle. Then
hi(X,0(E ® L") = O(k"™%) for all ¢ > 0, as k — +o0

Proof . We proceed by induction on n = dim X. If n = 1, the result follows by
using Rieman-Roch Theorem. Since L is nef, there exists some kq such that for each
k > ko, we can find a ample divisor A such that H/(X, O(€ ® L ® O(A)) = 0 for
all ¢ > 1 by Corollary 1.16. Let A = O(A). The exact sequence

0— OL") = 0(LF®A) - 0Lk A) L0
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twisted by O(€) implies
HYX,0(®LF) ~ H™ (A, 04 @ (LF @ A)|a)),
and we easily conclude by induction since dimA =n — 1. O

Proposition 3.7 Let (X,w) be a compact Kihler manifold. Then k(L) = dim X =
there exists € > 0, h (possibly singular) metric on L such that /—10,(L) > ew.

Proof .1f k(L) = n, then h°(X, kL) > ck" for k > ko and ¢ > 0 by Lemma 3.5. Fix

a nonsingular ample divisor A on X. The exact cohomology sequence
0— HY(X,LF® O(—A)) — H(X, L£F) — H°(A, £F|4)

where h°(A, £¥|4) = O(k"!) by Lemma 3.6 shows that £*¥ ® O(—A) has nonzero
sections for k large. If D is the divisor associated to such a section, then O(LF) =
O(A + D). Select a smooth metric on A such that g@(/l) > gow for some £ > 0
and take the singular metric on O(D) with weight function ¢p = ) a;log|g;|. Then
the metric with weight ¢, = +(pa + ¢p) on L yields

o) = 1 (Yo + D)) 2 o/

O
Proposition 3.8 If L is nef, then L is big (i.e. k(L) = n) if and only if L™ > 0.
Moreover, if L is nef and big, then for every § > 0, L has a singular metric h = e~ 2%
such that maz.exv(p,x) < 6 and /—10,(L) > ew for some € > 0. The metric h

can be chosen to be smooth on the complement of a fized divisor D, with logarithmic

poles along D.

Proof . (i) By Proposition 3.6 and the Riemann-Roch Theorem, we have h%(X, £F) =
(X, LF) + o(k™) = k" L™ /n! + o(k™).
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(ii) If £ is big, Proposition 3.7 shows that there is a singular metric h; on £ such

that
v—1 1 (\/—1 o
2m k27
with a positive line bundle A and an effective divisor D. Now, for every ¢ > 0, there

is a smooth metric he on £ such that %@hE(L) > —cw, where w = %@(A). The

O, (£) (A) +[D])

convex combination of metrics h. = h¥h17* is a singular metric with poles along

D which satisfies

%@hé([,) > e(w+[D]) — (1 — ke)ew > ke*w.

Its Lelong numbers are ev(D, x) and they can be made smaller than ¢ by choosing

e > 0 small. O

Definition 3.9 Let X be a projective algebraic manifold. We say a Q-divisor D on
X is big and nef if its associated line bundle O(D) is big and nef.

Definition 3.10 Given a divisor D = ) «;D; on X where D; are irreducible hy-
persurfaces. we define [ D] =} ;[a;]D;; [D] = >_;[a;|D;, where [x] is the largest
integer less than or equal to =, and [z] is the least integer greater than or equal to

x.

Theorem 3.11 Kawamata-Viehweg vanishing theorem Let X be a projective
algebraic manifold. Given D = Zj a;D; a nef and big Q-divisor with normal cross-
ings, then

HY(X,Kx +[D]) =0 forq=0

Proof . Denote L = O(D), D' = |D| — D. Since k(L) = n, by proof of Proposition
3.7, there is a singular hermitian metric on £ such that the corresponding weight

¢ro has algebraic singularities and

V—=160y(L) = 2v/—100p, > €w
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for some ¢y > 0. On the other hand, since £ is nef, there are smooth metrics given
by weights ¢, . such that %@E(ﬁ) > —ew for every € > 0, w being a Kahler metric
on X. Let opr = ajlog|g;| be the weight of the singular metric on O(D’),where
a;j € QF, g, is the generator of the ideal of D;. We define a singular metric on
O([D]) by

ooy = (L =90)pr,e + 6o+ ¢p,

with e << § << 1,6 rational. Then @o(rpy) has algebraic singularities, and by
taking ¢ small enough we find Z(¢,) = Z(pp) = Z(D'). In fact, Z(¢z) = 0 by
taking integer parts of D', and adding 0y, o does not change the integer part of the

rational numbers involved when § is small. Then

vV —185(,0(9([D]) = ((1 - 6)()0£,6 + (5\/ —18590£,0 + —185@’,3)
> (=(1 = 0)ew + deow + [D']) > Lw,

if we choose € < deyp. Applying Nadel’s theorem thus implies the desired vanishing

result for all ¢ > 1. 0O

3.2 A proof using cyclic cover

Definition 3.12 Let X be a scheme, and A be a quasi-coherent sheaf of O y-algebra.
There is an unique scheme Y, and a morphism f : Y — X, such that for every open
affine V C X, f71(V) = SpecA(V), and for every inclusion U C V, the morphism
Y U) — f~Y(V) corresponds to the restriction homomorphism A(V) — A(U).
The scheme X is called SpecA

Definition 3.13 Let X be a complex projective manifold and D an effective and
normal crossing divisor. Suppose for some line bundle £ and some integer N > 0,

we have

Let s € H°(X, L") be a section whose zero divisor is D. Then the dual section

§: L7V — Ox defines a Ox-algebra structure on A" = N 1L7% ie. A =
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oL/ where I is the sheaf generated locally by {(I) : [ local section of L7V},
Let 7' : Y’ = Specy(A') — X be the natural map, n : Y — Y’ the normalization,
and m = 7' on. We will call Y the cyclic cover obtained by taking the N-th root
out of D.

Let E =Y v,E; be an effective divisor, M and L invertible sheaves such that
for some large N > 0 such that LY = M @ O(F).

Lemma 3.14 Define L) = L{(—[LD]) = L' @ 0x(—[£D]) and A = &Y 1 (LD)?,
then 7.0y = A.

Proof . For any open subvariety Xy in X with codimy (X — Xg) > 2 and for Yy =

7~ (Xy) consider the induced morphisms

LI

Y5 Y
o \Lﬂ'
)
X5 X
Since Y is normal one has /Oy, = Oy and 7,0y = 1,1, Oy,. Note that

SpecA — X is finite and SpecA is normal. Thus 7. Oy, = A|x, and the lemma

follows since A is locally free. 0

Lemma 3.15 Let D = 7 1(D),eq, we have 7*Q% (log D) C Q% (log D), and more-
over this inclusion is an isomorphism at all points p where w is finite and p ¢

7-"71(Sing(Dred))'

Proof .1t is enough to consider the case a = 1. Since both sheaves are subsheaves

of the meromorphic differential forms having poles along D', we may check the

statement locally at p € U. We choose regular parameters x,...,z, at 7(p) of
X, such that D is defined by 2;*---z% = 0. Hence Q) (log D) is generated by
dz_z117 cee dz—z:, dzyy1,+ -, dz, over Ox.
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Since D has only transversal intersections as singularities we may choose regular

parameters wy,...,w, of p at U, such that for 7+ = 1,...,r and some units u; we
X, Mij . : : xdzi - dwj 14
have m*2z; = [[; w;” 4;. One sees immediately that 7" = 3, Mij; Ui dug is an

element of O3, (log D). If 7(p) belongs to the regular locus of D we have r = 1 and
if moreover 7 is finite, then W*dz—zll, m*dz, . .., m*dz, generates QL (log D) in U. 0
Lemma 3.16 Withm:Y — X as above, we have

.94 (log D) = Q% (log D) ® 7,0y

and

Q% C ! <Q§((log D)® £<i>‘1) ® 0.

Proof . (i)By Lemma 3.15, the former formula follows from projection formula di-

rectly. (ii) We define
Cp = @; Q" (10g(Ej N Upy;Ex)) ® QO (log(B N U, Ej))

and similarly for C'5. We have the following diagram

0 QF Q% (logD) —Cp
e T
Qll)/ S8y (log D) «Cp

Applying Lemma 3.15 to the component of D, we find that 7 is injective, and

hence the second statement follows. 0

Theorem 3.17 Let X be a regular projective variety, F an invertible sheaf with
k(F) > m and D an effective divisor with reqular components intersecting transver-
sally. Then

H°(X, % (log D) ® F~ 1) =0 for p <m.

Proof . Observe that any section of the above sheaf defines an inclusion of F as

a subsheaf of Q% (log D). Since x(F) > m, some power F” has m + 1 sections
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S0, - .., Sm such that 2—(1), s i—’g are algebraic independent rational functions. Let
m:Y — X be the morphism obtained by taking the v-th root out of one of the s;.
Lemma 3.15 gives 7*F as subsheaf of O (log D). Repeating this construction we
may assume v = 1. We denote the p-forms induced by s; under the inclusion of F
in Q% (log D) also by s;. Then ds; = 0 for i = 0,...,m and 0 = ds; = sp A d(3*).
This means that d(£),---,d(%*) span a rank m subsheaf of QL over some open
set, which sheaf annihilates F under the exterior product. This is only possible if

p = m. O

Theorem 3.18 Let notations as above. Assume that M = Ox(B) for some prime
divisor B and that D = B + E s a divisor with reqular components and transversal

intersections. If k(LD) >m fori=1,... N —1, then
HP(X, (L)1) =0 for p < m.

Proof .Let m: Y — X the cyclic cover obtained by taking n-th root out of D. Then
the symmetry of the Hodge numbers on X together with Lemma 3.14 gives

W(0x) + 3 WD) 1) = B (Oy) = K,

where hP(-) denotes the dimension of HP(-). Using Lemma 3.16 one obtains the

inequality
N-1

P(QR) < RO(%),+ 3 KOO (log D) @ L0,
i=1
Using Theorem 3.17 and the symmetry of the Hodge numbers of X, we see that
HP (X, (L)) =0, Vp < m. O
Another proof of Kawamata-Viehweg Theorem. Note that the cover Y of X has at
most rational singularity, hence the statement of Theorem 3.11 is compatible with

blowing up. Since k(O(D)) = n, we can find H ample sheaf and B normal crossing

divisor such that O(D)N = H ® O(B) for some N. Since D is nef, H ® O(D)" is
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ample for all v > 0. Replacing N by N + v, we may assume N is larger than the
multiplicities of the components of B and replacing N, £, H, B by ulN, L*, H* uB
such that # is very ample. Let H be the divisor with O(H) = and D = B + H.
Then £ = £ and thus we get H?(X,L ® O(Kx)) = 0. Note that since O(D) is
contained in O([D]), [D] is also big and nef. Replacing D by [D], we have

K?(X,Kx +[D])=0, Vp>O0.

4 Hodge Theory

For a general algebraic variety X (singular, non-compact), the singular cohomology
H*(X,C) does not admits functorial Hodge structures. However, Deligne has shown
that it always admits functorial “mixed Hodge structures”. In the following, we
discuss 2 special cases of Deligne’s results, namely for X a normal crossing variety
and for X a nonsingular quasi-projective variety.

Let K be a differential complex with differential operator D, (i.e. K is an
abelian group and D : K* — K" is a group homomorphism such that D? = 0.)

Definition 4.1 A filtered complex (FPK',d) is a decreasing sequence of subcom-

plexes

K=F'K>F'K>..D0F'K>F"K =0
The associated graded complex to a filtered complex (FPK",d) is the complex
Gri = @p>oGrPF”

where
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and the differential is the obvious ons. The filtration FPK on K also induces a
filtration on the cohomology by

Frza

FYHY(K) = o

The associated graded cohomology is
GrH (K') = @,,Gr’HI(K")

where

. FPHYK)
GrPHY(K') = FEE

Remark 4.2 For notational reasons, we sometimes extend the filtration to negative

indices by defining K, = K for p <0

Definition 4.3 A spectral sequence is a sequence {E,,d,}(r > 0) of bigraded
groups

_ D,q
Er - 69p,qZOEr

together with differentials d, : EP? — EPT0+1 2 = () such that H(E,) = E,1.
In practice, we will always have E, = E,;; = ... for r > 1y ; we call this the limit
group F, and if F, is equal to the associated graded group of some filtered group

H, then we say that the spectral sequence converges to H.

Proposition 4.4 Let K be a filtered complex. Then there exists a spectral sequence

E,. with
E(I)’:‘I = Fpr+q/Fp+1Kp+q:G7«pr+q,
EYY = HPYY(GrrK'), and
EPt = Gre(HPH(K)).

The last statement is usually written as
E, = H (K")
and we say the spectral sequence converges to H (K').
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Give a double complex K = @) ,>oK??, with differentials d : KP? — KpPthp
and § : KP4 — KP4t gatisfying d? = 0,6 = 0,dd = dd. The associated single
complex (K", D) is defined by K™ = @&, D = d + (—1)?4.

Theorem 4.5 Give a double complex K = @, ;>0KP4, there is a spectral sequence
{E,,d,} converging to the total cohomology Hp(K') such that each E, has a bigrading
with

d, : EPY — Ep-rt+latr
and

B = H(K)

B = HYH(K)

q

A (p—r+1,q+r)

EPa d;

(p,a)

=P
furthermore, the associated graded complex of the total cohomology is given by
GHp(K) = @prg=n BL (K)

Definition 4.6 Hodge structure Let Hy be a finite dimensional vector space,
containing a lattice Hz, and let H = Hg ®gr C be its complexification. A Hodge

structure of weight m consists of a direct sum decomposition
H = @,y = H??, with H?? = HP4,
To each Hodge structure of weight m, we may associate the Hodge filtration
H>...DF'>FP > FPH S 1 D0 with FP = @5, H"™ "
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Since H?? = FPAF% and FP@® F™? — H for all p, one has 1 : 1 correspondence

between Hodge structures and Hodge filtrations.

Definition 4.7 A mixed Hodge structure on H consists of two filtrations,
0Cc...CWpaaCW,, CWypy C...CH,
the weight filtration which shall be defined over QQ, and
H>..DFF'D>F P S . D0

the Hodge filtration, such that the filtration induced by the latter on Gr,,(W,) =
Wi /W1 defines a Hodge structure of weight m, for each m the induced filtration
on Gr,,(W,) is given by

FP(Gr(Wi)) = (Wi O F?) )/ (Wyey 1 EP).

Definition 4.8 A morphism between two mixed Hodge structures { , Wy, FP}, {H', W}, F}}
is a rationally defined linear map ¢ : H — H', such that o(W,,) C W) and ¢(F?) C
F'P. More generally, a rationally defined linear map ¢ : H — H' is called a mor-
phism of mixed Hodge structures of type (r,r) if o(W,,) C W}, 5., o(F?) C FP*7,

for all p and m.

Definition 4.9 Let V' be a compact, Kédhler manifold, and D C V' a smooth divisor.
Applying Poincaré duality to the homology mapping

Hy(D) = Hy(V)
induced by the inclusion D C V, one obtains the Gysin map
HY(D) - H1™(V)

Remark 4.10 Both the Poincaré duality isomorphisms and ¢ are morphisms of

Hodge structures, 7 is also a morphism of type (1, 1).

28



Proposition 4.11 Let (K',d) be a finite dimensional complex with a mized Hodge
structure, and such that the differential d is a morphism of mized Hodge structure
of type (r,r) for some r. Then the induced filtration on the cohomology determine

a mixed Hodge structure.

Lemma 4.12 If ¢ € APY(V) is a d-ezxact form, V is a compact, Kihler manifold,
then we have both ¢ = On' for some ' € AP~14 with 9 = 0; and ¢ = 0" for some
n" € API1 with On" = 0.

Proof . Use Hodge decomposition theorem and Ay = 2Ay, we know ¢ = AyGayp,
where Gy is the Green’s operator for 9 which commutes with 0. Then ¢ = 9/
where ' = 0*Gyp has type (p — 1, ¢); another case is similar. 0

Remark 4.13 The use of the above lemma comes up in the principle of two types:

no

If [p] € H™(V,C) can be represented by ¢’ € AP>¢(V), and also by ¢" € AP"4" (V)
with p’ # p”, then [p] =0

4.1 Varieties with normal crossings

According to Hironaka, a suitable modification of an arbitrary variety is a variety
with normal crossings. Thus We consider a compact analytic space V' ,which can be

realized as a union of coordinate hyperplanes
{(z1,- .y 2n41) € Cn+1|zl “Zy...2, =0}

We assume that globally V' = D; U ... U Dy, where the D are compact Kahler

manifolds meeting transversely.

Theorem 4.14 On H (V,C), there ezists a mized Hodge structure, which is functo-
rial for holomorphic mappings between compact analytic spaces satisfying the above

conditions.
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Proof .

step 1. For each index set I = (i1,...,1,) C {1,..., N}, we define

D[ = D“r\lﬂqu
Dl = U-,Dr (disjoint union)

Each DU is a compact Kihler manifold, and we can define

APA — AP(D[q})

)

where A'(D)) is the usual de Rham complex, and

d : AP — APTLY d = the exterior derivative)

by the formula (3¢)(j,._j.o1) = oy Plitromirriass) b ) Therefore {AP9,d, 6}
J1sedgt1

is a double complex.

step 2. We want to show that H,(A) = H'(V,C) There are sheaves A% on V
with ['(V, AP9) = AP and H"(V, AP9) = 0 for r > 0 (by partition of unity). Setting
A" = @4 g AP, we consider the complexes of sheaves

0 Cp A DA D A2

The usual sheaf-theoretical proof of de Rham theorem on manifolds will apply if we
can prove the Poincaré lemma for D. Let AP9(U) = ['(U, AP?),where U is a small
open neighborhood on V. By the usual d-Poincaré lemma, we have HY (A7) = 0 for
p > 0 and HY(A) = H(g-fold intersections). Thus in the spectral sequence for
{APA(U), d, 8}, EDY = AP, dy = d, B = HE(A*) = 0 for p > 0 and B> 2= ¢(3),
The dy map 6 : B> — EY"™" is given by the formula as occurs in the coboundary

operator for a simplex, and consequently

ER1 0ifp+¢>0, and
By’ C = H(U,C).

Therefore Fy = E, and we have the Poincaré lemma for D.

step 3. We define a weight filtration W,, and a Hodge filtration F? on A by

e 1l

Wn - GargnAr")
FP = @rs (r,s)-forms on D),
5>
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Consider the spectral sequence (A, d, ). We have E* := E/" = @,H™ (D) and
consequently has a Hodge structure of pure weight m induced by the above Hodge
filtration. Moreover, d, = ¢ : ET* — E7" is a morphism of pure weight m. Therefore
the B term has a Hodge structure of pure weight m. claim : Ey = E

Assume this holds, we have

HY(V,C) = Hp(A)
= EMoES V.. o EY%
= EMeEFtg. . e FEY

Thus H'(V,C) has a mixed Hodge structure.

step 4. To prove the claim, it suffices to show dy = d3 = ... = 0. Given [a] € EJ",
by decomposing this class into type, we may assume [a] is represented by a closed
C* form « which has type (7, s) with r + s = m. Since di[a] = 0, we have da = df

for some 3 € A™ 1Lt Applying lemma (), we may write
da =df b = df",

where ' has type (r,s — 1) and 8" has type (r —1,s). But [63] = [63"] in By
which has a Hodge structure of pure weight m — 1. Thus dy([a]) = 0. The proof for

d; =0, ¢ > 3 is similar. 0

Definition 4.15 Given a complex of sheaves (K, d) = {K° % K! % K2 — .. .}.

The cohomology sheaf #?(K') is the sheaf coming from the presheaf

Ker{d: KP(U) — KPTY(U)}
dKe—1(U)

Uw—

We note that essentially by definition, the cohomology sheaves H(K') = 0 for all

¢ > 0 < the Poincaré lemma holds for the complex of sheaves (K, d).

Definition 4.16 A map j : £ — K ' between complexes of sheaves is a quasi-

isomorphism if it induces an isomorphism on cohomology sheaves: j*HI(L) =

HI(K),¥q > 0.
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4.2 Mixed Hodge structure for nonsingular quasi-projective space

Let X be a smooth, quasi-projective algebraic variety over C. According to [Hir],
we may find a smooth compactification X ofX. Thus X is a smooth projective
variety on which there is a divisorD with normal crossings, such that X = X\D.
Locally D is given by {z € C" : |z;| < €,2122...2, = 0}. It will simplify matters
notationally to assume that globally D = D, U ... U Dy, where the D; are smooth

divisors meeting transversely.
Theorem 4.17 The cohomology H*(X) has a functorial mized Hodge structure.

Proof .
step 1. By a neighborhood at infinity, we will mean an open set U C X, and U is
the polycylinder |z;| < € so that U = U\U N D.

Definition 4.18 The C* log complex A'(U,log D) is the complex of C'* forms
¢ € A(U) such that z; ... 2.0 and 2 ... zpdp are C* in U.

Lemma 4.19 A'(U,log D) = A'(U){dz—zll, oo, Ly

7Zk

Definition 4.20 The C* log complex A'(X,logD) on X is the subcomplex of
A'(X) consisting of all ¢ which are in A (U, log D) for all neighborhood U at in-
finity.

To give the global description, we consider the line bundles [D;] — X and choose

sections o; € ['(X, O([D;])) with (0;) = D; and fiber metrics in [D;]. Setting

_ 1
m = 27/ —1
wi = On;

Lemma 4.21 A (X,logD) = A (X){n1,...,nx}

810g|0-i|27

Definition 4.22 On A'(X,log D) we define the weight filtration W, = W, (A" (X, log D))

to be those forms ¢ such that locally at infinity ¢ € A'(U){dz#, e d;_” boie
K

1

involves at most [ %’s.
7
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Note that the definitions of the log complex and weight filtration are local around

a point z € X. Thus we may define complexes of sheaves on X

A (log D),
W, = W (A(log D))

such that A'(X,log D) = I'(X, A (log D)) and similarly for W;. By the usual parti-

tion of unity argument, these sheaves have no higher cohomology.

Given that D = D, U...U Dy, we shall use the following notations:

I = {i,...,ix} C{1,...,N} is an index set ;
D[ == Dzlﬂﬂle,|I|:/€,
DW= 3Dy (disjoint union).
Definition 4.23 The Poincaré residue operator R* : Wyi(A'(log D)) — A ~* (D)

is defined by RF(a A %0 A A L) = o
i1 3 Dy

Lemma 4.24 a) R is well-defined and R¥(W,_,) = 0.
b) R¥! commutes with d,d, and 0.

Lemma 4.25 The induced mappings

RFL o H (Wi /Wi1) — Hy (A (D))
RF: H (Wi /Wi1) — H, F (A (D))

are 1somorphisms

Proof . It suffices to show the Poincare lemma for KerR¥l. Let 2’ = (zn41,.. ., 2a).
Given

o= 21: sodZ—ZII + 1
a representative in Wy, /Wy_; satistying dp = 0, where I C {1,..., N},  does not
involve dz;. Write 3 = v A dz + &, where § = 0(d2’,d?'). Then

91 —0fori=1,...,n.

= 821'
dp=0 = {dz/(S 0,
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an so 0 = d,# for some 0 by the usual Poincare lemma. Now by subtracting df, we

can write
dZ[
= o N—+ Y B Ndz,
where 3 = 0(dz',dz’). Again,
_ a0 = 0
dp=0 = { dao' =0
N { o= do=> YA ‘% + >, ¥" A dZp(mod exact forms),
of = do".

Therefore, subtracting d(6"” A %), we have

?I
e=Y ;T NdZI N\ ‘%, where d/7; =0
==, pi(z,27) Ndzr A ‘% mod exact forms.
Observe that d(rho(z;, 2;)dz;) = 0, and by the d-poincaré lemma, p;dz; = 9&;.
Without loss of generality, we may assume
dz
o=y 0 N—,
I I
where &;| = o since ¢ € KerR"®. Thus applying the usual Poincaré lemma gives

Dy
finally that ¢ is exact. =

step 2. It will be proved that the canonical map
H*(A(X,logD)) - H*(A (X)) ~ H* (X, C)

is an isomorphism.

Given £ a complex of sheaves on a space Y with the cohomology groups H?(Y, LF) =

0 for ¢ > 1, then we can define a spectral sequence E, with
Ept = C*(U, L7)
BV = HIU L))
0 for p #0
I'(Y,L9 forp=0
By = HITMU.L))
0 for p #0
HY(L(Y, L)) for p=0
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and F,, = Es. O

Proposition 4.26 Given two complezes of sheaves L', K" with H1(Y, LP) = HI(Y,K?) =
0 for ¢ > 0, and a morphism ¢ : L — K of complezes of sheaves such that the
induced cohomology sheaf map ¥, : H* (L) — H*(K') is an isomorphism, then the
global cohomology map

ker{T'(Y, L?) — T(Y, L))} ker{T(Y,KP) — T(V, KP*1}
dr (Y, £r-1) dr (Y, Kr1)

1s also an isomorphism.

Apply this principle to Y = X, £ = A(log D), and K = j, A (log D)), where
j X < X is the inclusion mapping. Note that T'(X, A (log D)) = A (X,log D)
and (X, j,A") = A(X). Step 2 of the proof of Theorem 4.17 consequently follows

from the following lemma.
Lemma 4.27 The induced mapping

H (A (log D)) = H'(5.L(X))
s an isomorphism.

Proof . The question is local in a neighborhood U at infinity. Let (C{dzz—ll, Ly =

’ 2k
dz; : : dz dz :
C{{7-}} be the free differential graded algebra generated by <=, ..., <& and having
differential d = 0. There is a commutative triangle
i

(U, log D)

{dZ1 . dzk
21 ? i) zk

Then we have i o u = v. Since U is homotopic to (A*)* x A" and the

cohomology on (A*)* has as basis the forms dzﬁ, where I C {1,...,k}, use Kiinneth
I
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formula, we see v, is an isomorphism on cohomology. Thus it suffices to show pu, is
an isomorphism on cohomology. There is an obvious weight filtration W;(C{{%:}})

such that ,u(VVl((C{{dzﬂ}}) C Wi (A (U, log [l]))) Consider the commutative triangle
Rl

Ulog D)) 7
Wl 1(A (U,log D U)

N/

Wi(C{{Z£}})
Wi— 1<<C{{d7 )

where 8 is the Poincaré map. we have 3 = R o o, 3, is an isomorphism on

cohomology and R is also an isomorphism by Lemma 4.25. Thus «, is also an

isomorphism on cohomology. Using induction on [, it follows

0 Wl«C{{d%

1) — Wi(Q(U, log D))
induces an isomorphism on cohomology. For [ = k, we obtain our lemma. 0O

Corollary 4.28 The residue map R¥ : W /Wi_, — A~F(DH¥) induces isomor-
phisms on both d and 0 cohomology.

step 3. On the C™ log complex A(X,log D) we have defined the weight filtration
W, and we now define the Hodge filtration by

FPA(X,log D) = &;5,A" (X, log D).

The weight and Hodge filtrations induce filtrations on the cohomology H (A (log D)) =~
H(X,C), and it is to be proved that this gives a mixed Hodge structure.

Proposition 4.29 The weight filtration W,(H (X, C)) is defined over Q.

Proof . Take a closed form ¢ € A'(X,log D), then R = 0. Conversely if R™y = 0
in cohomology, then there exists a # € A (X,log D) such that ¢ — df € W,,_;.
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Repeating this argument, we get
Wi(H (X,C)) = {p € H(X,C) : RMp=... = R =0}

where on the right side, Ry are taken in H'(D[v],C). Therefore W;(H (X, C)) is
defined over Q. O

Now consider the filtration W= = W;(A'(X,log D)) on the complex. Thus we
have the decreasing filtration ... C W= c W= C ..., and we may consider the
spectral sequence of a filtered complex. Accordingly, there is a spectral sequence
E, such that E is the associated graded complex to the filtration on H (X, C) and
B, = H*(W /W,

Lemma 4.30 The Hodge filtration FP induces Hodge structure of pure type k + [
on HF(W=L/w=H1),

Proof . The Poincaré residue operator induces
FPw=t/wtty 2 pret g (D)),
Applying Corollary 4.28, it follows
HP(W Wiy = groY(pl)y,

is a morphism of Hodge structures of type (=, —1) and H*(W~'/W_;,4) is of pure
type k + L. 0O

Lemma 4.31 The mapping di : E1 — E1 is a morphism of Hodge structures.
Proof . Using the isomorphism
E, 2 @;H*(D;) note I might be an empty set ,
we want to show d; is given by the Gysin mappings
H*(Dy,..) = H***(Dp..1)
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Given ¢ € H (W~ /W =) we may represent it by a form ¢ € W;(A (log D)) with
Rdyp = dRWyp = 0. i.e. dp € W,_;. Since d; is the coboundary map arising from

the exact sequence of complexes
0—= Wi /Wi_g = Wi /Wiy = W, /W,_y =0,

we have

dip = R Udo.

Writing ¢ = Zm:l o A, and np =, A...An;,. Then it suffices to show
> / 1 N / R Ydip A ¢
1=t Dl Dli-1]
for all closed form 1,
dp = Z(dw A+ (=11 Z 1 A wi; Anr-ij)
|I|=l J

fD[l 1] RI- ]d(P
= Z|I| lfp,\{ 5 1)7- 1d<;01/\77z AN+ (= )JHAQOI/\%]«/\T/)

= Zm sz,\{ (=1 o Ay A+ (=1 d(pr Ay A9
- ZIII—l faDl\{i.} ]_1<PI Ny N
el J
2t Jpm 1 A

by Cauchy residue formula. 0

Corollary 4.32 The weight and Hodge filtrations on A (log D) induces a mized

Hodge structure on E.

step 4. The main remaining step is to show that the spectral sequence in question
degenerates at Fy. In case D is smooth. the weight filtration is just W, C W,
and therefore Fy = E,. The crucial case is when D = D; U D,, and we shall

show dy = 0 — this will suffices to make clear how the general argument goes. Let
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a € B2 = H(Wy /W) =2 H2(D; N D,). We may assume « is a closed C®(p, q)
form on Dy N Dy. Let & be a C* extension of «a, then A" = n; A ny A & gives
a form in Wy (A (log D)) with R A" = a. Since RPldA’ = dRPIA" = 0, we have
dA" € Wi (A (log D)). If di(«) = 0, there exist forms ; On D such that

RYN(dAp, =mAda+wy Adlp, =dp
RY(dAYp, =m Ada+w Adlp, =dbs
Moreover, we may choose the [3; to have type (p+¢+1,0)+---+ (p+1,q). Setting
B = —(m A Bi+1ms A Bg) where 3; are O™ extensions of 3;. We find the relations
RP(A'+ B')

(07
RE(d(A'+ B')) = RUdA +B))=0
d(A'+ B') € Fr*2A(logD)

Then we repeat the same argument using 7, 7j>. This leads to A”.B" satisfying

R[2}(A// + B//) - a
R[Q}(d(A// + B")) — Rm(d(A” + B")) =0
d(A" + B") € F4*2A (log D)

Since deg(d(A" + B'))= deg(d(A” + B")) = p+ g + 3, the above equations say ex-
actly that docv € EY has total degree p + ¢ + 3 and is in FPT2(EJ) N F12(EY) =0

since Fy has a mixed Hodge structure. Thus dya = 0.

step 5. Given a morphism Y Lx , we may find a diagram

Y Y

ilo]r

X=X

according to Hironaka, and f* : A'(X,log D) — A'(Y,log D) commutes with the
weight and Hodge filtrations. This implies functoriality.

Remark 4.33 Given smooth completion X, X, of X, there exists a smooth com-

pletion X3 and a diagram according to [Hir].
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X3
X’l/ U\Xg
S . ¢

, thus independence of the smooth compactification follows.

Corollary 4.34 The Hodge numbers h??(H™"(X)) = 0 unless 0 < p,qg < n,n <
p+q<2n.

Corollary 4.35 Let X be a compactification of X. Then the image of H"(X) —
H™(X) is W,(H"(X))

Corollary 4.36 Let X, X be as in Theorem 4.17 and furthermore X is a Kdhler
manifold, then H*(X,C) = @pi—rHA(X,Qlog D))

Proof . By theorem 4.17, it suffices to show H}(X, A'(log D)) = @y H3(X,Q(log D)).

Consider the double complex { A", 9,0}

d d 0

A%L(log D) - Abl(log D) -Ls  A2(log D) -Ls ...
0 0 0

A% (log D) -2 AW(log D) - A2%(log D) -2 ...
0 0 0

0 Cg —» QQUogD) -5 Ql(logD) -2 Q*logD) -2 ...

we see that
EY? = Hj(H3(A™ (log D))).

Since X is compact and Kihler, Ay = Ay, we have d; = 0 and therefore

Bt = B} = Hi(AP (log D)) = H2"(A” (log D).
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Use Dolbeault Theorem for log complexes, we have
HE'(A™(log D)) = HY(X, Q% (log D)).
Hence

HE(A(logD)) = ERO+ ... + E%
= @psg=rH (X, (log D))

O
5 Mixed Hodge Structure = Kodaira Vanishing Theorem

In this section, we uses the concept of cyclic cover and the decomposition of the
cohomology of a projective space to reach the Kodaira Vanishing Theorem.
Let X projective space, D some effective divisor. Consider 7 : Y — X the cyclic

cover obtained by taking /N-th root out of D as we mentioned in §4.

Theorem 5.1 A complex analytic manifold X of complex dimension k, bianalyti-
cally embedded as a closed subset of C* has the homotopy type of a k-dimensional
CW-complez.

Proof . For the proof, see [Mil].

Corollary 5.2 If X € C" is a nonsingular affine algebraic variety in complex n-

space with real dimension 2k, then H'(X,C) = 0 for i > n.
Proof . This is trivial from theorem().

Theorem 5.3 Kodaira Vanishing Theorem Let X be a complez, projective man-

ifold and A be an ample invertible sheaf. Then
H*(X,0(Kx)® A) = 0.

Proof . Since A is ample, there exists some N such that AY = Ox (D), where D is

an effective and nonsingular divisor. Let Y the cyclic cover obtained by taking the
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n-th root of D. Define D = (7*D)yeq, we have that m: Y — X is unramified outside

of D and .
Q% (log D) = Q% (logD),
.0y = @ﬁalﬁfl

where Q% (log D) denotes the sheaf of differential a-forms with logarithmic poles

along D. By projection formula,

Q% (log D) = Q%(log D) ® 7,0y
= o' (logD) @ L7
= o x e LN
Observe that Y = X is a finite morphism and H9(Y, Q% (log D)) = 0 by the existence

of partition of unity. Therefore there exists Leray spectral sequence,
EPY = HY(X, RPm, Q% (log D)) = HPY(Y, Q% (log D)).

where RPm, Q% (log D) is the p-th direct image sheaf associated to the presheaf U —»
HP(r~Y(U), Q% (log D)). Since RPm, Q% (log D) = 0, we get

HY (X, 7, 0% (log D)) = H(Y, Q" (log D)).

Since we have
H* (Y\D, C) = @pig=H(Y, Q5 (log D))
and Y\ D is affine, it holds that H*(Y\D,C) = 0 for k > n, and therefore

0=H"(Y,%(log D) = &N ;t HI(X, Q% @ £V )

O

Remark 5.4 We can see from the proof that we do not really need the mixed Hodge
structure of the cohomology of a quasi-projective space but only use cohomology

groups of de Rham log complexes to decompose it.
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