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Chapter 1

Numerical Ordinary Differential
Equations

The goal of this course is to introduce theoretical analysis of finite difference methods for
solving partial differential equations, with a focus on stability and convergence theory. The
partial differential equations to be discussed include

« parabolic equations,
« elliptic equations,
e hyperbolic conservation laws.

In Chapter 1, we will discuss finite difference approximations for differential operators, basic
ODE solvers, Runge-Kutta methods, multi-step methods, and basic stability analysis for
ODEs.

1.1 Finite Difference Approximation

o To approximate the derivatives u,, u,,, and so on, using the grid-values of .

e Method: Taylor expansion.

1.1.1 Simple examples

1. Finite difference: Given a smooth function u defined on R, we want to approximate
w'(x) by u(z), u(x & h). Here are some examples:

« Forward differencing: D, u(z) := “ethlu()

h Y
« Backward differencing: D_u(z) := w,
« Centered differencing: Dou(z) := %



Here, h is called the mesh size. By Taylor expansion, we can obtain:
« u(x) = Diu(z) + O(h),
» u'(x) = D_u(z) + O(h),
o u/(z) = Dou(z) + O(h?).

+0
+0

The notation O(h) denotes for a function of h ~ 0, say e(h), such that
le(h)| < Ch in a neighborhood of 0,

for some constant C' independent of h. !

2. These formulae can be derived by performing Taylor expansion of u at x. For instance,

we expand
h? h3
wlx+h) = u(z)+u(x)h+ Eu”(m) + yu’”(a:) -
% %
wlx —h) = wu(z)—u(z)h+ ?u”(a:) — yu”’(x) +
Subtracting these two equations yields
/ 2h3 n
u(x 4+ h) —u(x — h) :2u(:v)h+? (x) +
This gives
h2
u'(z) = Dou(z) — gu“’(x) + -+« = Dou(x) + O(h?).
Thus, v'(x) can be approximated by many difference operators with different orders of
eITors.

3. Example of third-order approximation:

u'(x) = Dau(z) + O(h?),

where 1
Dsu(x) = oh (2u(z + h) + 3u(z) — 6u(z — h) + u(x — 2h)).
This formula can be derived by taking Taylor expansion of u(x+h), u(x—h), u(x —2h)
about z:
h? h3
wlx+h) = u(z)+u(x)h+ ?u"(x) + yu”’(x) + -

*Examples: the functions 3k + 5h2, " — 1, sin(h) are O(h) functions. The function 1 — cos h = O(h?).
Note that O(h) + O(h) = O(h), aO(h) = O(h), where a is a constant.
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/ h2 " h3 n
u(x —h) = u(x) —U(IE)fH—?u (x)—yu () + -

4h? h3
u(r —2h) = wu(z) —2u (2)h + TU”(:E) — 83—'u’”($) + -

Taking the combination 2u(z + h) + 3u(z) — 6u(z — h) + u(xz — 2h), we can cancel the
zeroth, second derivatives and obtain «/(z) = Dsu(z) + O(h?).

1.1.2 General formula for finite difference approximation

1. Suppose u(-) is a smooth function. Let {z;} be discrete points, called the grid points.
Let Z be a specific point. Given u; = u(z;), i = 0, ..., n, we want to approximate u*) ()
by u;, ¢ = 0,...,n. That is,

n

uf(@) = cu(z;) + O,

J=0

Here, the mesh size h denotes maxo<; j<n{|z; — x;|}. The parameter p > k is an
approximate power to be determined.

2. This can also be done by finding a polynomial P, (z) of degree n which interpolates
u(+) at g, ..., x,. This polynomial P, is unique. Then u*(Z) can be approximated by
P (z) with error O(R( 1=,

3. To find the coefficients ¢;j,j = 0,...,n, we take Taylor expansion of u(z;) about the

point Z:
p

u(ay) = (e —2)u?(z) + O(h*).
2!
i=0
We plug this expansion formula into the finite difference approximation formula for

u®(z):

n p
_ 1 Ni (3 /= _
u®) (z) = Z Cj Z ﬁ(x] — z)'u®(z) + O(h*~* ).

j=0 i=0

Comparing both sides, equating the coefficients of u((z) for i = 0, ..., p, we obtain

n

(z;—x2) [ 1 ifi=k .
Zi—!cj_ 0 otherwise  for =0, ..p.

J=0

There are p + 1 equations here, it is natural to choose p = n to match the n 4+ 1
unknowns (co, ..., ¢,). Thisisan (n+1)x (n+1) Vandermonde system. It is nonsingular
if {x;,i = 0,...,n} are different. The matlab code fdcoeffV (k,xbar,x) can be used to
compute these coefficients. Reference: Randy LeVeque’s book and his Matlab code.

7


https://searchcode.com/codesearch/view/54620472/

4. In the case of uniform grid, using central finite differencing, we can get high order
approximation by using less grid points. For instance, let x; = jh, where j € Z. Let
uj = u(x;). Then

Uy —uU_1

u'(0) = —n + O(h?)
W(0) = T o)
u®(0) = 2Lh/3(u2 —2uy + 2ug — 2u_1 +u_s) + O(h?).
Homeworks 1.1. 1. Consider x; = ih, i =0,...,n. Let * = x,,. Find the coefficients ¢;

for u*)(Z) and the coefficient of the leading truncation error for the following cases:

e k=1,n=2,3, m=0,1,2,3.
e k=2,n=2m=0,1,2.

1.2 Elementary Numerical Methods for Solving ODEs

1.2.1 Model equations and some target models
1. Some applications

o Circuit simulations: this involves large algebraic-differential equations. Usually,
they are linear. For instance, the Very-Large-Scale Integration (VLSI) circuits.
There are also nonlinear circuit models for circuits with semiconductor devices.

¢ Dynamical systems from celestial dynamics. This is important in space sciences.
e Chemical kinetics, etc.

o Dynamical systems derived from fluid systems

o Molecular dynamics, N-body problems.

¢ Dynamical systems from chemistry, biology, ...
2. Examples of some concrete models

o For designing numerical solvers, we should have some simple model equations in
mind to test, to justify the methods work. A simple model is the linear ODE
system:

y = Ay
where y is an n-vector and A is an n x n matrix. The eigenvalues of A can be
real, or complex. Thus, we consider the simplex case

y = ay

The constant a can be positive, negative, or complex.
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e Chemical kinetics.
e Synchronization model

Van de Pole oscillator

e double pendulum
These can be used for testing your codes.

3. A basic assumption to design numerical algorithms for solving ODEs is the smoothness
of the underlying solutions. This assumption is in general valid provided the coeffi-
cients are also smooth. Basic designing techniques include numerical interpolation,
numerical integration, and finite difference approximation. Yet, there are problems
whose solutions are discontinuous.!' We shall not discuss those problems here.

1.2.2 Forward Euler method

1. Forward finite differencing The forward Euler method is the simplest numerical
integrator for ODEs. The ODE

y' = f(ty) (1.1)
is discretized by

Y=yt + k(). (1.2)

Here, t°,...,t" are the grid points of time ¢. The difference k = "1 — " is called
the time step size of the discretization. ¥ The forward Euler method simply replaces
dy/dt(t") by the forward finite difference (y"** — y™)/k. The state y"™! is expressed
as an explicit formula in terms of y™. Such a scheme is called an explicit scheme.

2. Truncation error and Consistency Let us plug a smooth solution y(-) of () into
the discrete equation () The remaining term is called the truncation error 7:

y(t" ) = y(") + k(" y(t")) + k7"

A numerical method is called consistent if 7"(k) — 0 as k& — 0, uniformly in n. By
the Taylor expansion:

y(t™) —y(t") =y (t")k + O(K?).
Thus, the truncation error 7" (k) of the forward Euler method satisfies
" (k) = O(k).

A numerical method is called of order p if 7"(k) = O(kP) uniformly in n. A numerical
method with order p > 1 is always consistent. The forward Euler method is a first
order method.

TConsider the ODE for a bumping ball. An ODE with constraint.
'Let us assume fixed step size.


https://en.wikipedia.org/wiki/Van_der_Pol_oscillator
https://en.wikipedia.org/wiki/Double_pendulum

3. True error We are interested in the true error, which is defined to be e := y™ —y(t").
We have the following convergence theorem.

Theorem 1.1. Assume f € C' and suppose the solution y' = f(t,y) with y(0) = yo
exists on [0,T]. Then the forward Euler method converges at any t € [0,T]. In fact,
the true error €™ has the following estimate:

At
le”| < %O(k) 0, asn — co. (1.3)

Here, A = max|0f/0y|, and nk =t is fived.

Proof. From the regularity of the solution, we have y € C?[0,T] and
(") = y(t") + kf(E y(t") + kT (1.4)
Taking difference of () and (@), we obtain a finite difference inequality:
"< fe |+ kLA y") = " y(E)] + kT
< (T4 EN|e™| + kT,

where
This finite difference inequality has a fundamental solution G™ = (1 + Ak)", which is
positive. Multiplying above equation by (1 + Ak)™""1, we obtain

‘€n+l‘cyfn4& Egyen’(;fn_+_k(;7n41’7n’

Let us rename the index n by m, summing this equality in m from m =0 ton — 1, we
get

n—1

|G < [+ B Y G
m=0

Note that € = 0. Multiply both side by G", we get

n—1 n—1
e < > GTTTRTT <Y GO(RY)
m=0 m=0
G —1 ) G eAt
= < — < —
T Lo < ok < SOM)
where ¢t = nk and we have used (14 Ak)" = (1+ )" <M. O

4. Remarks
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(a)

The theorem states that the numerical method converges in [0, 7] as long as the
solutions of the ODE exists. The proof above uses the existence and smoothness
of the solution. Omne can also use this approach to prove the local existence
theorem by showing the approximate solutions generated by the Euler method
form a Cauchy sequence, and thus converge to a true solution. Here, however,
we are interested in the error analysis of numerical method, not on the existence
theory. We thus assume the existence and regularity theorems from ODE theory.

The true error of the forward Euler method is O(k), where O(k) is of magnitude
e /X with A ~ |f'(y)|. This A can be very large and the error constant e* can
be very large. For accuracy purpose, we need to choose very small k. Thus,
the selection of the step size k is based on both (i) stability and (ii) accuracy
considerations.

5. Absolute Stability and step-size restriction.

(a)

In many applications, we look for some stable equilibria. We want our numerical
method can reproduce such stable process during computation. This leads to a
restriction on the step size k. To derive a condition, we try a simple model:

v =ay, a<0O.

The solution y(t) — 0 ast — oo. The forward Euler method gives an approximate
solution

y"+1 =y" + kay" = (1 + ka)y".

The approximate solution is a geometric sequence:
y" = (1 +ka)"y°,

where y° = y(0) is the initial state. Because a < 0, the exact solution y(t) — 0
as t — oo. (The state 0 is called a stable equilibrium.) However, the geometric
sequence

n 0 if [1+ka| <1,
(1 ka) |_>{ oo if |1+ ka| > 1.

Thus, to reproduce such stable process as we have for the continuous situation,
we should choose the step size k such that |1 + ka| < 1.

When a < 0 and |a| is large, we need to choose very large k. Such ODE is called
a stiff ODE. It is usually solved by a implicit method such as the backward Euler
method below.

In later applications in numerical PDESs, a can be a complex number. Let us allow
complex value a. A numerical method for 1/ = ay is called stable if its discrete
solutions {y"} are bounded for all n. We combine ka = z € C. The region of z

11



so that {y™} is bounded is called an absolute stability region of the method. for
the Forward Euler method, its absolute stability region is

{zeC|1+ 2 <1}

It is used to reproduce stable discrete solutions for stable equilibria.

1.2.3 Backward Euler method
1. Backward Euler method approximates () by

yn+1 — yn i ]Cf(tn+1,yn+1). (15)

Note that "™ also appears inside f(¢"*1, y"*1). We need to solve an equation for y"*

in this scheme. A scheme with y"*! appeared implicitly is called an implicit scheme.
The backward Euler method is particular useful for stiff ODE, where 0f /0y << 0.

2. Truncation error 7" is defined by
y(t"h) = y(t") + kT y () + k" (K),

where y(+) is a true solution. Comparing the Taylor expansion of the exact solution
y(-) at ¢t
y() = (") + Ry () + k" (),

we get that the truncation error

3. Error analysis The true error " := y" — y(t") satisfies
en+1 — en + k (f(thrl’ynJrl) o f(tn+1,y(tn+l))) 4 O(k2)

=e"+k (g—g(t,g)) "t + O(K?).

This implies
|6n+1| S |€n| + k>\|6n+1| + O(kQ)
where

A = max

of

—(t,9)] -

83/( ,y)‘

We choose £ small enough such that 1 — kX > 0. We then get the inequality:
e < (1= kN (e + O(k?)) .
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Let G = (1 — kX)~!. We get

le"| <G (|e"_1| + kT”_l)
<G (G(|e"_2| + k") + an_l)

< G| + k(G - G
<CE (G '+ 4 G)

G" -G
< CK*
<C o1
1—kN) " =1
< cr2!
- kA
< CkeM /)
where nk = t and we have used (1 — kX) """ < M. O

Remark. The backward Euler method is usually used for stiff ODE where 0f/dy <
< 0. In such cases, the error estimate is only applicable for very small ¢ because the
constant in the error analysis is too big. Below, we show a useful error estimate.

n+1

Suppose g—?’;(t, y) < —p ( ;> 0) in the region we are interested. If e"*! > 0, we have

6n-‘rl —_ en + k’ (a—f(t,y)) en+1 + O(I-CQ)
Ay
<e" — ke + O(k?).
If e"*t! < 0, we have

—e" = —e" + k (g—ij(t, y)> (—e"™) + O(k?)

< |e"| = ku(—e™h) + O(k?).

In both cases, we get
(1 + pk)|e™tt < |e"] + O(K?).

The error satisfies

"] < (1+ k)" O(k?)

IN

A
2
=z



4. Absolute stability region
To find the absolute stability region, we consider the ODE 3/ = ay with a < 0. The
backward Euler scheme produces the approximate solution:

yn+1 _ yn 4 k‘&yn+l.

This gives

y" = (1~ ka)™"y".
We see that this solution y™ — 0 as n — oo for any £ > 0. We thus call the backward
Euler scheme unconditional stable. We combine ka = z. The region for z such that
the scheme is absolutely stable is

(zeC|1—2 >1)}.

5. Solving a nonlinear equation for implicit methods. In the backward Euler
method:
Y=yt Ry,

one needs to solve a nonlinear equation for 3!

equation in x:

Let us write this as a nonlinear

F(,SL') = 07 where F(l’) =T — y" _ k.f(tn+17x)
There are two standard iterative methods to solve nonlinear equations:

e Newton’s method The method generates a sequence of approximate solutions
{znn = 0,1,---}. We start by choosing an xy (here, we choose xy = y").
Suppose we have obtain z,, to find x,,1, instead of solving F'(z) = 0, we solve
the linearized equation about z,:

F(z,) + F'(x,)(x —x,) = 0.

This gives
Tt = T — (F'(23)) 7 F ().
If xg is closed to the root x,, then one can prove x, — x,.

o Fixed-point method: this is also an iterative method which generates a sequence
of approximate solutions {x,}. We start by choosing an z( (say xo = y"). The
iteration scheme is

Tpt1 — Tp = aF(x,).
The parameter « is chosen so that

11+ aF'(z)| <1,

. g . . . -1
then one can show this scheme converges. 8 A particular choice of «v is —F” ()

With this choice, 1 — aF’(z) ~ 0. If we choose different o at each step, say
o, = —F'(2,,)"", then this is the Newton’s method.

Scontraction mapping The mapping ®(x) := 2+ aF(z) satisfies |®(x) — ®(y)| < plzr —y|. Such a mapping
has a fixed point: ®(z) = =.

14


https://en.wikipedia.org/wiki/Newton%27s_method
https://en.wikipedia.org/wiki/Fixed-point_iteration
https://en.wikipedia.org/wiki/Contraction_mapping

The Newton’s method may not converge. But if it converges, the convergent rate is
second order, meaning
[Znt1 — 2| = O(|wy, — JZ*|2)

The fixed point method is first order:

|Tpi1 — x| < plon, — x| With p < 1.

1.2.4 Trapezoidal method

1. Design idea We integrate 3y = f(t,y) from " to t"*'. Then we approximate the
n+1
integration ftt " f dt by the trapezoidal method. We then get the trapezoidal method
for ODE:

ytn+1 . yn — g (f(t”,y") + f(tn+1,yn+1)) ) (1.6)

2. Truncation error is

T = O(k?).

3. Absolutely stable region. We consider the equation ¢y = ay with a < 0. Using
trapezoidal rule, we get

k
=yt =3 (ay™ + ay™*) .

Thus, we have
np1 L+ak/2

T 1oak2”
We call z = ak. The absolute stability region is
<1f

2+ 2
eC
el
{z =z +iy|lx < 0},

You can show that this region is

the negative half complex plane.

1.2.5 Leap-frog method (midpoint method)
1. Design idea We integrate 3y’ = f(¢,y) from ¢"~1 to t"*1:

2«:n+1

y(") —y(t" ) = / f(r,y(r))dr.

tn—1
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We apply the midpoint rule for numerical integration, we then get
y(t™) —y(t") = 2k (1", y(t")) + O(K?).

The midpoint method (or called leapfrog method) is

Yyt =yt =2k (1 y"). (1.7)

2. Truncation error. The corresponding truncation is
(k) = O(k?).

3. Absolute stability region. The absolute stability region for the midpoint method
is
{z=iyl 1<y <1}

I will postpone the discussion of this section to the end of this chapter.

We plot the absolute stability regions for the forward Euler method, the backward Euler
method, the trapezoidal method, the midpoint method.

Homeworks 1.2. 1. Consider the ODE

yll = Y2, yé =~

The solution is y; = Acos(t+¢), y2(t) = —Asin(t+ ¢), where A is called its amplitude
and t + ¢ is its phase. Try the forward Euler, backward Euler, leapfrog, trapezoidal
(implicit) methods to see the changes in amplitude and phase. (see Durran, 2.2.2)

1.3 Runge-Kutta methods

The Runge-Kutta methods (RK) are designed by using numerical integration for ftt:H fdr
by some quadrature methods. Below, RK2, RK4 are RK methods with different orders.

1.3.1 RK2 and RK4

1. Design idea for RK2 A second-order RK, denoted by RK2, is based on the trape-
zoidal rule of numerical integration. First, we integrate the ODE ' = f(¢,y) to get

tn+1

y(tH) — y(t") = / Fr.y(r)) dr.

n

Next, this integration is approximated by

tn+1

/t F(ry(r)) dr =

n

P ) + 1) + O,
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-15

© =

3 0 1 2 @ %= 4 0 1 2
Figure 1.1: Absolute stability regions: (a) forward Euler method, (b) backward Euler
method, (c) trapezoidal method, (d) leap frog method. The figure is quoted from a

The second term involves 4™ ™. An explicit Runge-Kutta method approximates y™*!

by y" + kf(t",y"). Thus, the RK2 reads

{ 51 = f(tn,yn)
Yt =y B )+ FET Y+ k).

2. Another RK2 Another kind of RK2 is based on the midpoint rule of integration. It
reads

51 = f(tn7 yn)
k
yn+1 — yn + k?f(tn+1/2,yn + 551)

The truncation error 7" of RK2 is defined as
k
Y1) = y(t") + RFE2 Y 4 S8) + R

17


https://vmm.math.uci.edu/ODEandCM/StabiltyRegionDefinitions/StabilityRegionDefinitions.html
https://vmm.math.uci.edu/ODEandCM/StabiltyRegionDefinitions/StabilityRegionDefinitions.html

y(t"h) —yt") oy =yt

T(k) == - _ -
_ %/t Fra(m) dr — 3 (£ + £, + &) + O(R)
= %/tn f(ry(r))dr — % (PO y™) + FEFL g ) + O(k?)
— O(?).

In the last two line, we have used y(t" ') = y(t") + ky'(t") + O(k?).

3. RK4 A 4th-order Runge-Kutta method uses Simpson’s rule to approximate the inte-
gration:

tn+1

[ B de= G () + AR ) () + 0.

n

The quantity y(t”“/ %) is approximated by the forward Euler method. It has the form

k
Yy =yt + 5 (&1 4 26 + 263+ &4)

&= f(t"y")
R T
§r = f(t +§ 'Y +§§1)

1 k
E=f(t"+ 5’@?/” + 552)

S = f(t" + K,y + kEs).
The truncation error of RK4 is

1

(k) = - (g = y() = (v () = O(KY).

Its proof is left for exercise.

1.3.2 General explicit Runge-Kutta methods

The method takes the following general form

=yt kDY b, (1.8)
=1

where
51 = f(tn7yn)7
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& = f(t"+ ok, y" + kax &),
& = f(t"+ sk, y" + kasi&1 + kasés),

58 = f(tn + Cska yn + k(@slgl +- 4+ as,s—lgs—l))-

We need to specify s (the number of stages), the coefficients a;;(1 < j <i < s),b;(1 =1, ..., s)
and ¢;(i = 2, ..., s). We list them in the following Butcher table.
There are s(s —1)/2 + s+ (s — 1) unknowns to be determined for a specific scheme. We

0
C2 | Q21
C3 | a31 A32

Cs as1 As2 e Ag s—1

bl b2 e bs—l bs

Table 1.1: Butcher’s tableau for general Runge-Kutta methods. The weights > b; = 1.

require the truncation error to be O(kP™'). To find these coefficients, we need to expand the
truncation error formula

y(tn+1) - yn — yn—l-l . yn 4 O<kp+1>

about (", y™) in terms of derivatives of y(-) at ¢". Then we can get p linear equations for
the coefficients. You may see Runge-Kutta methods in wiki for the Butcher table. The table
for RK4 is

0
1/2 | 1/2
121 0 1/2

110 o0 1
1/6 1/3 1/3 1/6

Table 1.2: Butcher’s tableau for RKA4.

1.3.3 Adaptive Runge-Kutta method (Runge-Kutta-Fehlberg method)

1. The idea to get an approximate truncation error numerically The adaptive
Runge-Kutta method is designed to be able to estimate local truncation error in each
time step. From which, we can adjust time step size to have roughly uniform truncation
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error in each step. This is done by using two RK methods with the same sets of a;;
and ¢; but different b;, b;. The set b; produces RK method of order p. The auxiliary
set b produces an RK method with order p + 1. The corresponding solution y™** i

closer to the true solution. Thus, it can be used to estimate the local truncation for
yn-i-l:

yn _ n+1 * — Z (kp+1>

The step size k is then estimated so that the estimated truncation error is roughly the
same in each time step.

. Runge-Kutta-Fehberg method: ode45 Below is the Butcher table for RK4 (b)
and RK5 (b*). Suppose ¢ is the “uniform” truncation error we prescribe. We define

0

1/4 1/4

3/8 3/32 9/32

12/13 | 1932/2197 —7200/2197  7296,/2197
1 439/216 8 3860/513  —845/4104

1/2 | —8/27 2 —3544/2565  1859/4104  —11/40
b 25,216 0 1408/2565  2197/4104 —1/5 0
b* 16/135 0 6656/12825 28561/56430 —9/50 2/55

6

kY (b= b)&

i=1

TE =

This TE is |y"™' — y"T1*| is an estimate of the truncation error. It is roughly the
truncation error of the 4th order method, which is roughly

TE ~ Ck°.

We use it to find a step size k so that the truncation error of the 4th order method is
less than €. Suppose TE < ¢, then we use the present step size k and y™*!, and then
go to the next time step. If not, we look for k., such that

e~ CEK>

new*

Thus, we eliminating the constant C' to get

knew\® £
k TE’
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Since T'E is only an approximation of truncation error, we thus try

k 09 k- ()"
———

and repeat the above procedure until TE < . With the new step size kjen, the
corresponding y"™! has roughly the same truncation error e. This method is an RK4
with roughly uniform truncation error. The corresponding matlab code is called the
ode45. A natural question is why do we just use RK5 with a uniform step size? The
answer is that the performance of such a uniform truncation error method is better than
a higher-order method with uniform step size for stiff ODEs, because the magnitude
the derivative | fP*Y| can be very large in a stiff region.

1.3.4 *Convergence theory, an example

Let us see the proof of the convergence of the two stage Runge-Kutta method. The scheme
can be expressed as

Yyt =y 4 EW(y"™, ", k) (1.9)
where

Wy 1K) = Fly k) (110

Suppose y(-) is a true solution, the corresponding truncation error

- y(tnﬂ)kf V) gy i k) = Ok?)

Thus, the true solution satisfies
y(t" ) —y(t") = kW (y(t"),1" k) + kr"
The true error e := y™ — y(t") satisfies
et =" 4 k(U (y", t" k) — U(y(t"),t", k)) — k™.

This implies
"] < e+ kXN|e"| + KT,

where X is the Lipschitz constant of W(y, ¢, k) with respect to y. Hence, we get

n—1
e < (L EN)" [+ kDY (L4 RN
m=0
, eA’t
< Ml + - max |7™.

We may assume e’ = 0. The truncation error satisfies
max 7| = O(k?).
m

Thus, |¢"| — 0 as k — 0, with nk = t fixed. O
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Runge-kutta orders 1,2,34

Figure 1.2: Absolutely stable regions of Runge-Kutta methods. The figure is quoted from a
Stability Regions of ODE Formulas

1.3.5 Absolute stability region of RK methods
We apply RK2 to the equation y' = ay to get

2
=yt 5 () + &)

k
=y g (ay”™ +a (y" + aky"))

= (1 + ak + (al;)Q) y"

Let us write z = ak. The absolute stability region for RK2 is

22

{Z€C|‘1+Z+ 5 <1}

We refer a matlab code and plot for computing the absolute stability region for Runge-Kutta
methods. Stability Regions of ODE Formulas

References:

o Lloyd N. Trefethen, Finite Difference and Spectral Methods for Ordinary and Partial
Differential Equations,

e You may also google Runge-Kutta methods to get more references.

1.4 Multistep methods

1.4.1 Derivation of multistep methods

1. Examples The idea of multi-step methods is to derive a linear relation between, for
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instance, y"t, y™ y" 1, y/™ and ¢y " so that the corresponding truncation error is
small. The simplest multistep method is the midpoint method.

e Midpoint method Suppose 3" and y" ! is given. The new state y"** is defined
by
Yy = 2ky™ = 2k (17, 7).

The truncation error is

T =

(y(e" ) — (") — 2ky'(t")) = O(K?).

e

Thus, the method is second order.

« Adams-Bashforth 2-step method We can also design a method which involves
Y™ty = and ™,y . For instance,

k n n— n k n o ,mn n— n—
yn+1:yn+§<3y/ _y/ 1):y —|—§(3f(t,y>—f(t 171/ 1))

The truncation error 7" satisfies

e = g0 () + b (350 — ()

= (st R ) < gty + £ (e - ) = () + O
— O(k?).

It can be derived by Taylor expansion of y(-) about ¢" in the above formula.

2. Derivation of general r-step methods A general r-step multistep method involves
(y" 1y Ly ) and (v Y Ly Tt can be written as

i amyn+l—r+m =k i bmy/n+1—r+m — k i bmfn—i—l—r-i-m. (111)
m=0 m=0 m=0

We will normalize a, = 1. Because it is the coefficient corresponding to ™!, which
is what we want to find. When b, = 0 the method is called explicit; otherwise it is
implicit. For a smooth solution of (), we define the truncation error 7" to be

n 1 - n —r+m - n —r+m
T ::E<Zamy(t B e S (s )).
m=0 m=0

Definition 1.1. A multi-step method is called of order p if 7" = O(kP) uniformly in
n. It is called consistent if 7" (k) — 0 as k — 0 uniformly in n.
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Remark. When f is smooth, the solution of ODE 3/ = f(¢,y) is also smooth. Then
the truncation is a smooth function of k. In this case, 7(k) — 0 is equivalent to
7(k) = O(k) as k — 0.

. Determine the coefficients of multistep methods. For notational convenience,
let us extend a’s and b’s by setting a,,, = 0, b,,, = 0 for m > r. Taking Taylor expansion
of y(+) about "7 we get

T o

kt" = Z kzb Z )'y( (k) !

=0

m=0
— (i > +Z Z m] — )kjy(])
) (0)+Z Zm] Y (may, — jbm) Ky )

r

Z J— 1 mam—jb )kjy(J)
kI
_l

Y,

b|t—l &

>
>
ot

Here, the derivatives of y(-) are evaluated at t"™'7". We list few equations for the
coefficients a and b:

CO f— a0+...+ar

Ci = (m+2a2+-+ra)—(bo+-+0b)
Co = (a1 +2%ay+---+7%a,) —2(by + - +rby)

c, = Zmpam—mep’lbm.

m=1

To obtain a scheme of order p, we require
C; =0, for j=0,...,p

There are 2r + 1 unknowns (ag, ...,a, = 1,bg,...,b,). In principle, we should choose
p = 2r + 1 to have the same number of equations. Unfortunately, there are additional
restrictions from the stability criterion for linear finite difference equations. The order
of accuracy p should satisfy

r + 2 if r is even,
p << r+1ifrisodd,
r if it is an explicit scheme.
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This is called the first Dahlquist stability barrier. This stability criterion is related
to the stability of linear finite difference equations. We will study them in the next
section. You may also see Trefethen’s book or Dahlquist’s book.

4. Initial setup An r-step multi-step method needs (3%, 4", ...,y" )T to start. But only
yY is given initially from ODE problems. We need to construct y!,...,4"~! by other
methods. For instance, we can adopt RK methods. In order to maintain the order of
accuracy, we should use a method of p—1 order. This will give initial error y* —y (') =
O(k?) for i = 0, ..., — 1, which is consistent to the truncation error of the underlying
multi-step method.

1.4.2 A formal algebra for multistep methods

1. Let us introduce the shift operator Zy"™ = ™1, or in continuous sense, Zy(t) = y(t+k).
Let D be the differential operator %. The Taylor expansion

1
y(t+k) = y(t) + ky' (1) + Dy (1) + -
can be expressed formally as
1
Zy = (1 + (kD) + E(k:D)? + - ) y = ey,
This means that the Taylor expansion gives the formula
7 =M. (1.12)
2. The multistep method can be expressed as
Ly = (a(Z) — kb(Z)D)y = (a(e*’) — kDb(e*")) y = (Co + C1 (kD) + - --) y.
Here,
a(Z)=> amZ™, b(Z) = bmZ"
m=0 m=0

are the generating functions of {a,, } and {b,,}. A multistep method is of order p means
that
(a(e*”) — kDb(kD)) y = O((kD)"*')y.

We may abbreviate kD by a symbol k. The above formula is equivalent to
a(e”) — kb(e") = O(KPT).

Or equivalently,

=K+ O(k"™) as k — 0. (1.13)




3. We have the following theorem

Theorem 1.2. A multistep method with b(1) # 0 is of order p if and only if

% =logz+O((z — 1P as z — 1. (1.14)

b(2)

It is consistent if and only if
a(1) =0 and a'(1) = b(1). (1.15)

Proof. The first formula can be obtain from () by writing e” = z, and log(z) ~ z—1.
For the second formula, we expand log(z) about 1 to get
-1 2 -1 3
-1, (-1
2 3

a(z) = b(2) <(z —1)— +- ) +O((z — 1P,

We also expand a(z) and b(z) about z = 1, we can get
a(l) 4+ (z —1)d'(1) = b(1)(z — 1) + O((z — 1)?).
Note that k ~ 0 < e*P? ~ 1 < 2z ~ 1. The truncation error 7 satisfies
(z— 1)1 =a(z) — b(z)log(z)

for z ~ 1. Thus, the scheme is consistent if and only if a(1) = 0 and a/(1) = b(1). O

Homeworks 1.3. 1. Consider the linear ODE 3/ = Ay, derive the finite difference equa-
tion using multistep method involving y™*!, 4™,y * and y'" and ¢ ' for this linear
ODE.

2. Solve the linear finite difference equations derived from the previous problem.

1.4.3 Examples of multistep methods

Let us see some concrete examples below.

o Explicit Adams-Bashforth schemes When b, = 0, the method is explicit. Here are
some examples of the explicit schemes called Adams-Bashforth schemes, where a, = 1:

— l-step: y"t =y + kf(y")
— Zstep: ¢ =y + 5B () — )
= Bistep: "t =y + 5 (23F(y") — 16 (") + 5/ (y"?)

The number of step is r and the order is p = r.
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o Implicit Adams-Moulton schemes Another examples are the Adams-Moulton schemes,
where b, # 0 and the number of step is 7 and the order is p = r + 1.

— Lstep: y"™ =y + 5(f(y") + f(y™))
— 2step: " =y G+ 8F(") — fly"Y)
= 3step: Y™ =y + F(OF (v +19f(y") = 5y + f(y" )

o Explicit Adams-Bashforth-Moulton schemes Sometimes, we can use an explicit
scheme to guess y"*! as a predictor in an implicit scheme. Such a method is called a
predictor-corrector method. A standard one is the following Adams-Bashforth-Moulton
schemes: Its predictor part is the Adams-Bashforth scheme:

AN n k n n— n—
g =yt + 52307 161 (y" ) + 51 ("))
The corrector is the Adams-Moulton scheme:
k ~n n n— n—
v =yt S OF@TT) +19f () = B5F ) + f))

The predictor-corrector is still an explicit scheme. However, for stiff problems, we
should use implicit scheme instead.

« Backward differentiation formula The backward differentiation formula (BDF)
has bg =1,by =---=10b, = 0.

— BDF1: y™! — g = Ef(t"FL, gt

— BDF2: y”“ — %y” + %y”—l — kf(t"+17y”+1)

— BDF3: yntt — By Synol - Zyn=2 — S pp(gntl yntl)

- BDFL 1~y By = Bt )

— BDF5: yn—i-l _ %yn =+ %yn—l _ %yn—2 + %yn—Z& _ %yn—zl — %kf(tn+l,yn+l)

For » > 7, there is no stable BDF methods. The r-step BDF has order r, which can
be obtained by taking Taylor expansion of each terms in the formula about t"™!. The
BDFs allow larger step size. It is particularly useful for stiff ODEs. The statement
is below quoted from Chatgpt: “odelbs is actually a variable-order, variable-step-size
solver that uses a combination of BDF methods of orders 1 through 5, along with other
techniques such as extrapolation, interpolation, and local error control. The solver
automatically adjusts the order and step size of the method to maintain a specified
level of accuracy while minimizing computational cost.” A reference is “Shampine, L.
F., Reichelt, M. W. (1997). The MATLAB ODE Suite. SIAM Journal on Scientific
Computing, 18(1), 1-22”

« Matlab ODE solvers are available. Matlab codes are available on Wikiversity with
key words “Adams-Bashforth and Adams-Moulton methods.” There are many matlab
codes for non-stiff and stiff ODEs. You can consult with the website Matlab function
reference: odedb, ode23, odell3, odelbs, ode23s, ode23t, ode23th to choose a proper
solver for your problem. The ’s’ in ODE15s stands for ’stiff”.
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1.5 Linear difference equations

1.5.1 Second-order linear difference equation.

1. In linear ODE 3y’ = ay, the above difference schemes result in a linear difference
equations. For instance, the forward Euler method gives the first order difference
equation: y"™ = (1+ ka)y". A two-step method gives a second-order finite difference
equation. For instance, the mid-point method is y"* —y"~1 = 2k f(t",y"). Apply this
method to the equation 3’ = ay. We get

Yy — T = 2kay™. (1.16)

2. Below, let us consider the following second order linear difference equation with con-
stant coefficients:
ay"™ + by + eyt =0, (1.17)

where a # 0. To find its general solutions, we try the ansatz y™ = p™ for some number
p. Here, the n in y" is an index, whereas the n in p” is a power. Plug this ansatz into
the equation, we get

ap™t 4 bp™ +cp" Tt = 0.

This leads to
ap® +bp+c=0. (1.18)

This is called the characteristic equation for the difference equation ([l.17). There are
two solutions p; and ps.

o Case 1: p; # pe. The two solutions {p7, p5 } are independent. Since the equation is
linear, any linear combination of these two solutions is again a solution. Moreover,
the general solution can only depend on two free parameters, namely, once 3" and
y~! are known. then {y"},cz is uniquely determined. Thus, the general solution

for equation () is

y" = CipY + Copy,
where C7, Cy are constants.

o Case 2: p; = py. First p" is a solution. Next, we can use perturbation method
to find another set of solution. Consider a small perturbation of () The
perturbation breaks the double roots ps = p; to two simple roots ps # p;, but
with ps ~ p;. We can use the two solutions pj and p} with ps — p; to produce
another nontrivial solution: 0o

lim 227 A1
p2—p1 P2 — P1

This yields a second independent solution np} . Thus, the general solution is
Clp? + anp?il.
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3. Let us analyze the solutions obtained from the midpoint method. The midpoint
method for the equation vy’ = ay gives the finite difference equation

yn+1 . ynfl — QCLk’yn
Let us write ak = 2. The two roots for the characteristic equation p* — 1 —2zp = 0 are
pp=z+V1+22 p=z—V1+422%

The step size k is small. So as z = ak is small, we approximate 1+ 22 ~ 1 + %
Thus, the two roots are approximately

22 22
~1 g~ —l4z—
P1 + 2+ 27 P2 + 2 9

The solutions to the difference equation are
Cipy + Cops.

We choose kn =t fixed, k — 0, we get

ka)?\"
p?w(l—l—ka—k(;)) ~ e,

On the other hand,

P~ (-1 +ka— (’{“;‘)2)” ~ (—1)" (1 — ka+ (k;‘)z)n ~ (—1)met,

We have the following interpretation.

o Casel: a > 0. p7 gives us the principal mode which converges to the true solution
e®. While p¥ gives us an exponential decay mode. It is oscillatory!

e Case 2: a < 0. The py gives an unstable mode.

o Case 3: a = iw is pure imaginary. Both p and p} are oscillatory, which is correct.
The pb is an extra mode. But its coeflicient is small.

o Note that the absolute stability region is a = iw and —1 < w < 1.

1.5.2 Linear finite difference equations of order r

We consider general linear finite difference equation of order r:
ay" T+t agy” =0, (1.19)

29



r n—+r—1

where a, # 0. Since ™" can be solved in terms of y , ...,y for all n, this equation
together with initial data g, ..., y_,1+1 has a unique solution. The solution space is r dimen-
sions.

To find fundamental solutions, we try the ansatz

y =p
for some number p. Plug this ansatz into equation, we get
ap"t" 4 4 agp” = 0,

for all n. This implies
a(p) ==ap" +---+ap=0. (1.20)

The polynomial a(p) is called the characteristic polynomial of () and its roots p1, ..., p,
are called the characteristic roots.

« Simple roots (i.e. p; # pj, for all ¢ # j): The fundamental solutions are p?, i =1,...,7.

o Multiple roots: if p; is a multiple root with multiplicity m;, then the corresponding
independent solutions

n—m;+1

p?a np'?ilv O;LP;FQ“'? Crnni—lpi
Here, CF := n!/k!(n—k)!. The solution C} "% can be derived from differentiation UZ%C'{Lp”*1

at Pi-

1.5.3 *System of linear difference equations

The above rth order linear difference equation is equivalent to a first order linear difference
system:

Agy" ™ = Ay™, (1.21)
where
Yt y
yr=1il =
Y, y"
[0 1 0 0 |
I 0 0 0 1 0
Ap = { b | } A= 3
' 0 0 0 1
|~ —a1 —az -+ —0p_1
We may divide () by Ay and get
yn+1 — Gyn
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We call G the fundamental matrix of () For this homogeneous equation, the solution is
yn — G_nyO

Next, we compute G" in terms of eigenvalues of G.
In the case that all eigenvalues p;, @ = 1, ...,7 of G are distinct, then G can be expressed
as
G=TDT, D= diag (p,-- , ),

and the column vectors of T are the corresponding eigenvectors.
When the eigenvalues of G have multiple roots, we can normalize it into Jordan blocks:

G=TIJT ' J= diag (J,,---,J,),

where the Jordan block J; corresponds to eigenvalue p; with multiplicity m;:

(pi 1.0 -+ 0]
0 pp 1 -+ 0

Ji= |1 ot o
000 --- 1
000 0 - pf

and > m; = r. Indeed, this form also covers the case of distinct eigenvalues.
In the stability analysis below, we are concerned with whether G" is bounnded. It is
easy to see that
G"=TJ'T 1 J"= diag (J7,---,J")

pp mplt Cppn? e Cppf
N 1 G
=1 : : :
0 0 0 npy !
0 0 0 Pi L s,
where C} = #lk),

1.5.4 Stability of linear difference equations

Definition 1.2. The fundamental matrix G is called stable if G™ remains bounded under
certain norm || - || for all n.

Theorem 1.3 (von Neumann). The fundamental matriz G is stable if and only if its eigen-
values satisfy the following condition:

either |p| =1 and p is a simple root,

or |p|<1. (1.22)
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Proof. Tt is easy to see that the nth power of a Jordan form J" is bounded if its eigenvalue
|pi| < 1 orif |p;| =1 but simple. On the other hand, if |p;| > 1 then J! is unbounded; or if
pil = 1 but not simple, then the term np?' in J? will be unbounded. ]

Corollary 1.1. There exists a norm in R™ such that the above root condition for G is
equivalent to ||G|| < 1 with this norm.

Proof. 1. First, in R™ (or C"), we define ||x|l« = max; |z;|. For a linear mapping G :
R™ — R", we define its operator norm under the || - || by
Gx
1G] 1= sup 1 ee
x#0 [l

It is an easy exercise that for G = (a;;)nxn, the operator norm

1Gllee = mgxz |aij]-
j

2. Second, a matrix G can be expressed as
G=TDT !, D= diag (Ji,---,J,)

where J; are Jordan blocks. For any ¢; # 0, we can further transform J; into

where ~ _
pi € 0 0
0 p; € - 0

Ki = ) SZ = dlag (1781'7 78?%_1>

3

pz— M Xmy;

0
0
Let S = diag(Sy,...,Ss), K = diag(Kjy, ..., K). We can express G as
G =TSK(TS)™

We now define the new norm of G as
IGI:= K]l
This means that we define the new norm || - || in R™ by
[l = [1(TS) ™ x|cc-

Since T'S is invertible, this does define a norm in R™. With this norm, the corresponding
operator norm is || K| .

3. For those J; with m; > 1, the stability condition requires that |p;| < 1. We choose ¢;
such that |p;| +¢; < 1. Then the corresponding || K;|| < 1. Thus, |G| < 1 with the
above operator norm.

]
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1.5.5 *Non-homogeneous linear finite difference equations

In general, we consider the nonhomogeneous linear difference system:
y"t = Gy" + " (1.23)
with initial data y°. Its solution can be expressed as

yn — Gyn—l+fn—1
— G<Gyn72+fnf2>+fn71

n—1
_ GnyO + Z Qn—l-mgm

m=0
Homeworks 1.4. 1. Consider the linear ODE

y' =y
where A\ considered here can be complex. Study the linear difference equation derived
for this ODE by forward Euler method, backward Euler, midpoint. Find its general
solutions.

2. Consider linear finite difference equation with source term
ayn—l—l 4 byn 4 Cyn—l — fn

Given initial data ° and 4!, find its solution.

3. Find the characteristic roots for the Adams-Bashforth and Adams-Moulton schemes
with steps 1-3 for the linear equation 3/ = \y.

1.6 *Stability and convergence for multistep methods
There are two kinds of stability concepts in numerical ODE:

 Zero stability: Fix t = nk, the computed solution y" remains bounded as n — oo (or
equivalently, &k — 0). The concept of zero stability is for convergence theory.

o Absolute stability: Fix k& > 0, the computed solution 3" remains bounded as n —

0o. The concept of absolute stability is for reproducing stable equilibria in numerical
computations.
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1.6.1 Zero Stability and Dahlquist equivalence theorem

Our goal is to develop a general convergence theory for multistep finite difference method for
the ODE: ¢ = f(t,y) with initial condition y(0) = yo. An r-step multistep finite difference
scheme can be expressed as

Ly = amy" I = kY by f(ETT ) = 0, (1.24)

Definition 1.3. The truncation error 7" (k) for the above multistep scheme is defined by

1 - —r-m - n —r-—m n —r-m
(k) = ¢ (Z Ay () = By by fETT (g ))>,
m=0 m=0

where y(+) is a true solution of the ODE.

Definition 1.4. A difference scheme is called consistent if the corresponding truncation error
7"(k) — 0 uniformly in n as the mesh size &k — 0. The scheme is of order p if 7" (k) = O(kP)
uniform in n.

In multistep methods, the consistency is equivalent to 7(k) = O(k) because we assume
y(+) is smooth and the truncation error is a smooth function in k. The consistency is 7(k) — 0
as k — 0. Thus the smoothness of 7 implies 7(k) = O(k).

Definition 1.5. A difference scheme is called zero stable if its solutions y” at time step n
remain bounded as the mesh size k — 0 with nk = ¢ is fixed (accordingly n — o).

The main theorem is the follows. We will postpone its proof at the end of this section.

Theorem 1.4 (Dahlquist equivalence theorem). For finite difference schemes for the ODE
y' = f(t,y), we have

( consistency + zero stability ) <= convergence .
Stability criterion Let us investigate the condition on the coefficients a’s and b’s of an
explicit multistep method for the stability
Ly" =0
to be bounded. We may assume a,, = 1 and b, = 0. Let us write it in matrix form:
y" = Ay™ + kBf"

where

0 1 Y

—aQo T —r—2  —Qr-1]|
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0 fror
B = , =

0 0 I"
bo br—2 by—1]

In order to have solution to be bounded for a multistep scheme Ly = 0 for arbitrary f, it
has at least to be valid when f = 0. In this case, we need to invetigate the boundedness for

the homogeneous equation:
yn+1 _ Ayn

We have seen in the last section that

Theorem 1.5. The necessary and sufficient condition for ||A™|| to be bounded is that the
characteristic roots p; of the characteristic equation a(z) = 0 satisfies:

either |p;| <1
or |pi| = 1 but simple.

Convergence = Stability

Proof. We only need to find an f such that the corresponding multistep is not stable implies
that it does not converge. We choose f = 0. 8 Since A" is unbounded, which means there
is an eigenvalue p; with eigenvector y* such that |p;| > 1 or |p;] = 1 but not simple. We
discuss the formal case. The latter case can also be prove easily. In the former case, let y;
be the eigenvector of A corresponding to the eigenvalue p; which satisfies |p;| > 1. Let us
choose y° and generate y° = (y5~',--- ,50)" by some explicit scheme starting from y°. We
can choose y” such that its component on y; is nonzero. Then the corresponding y" := A"y®
will be unbounded. Hence it cannot converge to a constant, as £ — 0. On the other hand,
y? depends on the mesh size k and y°(k) — (yo, -+ ,y0)” as k — 0. Thus, the method does
not converge for f = 0. [

Convergence = Consistency

Proof. From Theorem @, we need to show that a(1) = 0 and /(1) = b(1). To show the
first, we consider the ODE: ¢ = 0 with y(0) = 1. For the second, we consider the ODE:
y'=1and y(0) = 0.

« Show a(1) = 0: We choose y = (1,---,1)7. From y' = Ay°, we get

r 0 r—1
Yy =~y — - — Ar1Y =—ay — " — Qp_1.

YSuppose a multistep method is convergence for every smooth f, then in particular, for f = 0. In this
case, if this multistep method is unstable, we want to show it does not converge. This is a contradiction.
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Since y" is independent of k, and we should have y" — 1 as k — 0 (by convergence),
we conclude that y" = 1. Thus, we get a(1) =ag+---+a,_1+1=0.

o Show d/(1) = b(1). We choose f =1, y(0) = 0. The corresponding ODE solution is
y(t) = t. The multistep method gives

a(Z)y" — kb(Z)1 = 0. (1.25)

We write
a(Z)=d () (Z-1)+0(Z—1)%), bZ)1=0b1).

Then the principal part of the above finite difference is

(Z -1y — k(l;(é)) = 0.

This is an arithmetic series. Its solution is y" = nk%. Indeed, this sequence also

satisfies () provided its initial data y™ also has the form y" = nk :,((11)) for0 <n <r.

Thus, arithmetic series y" = nk% is a solution of the difference equation ()

Since nk = t, the convergence y" — t as n — oo enforces % =

]

Stability + Consistency = Convergence

Proof. We recall that the multistep scheme can be expressed as
y"t = Ay™ + kBf".
Let Y be an exact solution. We plug it into the above scheme to get the truncation error:
Y = AY" + kBF" + k1",

where Y™ := (Y (t"™"),...Y (t"))T. We subtract these two equations and call " := Y™ — y"
the true error. We get

et = Ae" + kB (F" — ") + k1"
The term F" — " can be expressed as
F'—f" = (fY") = f ), fOYT) = fly™)T
— (L_Ten—r’ . ,LQ@n)T

= L,e"

where



Thus, we get
e"' = (A+kBL,)e" + k7"

= Gu(k)e" + k",

G, (k) == A+ kBL,,.
Thus, we have
Gy k!
G,1G, 2" 2+ k (Gn_QT"_Q + 7-”—1)
Gn 1G, 2 Goe’
+k (Gn—z e GQTO 4+t Gn_zTn—Q + Tn—l) ‘

IA AN A

We note that the term || BLg|| is uniformly bounded, because f is Lipschitz, thus the functions
L_,, above are uniformly bounded (independent of n). We have the following lemma.

Lemma 1.1. If [[A"| is bounded and ||B,|| are uniformly bounded, then the product

1 1
A+-B)---(A+-B,
( T ) T )

is also uniformly bounded.
(continue the proof of the Theorem). From this lemma, we get
le” || < Clle"]| + nkC max||7"]| < Clle”]| + O(k?).
with C' independent of n and k. Thus, ||e"|| — 0 as k£ — 0 with nk =t fixed. O

Proof of Lemma Ell

Proof. 1. We have seen that ||A"|| is uniformly bounded under some norm is equivalent
to ||A|| <1 for some other operator norm. Thus, we may just assume ||A| < 1.

2. Since all norms in finite dimension are equivalent, we may assume ||B;|| < b for all
1=1,...,n.

3. We have

b

8+ 2B a 1B < QA1+ 2 < 0 2y < oxpi

]

Theorem 1.6 (First Dahlquist barrier). A zero-stable and linear r-step multistep method
with p order of convergence should satisfies

r+ 2 if r is even,
p<< r+1ifris odd,
r if it is an explicit scheme.

For proof, see pp. 384-387, Hairer, Norsett, Wanner, Solving Ordinary Differential Equa-
tions.
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1.6.2 Absolute stability regions of multistep methods

1. Absolute stability The concept of absolute stability is nothing to do with the concept
of zero stability. In ODE theory, we encounter stable equilibria, which are those states
y which are stable under small perturbation. It means that the solutions stay in a
small neighborhood of y when their initial states do so. An equilibrium y is called
asymptotically stable if y(¢) — y with y(0) ~ y. In this case, the linearized matrix
0f /0y (y) has only negative eigenvalues @ < 0. In numerical computation, we would
like to reproduce such asymptotically stable solution. There is some restriction for & to
achieve this goal. This is particularly important when some of the negative eigenvalues
are large in magnitude. Such system is called stiff ODE. To derive such restriction, it
is enough to consider the scalar equation

Yy =ay, a<0.

Let us call z = ak. We have seen how we derive a region for z in which the discrete
system can reproduce the stable process as that in the continuous case.

2. Absolute stability region for the Midpoint method The midpoint method for

the equation y’ = ay reads
yn B 0 1 ynfl
ynJrl - 1 22 yn

A2 —2220—1=0.

The characteristic equation is

The two eigenvalues \g, k = 1,2 satisfy
)\1)\2 = —1, )\1 + )\2 = 2z.

From the first equation, we have

|A1][A2] = 1.
From the stability restriction is
Al < 1,k=1,2.
This gives
Akl =1for k=1,2.
Let us call

Ne = €% k=1,2.
From A\ Ay = —1, we get 01 + 0, = w. From \; + Ay = 2z, we get

cos 01 + cos Oy + i(sin 0] + sinfy) = i2sin 6y = 2z.
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This implies

Thus, the absolute stability region for the midpoint method is
{zeClz=iy, -1 <y <1}
3. For absolute stability region for multistep methods and their plots on the complex
plane by using matlab, we refer to Stability Regions of ODE Formulas
4. For more examples, we list some references for readers.

« For absolute stability, see Chapter 7 of Randall LeVeque’s book: Finite Difference
Methods for Ordinary and Partial Differential Equations.

o Stiffness and A-stability
o Absolute Stability Region
« A matlab code to plot the absolute stability region for Adams-Bashforth methods.

Homeworks 1.5. 1. Find the absolute stability regions of the explicit Adams-Bashforth
schemes and the implicit Adams-Moulton schemes, respectively.

Comments

1. There are structure-preserving ODE solver, geometric integrator, symplectic algo-
rithms for Hamiltonian flows.

2. For differential-algebraic equations (DAE), there are DAE packages for Electronic De-
sign Automation (EDA).
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https://www.mathworks.com/matlabcentral/mlc-downloads/downloads/submissions/23972/versions/22/previews/chebfun/examples/ode/html/Regions.html
http://sundials.wikidot.com/stiffness#toc0
https://vmm.math.uci.edu/ODEandCM/StabiltyRegionDefinitions/StabilityRegionDefinitions.html
https://sites.engineering.ucsb.edu/~jbraw/principles/fig-html/ch2/fig-2-26.html

Stability region of Adams—Bashforth 2-step method

e
L

(a) =

-2 -1 [}

Stability region of Adams—-Bashforth 4-step method

1

%

© %

Figure 7.2. Stability regions for some Adams—Bashforth methods. The shaded
region just to the left of the origin is the region of absolute stability. See Section 7.6.1 for a

-2 -1 1]

1

Stability region of Adams—Bashforth 3-step method

() =

-2 -1 0 1

Stability region of Adams-Bashforth 5-step method

) =

-2 -1 0 1

discussion of the other loops seen in figures (c) and (d).

Figure 1.3: The figure is copied from LeVeque’s book: Finite Difference Methods for Ordinary

and Partial Differential Equations

Project 1

1. Study the ozone photochemistry problem (Read Durran’s book, 2.5.2.; 2.5.4). This is
a stiff ODE. The following chemical reaction is from atmospheric science. The reaction

involves oxygen (O), nitrogen oxides (NO, NO,), and ozone (Os3):

Here, hv denotes a photo of solar radiation. Let ¢y, ..., cs be the concentrations of O,

NOy+ hv 5 NO+ 0
O+ 0,y 22 04

k
NO + Ogongrigf;tarrowa + NOs.

NO, NO, and O3, respectively. The reaction system is

¢1 = kicg — kacq,

Cy = kicz — kscacy,

¢3 = kscacy — kyc,
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Stability region of Adams—Moulton 2—step method Stability region of Adams—Moulton 3—step method
4 4

3 3
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1 1 /\
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(3)4 % 5 -4 3 2 A o 1 (b & 5 -4 3 -2 - o 1
Stability region of Adams-Moulton 4-step method Stability region of Adams—Moulton 5-step method
4
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2 2|
1 r 1 / f
0 0
- K_/ - k
-2 -2
-3 -3
(cr‘ -6 -5 -4 -3 -2 -1 0 1 (d)’d 6 -5 -4 -3 -2 -1 0 1

Figure 7.3. Stability regions for some Adams—Moulton methods.

Figure 1.4: The figure is copied from LeVeque’s book: Finite Difference Methods for Ordinary
and Partial Differential Equations

¢4 = ko1 — kscacy.
The numerical reaction rates are
k1 = 10~? max]|0, sin(27t/t4)]s~', tq the length of 1 day,
ko = 105371, ks = 10" %em3molecule s
The initial concentration at sunrise is
(c1,¢a,c3,¢4) = (0,0,5 x 10,8 x 10™) molecules/cm?
Find the concentration in the next two days. Plot your answers.
2. Consider the logistic equation
y =ry(l—y), 0<y(0) <1

The state y = 1 is a stable equilibrium. You can test several methods to see the
constraint on the step size k£ to be able to construct a good approximate solution.
Think about how this is connected to the absolute-stability region. If k£ becomes large,
what will you see?

41



42



Chapter 2

Finite Difference Methods for Heat
Equation

2.1 Problem set-up

1. The heat equation We consider the heat equation in 3D:
U = K (Ugy + Uy + Usz). (2.1)

This equation is derived from the law of conservation of energy

7 fuin= [
— | coudx = f-(—n)dS.
ot Jq 00 (=n)

Here, ¢, is the specific heat constant, u the temperature, f the heat flux, n the outer
normal of the boundary 9€). The domain Q C R3 is an arbitrary domain. The left-
hand side is the rate-of-change of energy in €2, where c,u is the energy density. The
right-hand side is the heat flux flows into €2 from its surrounding. The heat should
diffuse from high temperature to low temperature. Fourier proposes that heat flux has

the form:
f = —kVu,

where k£ > 0 is called the heat conductivity. Plug this Fourier law into the above
equation, apply divergence theorem, we obtain

%/ﬂcvu—/m(—fiVu)-(—n) dS—/QV-(F;Vu) dx.

This integral equation is valid for any arbitrary domain. As a result, we obtain
oy = V- (kVu).
If the material is homegeneous, then « is a constant, we obtain

u, = KV,
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where K = k/c¢, > 0 is called the dynamic heat conductivity. We can rescale x by

x = X\/E, then

u = V.
We can also rescale t by t' = tK, then
upy = Vu

Both rescaling leads us to the standard heat equation

u = V3u.

The operator

is called the Laplacian (operator).

. Geometry of domains In applications, the domains can be an arbitrary domain in
three dimensions. However, in developing numerical methods, we shall consider simpler
domains. Then go to more and more complex domains. Simple domains include

o rectangular domain in 1D, 2D and 3D with period, Dirichlet, Neumann boundary
conditions;
e sphere, spherical shell;
o arbitrary geometry.
Usually, rectangular mesh can be adopted for those nice rectangular domains. Then

finite difference methods can be applied. For arbitrary domain, triangular meshing is
always possible, and finite element methods can be applied.

. Initial condition
u(z,0) = up(x). (2.2)

. Boundary conditions There are various kinds of boundary conditions. The boundary
of the domain €2, denoted by I, is decomposed into

'=TpuUl’'yUTIR
On the boundary, we impose

o Dirichlet: u(x,t) = up(z), x€Tlp

o Neumann: g—z =g(x), zely.
« Robin: ¢ —au(z) =h(z) z €T

Here, n is the outer normal of 2. In the Rubin condition, h(x) represents environ-
mental temperature. We may assume it is zero. The term du/0On is the heat flux
flowing outward. The term —aw is the radiation rate. When u > 0 (resp. u < 0), the
heat flows outward (resp. inward) at rate a|u|.
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2.2 Finite Difference Method for 1-D heat equation

2.2.1 Discretization
1. Spatial Discretization Let us consider 1D case. First, we need to have a grid system.
Let us consider the domain © = [0, 1]. The grid is uniform grid

J .

and N is the number of cells. Let us call 1/N = h, the mesh size. On this uniform
grid, a smooth function u can be approximated by grid value with error as

U (T, 1) = % (u(xj1,t) — 2u(x;, t) + u(r;_1,t)) + O(h?).

h

You can check this by Taylor expansion. Thus, we consider a discrete function Uj(t)
to approcimate u(x;,t). The discrete function U;(t) satisfies

Uy(0) = 15 (Uyia(8) = 205(6) + U+ (). (2.3

Here, U denotes for time derivative dU/dt. We can express this in matrix form as

1
U= 5LU. (2.4)

where U = [Uy, ..., Uy_1]" is the unknowns. The operator L is called a discrete Lapla-
citan. Note that Uy and Uy as the prescribed boundary values, which are taken to be
ZETos:

This is called the Dirichlet boundary condition. The matrix representation of the
discrete Laplacian L is

L= . (2.5)

i 1 (N—1)x(N-1)

Equation () is called the spatial discretization equation for the heat equation. This
is a system of ordinal differential equations. We can apply numerical ODE solver to
solve this equation. Below, we introduce temporal discretization for solving this ODE.
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2. Temporal discretization The goal here is to integrate (@) in time t. We shall
introduce forward Euler method, backward Euler method and the Crank-Nicolson
method for temporal integration. Let us also choose uniform mesh on the time interval
[0, T]. The_time step size is denoted by k. We use U to approximate U;(nk). Let us
integrate (R.4) for one time step:

tn+1 ) t"+1
/ 0(t) dt — / LU dt
tn tn

The LHS gives U™t — U™. There are many ways to approximate the integration on
the RHS. We lis few common used methods below, which use the rectangular rule
(forward, backward) and trapezoidal rule for numerical integration.

e Forward Euler method:

n n k: n
urtt — U = LU (2.6)
« Backward Euler method:
n n kj n
Uttt — U = LU 1 (2.7)
This leads to "
n+1 n
<I — ﬁL) urtl = U

and gives

—1
Untt = (1 — ﬁL) un
h2 '

e Crank-Nicolson method. This is the trapezoidal method for numerical ODE.

k
Uttt — U = 573 (LU™ + LU™). (2.8)

This gives

E \! k
n+1 __ - n
U = (I _2h2L> <I+ _2h2L) Um.

Homeworks 2.1. 1. Find the eigenvalues of the discrete Laplacian (@)
A matlab code is available

LapEig.m
% Define the parameters
N = 101; % Number of grid points
L = 1; % Length of the domain

=g
]

L/(N-1); % Grid spacing
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a <10° Eigenvalues of the discrete Laplacian in 1D
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Figure 2.1: The eigenvalues of the discrete Laplacian in 1D with Dirichlet boundary con-

dition. The number of grid points N = 101. Note that the eigenvalues ranging from
—4 ~ —N?Z,
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Figure 2.2: The first 4 (left) and the last 4 (right) eigenvectors of the discrete Laplacian in
1D with Dirichlet boundary condition. The number of grid points N = 100.

% Construct the discrete Laplacian matrix
A = -2xeye(N) + diag(ones(N-1,1),1) + diag(ones(N-1,1),-1);
A = (1/h72) = A;

% Find the eigenvalues and eigenvectors
[V,D] = eig(A);

% Extract the eigenvalues
lambda = diag(D);

% Sort the eigenvalues in descending order
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[lambda, idx] = sort(lambda, 'descend');

% Reorder the eigenvectors accordingly
vV = V(:, idx);

% Plot the first and last four eigenvectors
figure
for i = 1:4 % plot first 4 eigenvectors
subplot(2,2,1)
plot(V(:,1))
xlabel ('Grid point')
ylabel (['Eigenvector ',num2str(i)])
end

% Plot the first and last four eigenvectors
figure
for i = N-3:N % plot last 4 eigenvectors
subplot(2,2,i-N+4)
plot(V(:,1))
xlabel ('Grid point')
ylabel (['Eigenvector ',num2str(i)])
end

% Plot the eigenvalues

figure

plot(lambda, 'o')

xlabel('Eigenvalue index')

ylabel ('Eigenvalue')

title('Eigenvalues of the discrete Laplacian in 1D')

2.2.2 Solving the discrete equations

Writing computer codes to solve the above linear equations. The following items are typical
code structure.

1. Parameter set-up

o Domain set up:[ X, Xg|, Nx, Az
o Time domain set up: Tip, Ny, or At
o Ploting frequency:

o Physical parameters: conductivity

2. Initialization and boundary conditions:
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« U%[jl, j =0,Nx

e Boundary condition: Uy, Ug.
3. Select a method
4. Time stepping: solve the equation below until T,

e Given U™, solve for U™,
e Apply boundary condition.

« Plot (or store) U™ while requested.
5. Diagnosis and analysis

e Design benchmark problem to test
e Plots, animations
e Verification and Validation

« Quantitative analysis, statistics, ...

2.2.3 Python codes

A python code for 1D heat equation is available in the open course Practical Numerical
Methods with Python.

2.3 Stability analysis

The stability analysis here is mainly for the interior domain. So, we may either setup the
domain to be [0, 1], or S* (periodic domain). The computational grid is {x; = jh|j € Z,,h =
1/N}, or {x; = jhlj € Zy,h =21 /N}. Below, we shall assume our domain is R.

2.3.1 Maximum norm estimates

1. Example of instability In the above forward Euler scheme, you may observe that
the solution can oscillate if the time step size is large. In such a situation, we say
that the scheme is unstable. Let us analyze such instability of a scheme below. Let us
denote L

A= —,
52

as a natural non-dimensional parameter for a parabolic equation. We will fix it. Let

us express the forward Euler method for just one step to analyze its behavior:

Urtt = UP 4 A (UP — 207 + UP,,) = aUP + U + U, (2.9)
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Here, the coefficients

a=v=\ pf=1-2\ (2.10)
Note that
at+f+y=1,
which implies that U]n“ is the “average” of Ul' 1, U}, and U}, if o, 8,7 > 0. If these
coefficients are not all non-negative, say A = 1, which gives § = —1, then

n+1 __ n n n
Let us take U = 67 initially. !
e Atn=1weget Uy =-1, U} =1.
e Atn=2weget U2 =3, U2 =-2 Uz, =1.
e Atn=3,weget Ud=-7, U3 =6, Ul,=-3 Ui;=1.

You can continue this calculation and find a general formula by hand. Or you can
put this scheme into computer to try few more steps. We observe that the solution U
oscillates and grows. This violates the diffusion process. The heat should diffuse and
decay, not oscillate.

2. Example of stability On the other hand, if we choose

A< 1/2, (2.11)

fixed, then from ()
a,f,7 2 0.

Equation (@) states that U;‘“ is the average of U' 1, U;" and UY, ;. This leads to

an-i_l = OZU;?I_l + /BU;L +’y ]7‘7’_;'_1
< alUiL | + BIUS [ + U}
< (a+p+7)max |U7|
= [1U"leo-
Here, ||U]|s := max; |U;| is called the maximum norm of U, or the sup norm of U.
Similarly,
U = (AU + AU} 44U
< a|Uj |+ BIUF |+ 4|UF |
< (a+ B +7)max |U|

g {1 ij=0
071 0 otherwise.
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- “UnHoo

These imply that
|U]’7+1| < ||U"||o for all j.

Hence.

17" oo < 11U"|oo- (2.12)

The conclusion here is that [[U"]| remains bounded for all n.

To summarize, we have shown that the forward Euler method for the heat equation
is stable (i.e., the solution does not grow unboundedly) if and only if A < 1/2. When
A > 1/2, the solution grows unboundedly and oscillates, violating the physical behavior
of heat diffusion.

3. Definition of Stability

Definition 2.1. A scheme which produces approximate solutions {U"} is called stable
if there exists a norm || - || B such that {|]JU™||} remain bounded uniformly in n.

Remark This condition is necessary for convergence. Let us fix a point (x,¢). Consider
a limiting process: we fix A = k/h? and take

jh —x, nk—t

while
n — 0o, J — 00.

If U — u(w,t), then {U}'} has to be bounded. Thus, convergence implies stability.
This is indeed a theorem, which will be discussed in detail later.

Homeworks 2.2. 1. For the forward Euler method (@) with A < 1/2, show that
minjU;“Ll > min; U7,
ma:x;jU}L+1 < max;Uj".

2.3.2 Energy method

1. The energy method studies the stability problem in L?-norm:

1/2
[U]|2 := (Z IUj|2h> :

J

fA norm || - || in a vector space V is a mapping from V to RT which satisfies (i) ||v|| > 0 for all v € V,
(ii) ||v]l = 0 if and only if v = 0, (iii) ||av| = |a|||v]], and (iv) ||Ju+ v|| < |[u|| + ||v||. A vector space V
endowed with a norm || - || is called a normed vector space. It is used to measure the length of a vector.
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2. Let us write the finite difference scheme as
Urtt = Ul 4 U + U}, (2.13)

where
a,B,vy>0and a+ [ +~v=1.

We multiply () by U]’f“rl on both sides, apply Cauchy-Schwarz ineqmahty,B we get

(U2 = aUf Ut + BUPUS 4 U2, U

< SUURD + W) + SUUR? 4+ (U7 ) + (U7 + (U7))
Here, we have used a, 3,y > 0. We multiply this inequality by h and sum it over j € Z
to get

oms < S AU+ MUz + SUTE + 105 + S U0 + 10m3)
1 n n
= STl + 1T ).

Here, a4+ 3+ v = 1 is used. Thus, we get the energy estimate

s < Jums. (2.14)

Homeworks 2.3. 1. Can the RK-2 method possess an energy estimate? (Ans. Yes.)

2.3.3 Entropy method

The property that U"*! is a convex combination (average)E of U™ is very important. Given
any convex function n(u), by Jenson’s inequality, we have

n(UM) = n (U + U + U ) < an(US-)) + Bn(U}) +n(UL,). (2.15)

Summing over all j and using o + § + v =1, we get

DU = ) n(Up). (2.16)

The convex function 7 is called an entropy in this setting. The above inequality means that
the “entropy” decreases in time. In particular, we choose

fab| < & + &
SJenson’s inequality: for convex function 7, we have

n@l+ (1 -a)V) <anU)+ (1 —a)n(V).
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o n(u) = |ul?, this gives the L? stability estimate,

e n(u)=|ulP, 1 <p< oo, we get
Sl < g
J J
This leads to
1/p 1/p
(Simen) < (Swepr)
Y j

the general LP stability estimates. Taking p — oo, we recover L> stability.EI

e n(u) = |u— ¢| for any constant ¢, we obtain

DUt — o <> U — .

J J

This is called Kruzkov’s entropy estimate. We will see this inequality in the theory of
hyperbolic conservation laws in later chapter.

Homeworks 2.4. 1. Show that the solution of the difference equation derived from the
RK2 satisfies the entropy estimate. What is the condition required on h and k for such
entropy estimate?

2.3.4 Von Neumann’s stability Analysis

1. The von Neumann analysis (via Fourier method) provides a necessary and sufficient
condition for L2-stability. It is applicable to general time-evolution linear systems
(discrete or continuous parabolic equations, hyperbolic equations,...) with constant
coefficients. For systems with variable coefficients, Kreiss’ matrix theorem provides a
good characterization of stability.

2. Let us consider an evolutionary finite difference system in a general form:

Ut =Y Ul = (GU™);.
k=—1

The operator G : U™ s U™,

3. Let us consider the following infinite dimensional vector space

P(Z):={U:Z—C|)_|Uj]* < oo}.

JEZ

ql”UHp = U]l as p — 0.
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In ¢*(Z), we define the inner product

(U, V) = Z Ujvja

jez
and the ¢2-norm

1/2
U = v {U,U) = (Z |U]|2> .

JEL
The (2-space is a Hilbert space. [

4. Let us consider another functional space L?(S'):

1(SY) = {: 5" C / T 16(E)P de < o0}

In L%(S'), we define the inner product

o) i= 5 [ oteuE de

and the L?-norm

1 2 1/2
loll:= VT = (5 [ lotorrac)
This L?*(S') space is also a Hilbert space.
5. Fourier transform Given U = (U;);ez € (*(Z), we define its Fourier transform by
A 1 .
- o1
(€)= o ;U]e i € e0,2m).

The function U : S — C is a 2m-periodic function. In fact, U e L*(S"). The Fourier
transform: U — U maps (*(Z) to L*(S).

6. There are two pros to analyze stability of a finite difference schemes using Fourier
method.

o The shift operator T : (*(Z) — (*(Z) is defined by (TU); := Uj;1. The shift
operator is transformed to a multiplier:
TU(§) = U ().

I A Hilbert space means it is a vector space endowed with an inner product structure. Moreover, it is
complete, which means that every Cauchy sequence converges.
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e The Parseval equality
lwi* = 1ol
1 2

o GRS

holds, thus one can control the ¢2-norm of U and GU in the Fourier space.

7. Now, let us consider a finite difference scheme of the form:
Q(TU™ ' = P(T)U™, (2.17)

where (), P are polynomials, say

U),; = Z arUj iy, Z beUj k-

k=—l1 k=—1

The Fourier transform of P(T)U gives

= P(e)U(9).

Thus, taking Fourier transform for the finite difference scheme (), we get

Q6T 1(e) = P(e€)Tn(e), UM1(€) = GE)T (),

where P(e)
~ e
G(€) = .
© =3
From the Parseval equality,
Lot R 72

1 [T —~
o L GIREGIRS
Ly —
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~ 1 (™ ~
< max|G(O)Po; [ 1T de
3 2 ).
= [GlIlUm|*.
Thus a sufficient condition for stability is

|Gloo < 1. (2.18)

This is also a necessary condition. Indeed, suppose |@(§0)| > 1 at some point & €
[0, 27], fromG being a smooth function in &, we can find € and ¢ such that

GO >1+e forall [¢—§&|<d.

Let us choose an initial data U € ¢2(Z) such that U9(¢) = 1 for |¢ — &| < 6. Then

—~ 1 —~ —
L 1 Gl

1 o~ —~
> L G2 (&) TP de
T Jjg~&ol<6
)
> (1+€)2”2——>ooasn—>oo
m

Thus, the scheme is unstable. We conclude the above discussion by the following
theorem.

Theorem 2.1. A finite difference scheme
QU™ = P(T)U"

with constant coefficients is stable if and only if

Ay . D)
=G
satisfies R
_max IG(&)| < 1. (2.19)

8. Examples

e« Forward Euler method. The forward Euler method for the heat equation is

k

U™ = GU;1, U, Usa) = AUja + (1= 20U + AUja, - A= 55

The corresponding
G(€) = A€+ ¢7€) + (1 - 2)) = 1 — 4\ sin® (g> .
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The condition () is equivalent to

A<

N | —

That is,
k 1

— < —.
h? — 2
Or equivalently, U ;LH is the convex combination of U;_;, U; and Uj;.
« Backward Euler method

nt+l _ rn n+1 n+1 n+1
Uyt =U7 + A (U =207 + U
Taking Fourier transform, we get

U(e) = Ge)U™ (),

1 1 1
Sl —24e7)  T—=A(2c08(6) —2) 1+ 4xsin? (§)

We see that |G(£)| < 1 for any & € [0,27]. There is no restriction on A\ = k/h?.
Thus, we say the backward Euler scheme is unconditional stable.

¢ Crank-Nicolson method The scheme is

A A
1-ZL)urtt=(1+ZL)U"
(138 o= (1e32) v

where L is the discrete Laplacian:
LU=(T-2+T "YU

The Fourier transform of L is
Z =% — 24+ ¢ % = —4¢in? (é) .

Thus, the amplification G(£) is

1—2)sin? (§
Glo) - =2 ),
1+ 2\sin (5)
We see that R
GO <1
for all A > 0 for all £ € [0, 27). Thus, the Crank-Nicolson method is unconditional
stable.

Homeworks 2.5. 1. Compute the G for the schemes: RK2, RKA4.
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2.4 * Relaxation of errors

In this section, we study the evolution of an error on a periodic domain [0, 27). We consider
Ut = Uge, @ € [0,27), (2.20)

with initial data uo. The grid points x; = 27j/N, j =0,...,N, and h = 27/N.

Truncation error Let u(-, ) be a smooth solution. We plug u into the difference equation

(@) The remaining term is called the truncation error 77:

u(xj,t 1) = u(z;, t") + -z (u(wj1,t") = 2u(z), t") + u(wjy1, t")) + At7}'.

By Taylor expansion,
" = O(At) + O(h?).

J
True error The true error €} := u(z;,t") — U} satisfies

67;—"_1 = e? + )\(6?_1 - 26? + e_?—i-l) + AtT;l (221)

We want to know how error e” is relaxed to zero from an initial error €°.

Homogeneous linear difference equation Let us study the homogeneous finite differ-
ence equation first. That is

e;““l = e + A€ —2ef +ef,). (2.22)

or "™ = G(u"). The matrix is a tridiagonal matrix. It can be diagonalized by Fourier
method. The eigenvalues and eigenfunctions are

pr =1 —2X+2Xcos(2mk/N) = 1 — 4Xsin?(7k/N),

1 .
Vpj = ——?™kIN ] =0, .. N — 1.
N

Note that {vk}g:_(f are orthonormal. When A < 1/2; all eigenvalues are negative except py:
L=po>|p1| > |pa| >---.
The eigenfunction corresponding to eigenvalue pg = 1 is
vo;=1forall 0 <j <N -1

Hence, the projection of any discrete function U onto this eigenfunction is the average:

>, U
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Now, we decompose the error into

N-1
e = (" vp)vg,, n>0
k=0
Then
et = prep.
Thus,
e = piep.

Since py = 1, we see that ¢ = €)), which is the average of €”, does not decay, unless ¢ = 0
initially. To guarantee the average of € is zero, we may choose U 1 to be the cell average of

u(z,t™) in the jth cell:
" 1 Tj+1/2 n
Uj = E/ u(z, t") de.

Tj-1/2

instead of the grid data. This implies that the initial error has zero local averages.
For the decay behaviours of errors e} for k = 1,..., N —1, we notice that for 1 <k < N—1,

k K\
pr = 1 — 4\ sin? (%) ~1—4\ (%) , for N >> 1.

The largest values of p’s are p; and py_1:

T2 At 7
_ __z1—4A@J —1-42 T 1AL
P1 = PN-1 N 2 N2
They correspond to low frequency eigenmodes: v = (e2™9/N );-V:_Ol and vy_y = (e72m9/N )éV:_Ol.

The corresponding decay rate is

t n
pr = (1—At)" = (1——) ~e .

n

Here, t = nAt. This is the decay rate of e} and e_; with nAt = ¢. They are the slowest
decay modes. For k = N/2, the corresponding eigenmode vy, = ((—1) );V:_Ol is the highest
frequency mode. The corresponding eigenvalue

The decay rate is

which decays very fast.
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Inhomogeneous linear difference equation The contribution of the truncation error
to the true error is given by the following inhomogeneous linear difference equation:

et = el + Ae) | —2e] + €, )) + AtT]

Let us expand ¢” in eigenmode vy: €® = S (”, vp)vg. The error (€",vy,) satisfies =
(" up) = prle™, ) + AHT", vg).

Its solution is
n—1

<6n7 vk> = /OZ<607 Uk> + At Z PZ_I_m<Tma Uk>'
m=0
We see that the term (e", vy) does not tend to zero unless (7™, vg) = 0. This can be achieved
if we choose U; to be the cell averages instead the grid data. For £ > 1, we use p; < p. We
have

N n—1 N
el = S 1em, o2 < or 3R o) + AL S g 3 e w2
k k=1 m=0 k=1

n—1

< AN + A Y o |

m=0

We have seen that the truncation error is second order. That is
max [|[7"|| = O(hz).
m
Then for k£ > 1,

1—-p7 1—et
Lo At—— & — 1t
1— 11— (1— A

n—1 n—1
ALY o < ALY i = A
m=0 m=0

Thus, we obtain
le"]> < e e’ + (1 — e HO(h?)
with nAt =t.
In summary, the kth mode decays at rate e %, k =1, ..., h=2. Thus, high frequency modes
decay very fast.

2.5 Boundary conditions

2.5.1 Dirichlet boundary condition

Nonzero Dirichlet boundary condition Now, we consider the initial-boundary prob-
lem:
Up = Ugy, € [0,1]

. N—1
**The inner product (€}, vy) := >,y €}V
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The Dirichlet boundary condition is
u(0) = a, u(l) =0. (2.23)
The initial condition is
u(x,0) = ug(x).

We introduce uniform grids: z; = j/N, j = 0,..., N. The forward Euler method can be
realized on xq,...,xny_1 as

At
U}Hl ~Uj = (U, - 207 + U_?Jrl) J=1.,N—1

J_h2 J

Near the boundary point x1, the finite difference approximation of u,, at x; involves u(zy).
We plug the boundary condition u(zy) = a:

-2 -2
Uy (11) = Yo }gl +Us +O(h?) = # + O(h?) (2.24)
Similarly,
Un_o—2Un_1+U Un_o—2Un_1+0b

h? h?

The unknowns are U7, ...,Uy_; with N — 1 finite difference equations at zy,...,xy_1. In-
cluding boundary terms, we write the equation as

At

U™ = (I 4+ ALp)U" + B, \= -3 (2.25)
-2 1 0 0 0 a
1 =21 - 0 0 0
Lp=1|. . . . . . , B=]. : (2.26)
0 00 1 -2 (N=1)x(N—1) b (N—-1)x1

The matrix Lp is the discrete Laplacian with zero Dirichlet boundary condition. The term
B comes from the Dirichlet boundary conditions.

We can have energy estimates, entropy estimates as the case of periodic boundary con-
dition.

Solving heat equation with Dirichlet boundary condition In the implicit methods
for solving heat equation, it involves an inversion of the discrete Laplacian. Since the eigen-
values of the Dirichlet BC Laplacian Lp(R.2G) are all nonzeros, Lp is invertible. There is no
problem in using implicit methods.
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2.5.2 Neumann boundary condition
Discrete formulation The Neumann boundary condition is
u'(0) = —a9, (1) =o0y. (2.27)
We may use the following discretization methods:
o First order:

U, — Uy
h

= —0yp.

» Second order: we use extrapolation

—3Uy +4U, — Us
2h

= —09y.

The unknowns are U' with j = 0,..., N. In the mean time, we add two more equations at
the boundaries.

Discrete Laplacian with Neumann BC Let Ly be the discrete Laplacian with Neu-
mann boundary condition using the first order approximation on the boundary. Ly is an
(N +1) x (N + 1) matrix.

1 1 0 0 0
1 =21 -0 0

Ly=1|. . . . . . (2.28)
0 0 0 - 1 —1

(N+1)x(N+1)

This matrix has the following eigenvectors:

v% = cos(njk/N), k=0,.,N

J

with eigenvalue

k

)

)\k——2+2cos(7rk/N)——4sin2( ) , k=0,...,N.

2

=

Note that A\ = 0. The corresponding eigenvector v° = [1,...;1]7. The error corresponding
this eigenmode does not decay.

% Define the parameters

N = 100; % Number of grid points is N+1
L = 1; % Length of the domain
h = L/N; % Grid spacing

62



% Construct the discrete Laplacian matrix

A = -2xeye(N+1) + diag(ones(N,1),1) + diag(ones(N,1),-1);
A(1,1) = -1; A(N+1,N+1) = -1;%For Neumann BC

A = (1/h72) * A;

% Find the eigenvalues and eigenvectors
[V,D] = eig(A);

% Extract the eigenvalues
lambda = diag(D);

% Sort the eigenvalues in descending order
[lambda, idx] = sort(lambda, 'descend');

% Reorder the eigenvectors accordingly
V =V(:, idx);

% Plot the first and last four eigenvectors
figure
for i = 1:4 % plot first 4 eigenvectors
subplot(2,2,1)
plot (V(:,1))
xlabel ('Grid point')
ylabel (['Eigenvector ',num2str(i)])
end

% Plot the first and last four eigenvectors
figure
for i = N-2:N+1 % plot last 4 eigenvectors
subplot (2,2,i-N+3)
plot(V(:,1))
xlabel ('Grid point')
ylabel (['Eigenvector ',num2str(i)])
end

% Plot the eigenvalues

figure

plot(lambda, 'o"')

xlabel ('Eigenvalue index')

ylabel ('Eigenvalue')

title('Eigenvalues of the discrete Laplacian in 1D')

Alternatively, we can also use the Laplacian at xq and xy. At, zq, this gives

U_1—2Uy+ Uy

2 + O(R?).

Ugq: (l'o) =
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;'w_ﬁ Eigenvalues of the discrete Laplacian in 1D
0

a 20 40 60 a0 100 120
Eigenvalue index

Figure 2.3: The eigenvalues of the discrete Laplacian in 1D with Neumann boundary condi-
tion. The number of grid points N = 101. Note that the eigenvalues ranging from 0 ~ —N2.
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Figure 2.4: The first 4 (left) and the last 4 (right) eigenvectors of the discrete Laplacian in
1D with Neumann boundary condition. The number of grid points is N = 101. Note that
the first eigenvector is a constant. The plot overwhelms the error.

The Neumann boundary condition u,(xg) = —oq is approximated by
U, —-U_
This gives
—2Uy+2U, 2
ta(0) = =5 + 22 4 O(h).

The discretized equation becomes

Uy +2U; 2
“2U 200 2

Uo - h2
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This equation is equivalent to

The reason we divide this equation by 2 is to make the corresponding discrete Laplacian
symmetric. Thus, the heat equation with Neumann boundary condition can be approximated
by

I %Uo i _—1 1 17 Uo | _00_
Uy 1 -2 1 U, 0
A U T R
.: b2 o : h|:
Un_1 1 =2 1 Un-1 0
_%UN_ L 1 —1_ | UN ] _0'1_
Homeworks 2.6. 1. Find the eigenfunctions and eigenvalues for the discrete Laplacian

with the Neumann boundary condition (consider both first order and second order
approximation at boundary). Note that there is a zero eigenvalue.

2. Consider

on [0, 1] with Neumann boundary condition «'(0) = u/(1) = 0. If [ f(z)dz # 0. What
will happen to v as t — oo?

Solving heat equation with Neumann BC by implicit methods Let us study the
backward Euler method:
UMt = U™ + AtLyU™.

We need to invert the matrix I — AtLy. The matrix is positive. So there is no problem.

2.6 Multidimensions and sources
2.6.1 2D heat equation
Consider the heat equation
U = K (Ugg + Uyy) In a rectangle [Tmin, Tmaz) X [Ymin, Ymaz)
with zero Dirichlet boundary condition. The grid is
{(xs, yj)|zi = Tomin +1A2,0 =0, ...,n5 + 1, y; = Ypmin + Ay, j =0,...,n, + 1}
The Dirichlet boundary condition gives
Uyj=0for (i=0)or (i=n,+1)or (j=0)or (j =n,+1).
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The approximate solution is U;;,%@ = 1, ...,n,,j = 1, ..., n,. The backward Euler scheme reads

M (U™ = U™) = kAtLU™. (2.29)

where M is the mass operator
(MU)ij = Ui
and L is the 2D Laplacian:
1 1

(LU )i; = Ar? (Uit15 — 2Ui; + Uicrg) + By (U1 = 2Uij + Uij1)
The Crank-Nicolson method is
At
M (U = U") = 2= (LU™ 4 LU™). (2.30)

Below, we present a matlab code which uses sparse matrix solver. This code is much faster
than those without using sparse matrix solver. There are special cares for index arithmetics.

2.6.2 Splitting method for reaction-diffusion equations

1. Models Let us consider the reaction-diffusion equation:
up = Au+ f(u) (2.31)

The term Aw is called the diffusion term, while f(u) the reaction term. It can come
from

e Phase field model: wu is an order parameter, f is the derivative of a double-well
free energy F. An example of F is F(u) = (1 — u?)?, or F(u) = u*(1 — u)?. For
the later one, the corresponding F'(u) = f(u) = u(l — 2u)(1 — u). The state 0
and 1 are stable equilibria, while u = 1/2 is an unstable equilibrium.

e Chemical reaction. Usually, u is a vector consisting of several chemical species
involving reaction. An example is the following chemical reaction in atmosphere.
The reaction involves oxygen (O), nitrogen oxides (NO, NO,), and ozone (Oj):

NOy+ hv 5 NO+0
O+ 0, 22 0,
NO+03£>02+N02-

Here, hrv denotes a photo of solar radiation. Let cq,...,c4 be the concentrations
of O, NO, NO;, and Og, respectively. The reaction system is

¢1 = kicz — kacy,

Gy = kicz — k3eacy,

3 = kzcacy — kycs,

é4 = ]{chl — ]{73C264.
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2. Suppose we want to solve the reaction-diffusion equation in a small time step At. Let
us start from a state called ug. This equation can be viewed roughly as

ur = A(u—ug) + f(ug)(u — up).
We view it as
vy = Av + Bu,
where v = u — ug, Av = Av, Bv = f(ug)v. We call these two operators as

At

« Diffusion operator: e**”, which solves the diffusion equation

« Reaction operator: e which solves the ODE: u' = f(u) for a small time
step.

Let us denote them by e®* and e®*Z, respectively. Note that these two operators are
not commutable.

3. Splitting method Formally, the solution of the equation () is

u = AHATB)

We want to approximate it by

U~ eAtBeAtAuo.

We know how to find e*4 and e®*Z. In other words, we will solve this reaction-diffusion
equation by solving
u = Au
and
uy = f(u)
alternatively. Namely,

HATE) oy ABAA | (MBAA 4 Ay

vV
n times

Such a method is called a splitting method.

4. Let us study the error of eAHA+E) _ oAtBALA

eAUATE) - — 1+At(A+B)+ATR(A2+B2+AB+BA)+---
e'f et = (1+AtB+ATFBQ+---)(1+AtA+ATt2A2+---)
- 1+At(A+B)+ATt2(A2+BQ)+AtQBA+---
PAHATB) _ AtB | AtA _ A7752(/13 — BA) + O(Af) = ATﬁA, B] + O(AP).

Here, [A, B] :== AB — BA is called the commutator of A and B. The error is first order
after time n(At)? = O(At), where n = t/At and ¢ is the final time.
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D. High order splitting To reach higher order time splitting, we may approximate
#A+B) by polynomials P(et4, e!?) or rational functions R(e*4,e'?) for small ¢. For
example, the Strang splitting (or the Trotter product in physics literatures) is given

by
6t(A+B) tAetBeztA + O(tg) (2'32)
For t = nAt,
1 1 1 1 1 1
GHATB) = (e3DHAGAIBFALAY (o FAM ALE SALAY (o JA ALB ALY,
1 1
eI AANB ALAALB ALA | (ALA NB 5 AL,

The Strang splitting is second order.

Homeworks 2.7. 1. Design a third order splitting method for

u; + Au + Bu.

2. Suppose we have three operators in our equation:
= Au—+ Bu+ Cu.

Design first order and second order splitting methods.

Project 2
You can do either one of the following two.

1. Study the ozone photochemistry process with diffusion. The reaction involves oxygen
(0), nitrogen oxides (NO, NOy), and ozone (Os3):
NO; + hv £> NO+0
O+ 02 25 Oy
NO + 03 02 + N02

Here, hv denotes a photo of solar radiation. Let ¢y, ..., cs be the concentrations of O,
NO, NO, and O3, respectively. The reaction system is

¢1 = kicz — kac,
¢y = kicg — kscaca,
¢3 = kscocy — ke,

é4 = kQCl — k36204.

68



The numerical reaction rates are
kp = 1072 max[0, sin(27t/t4)]s™', t4 the length of 1 day,
ky =10°s7', kg = 10""cm3molecule s
The geometry is a rectangle. The initial data is a box function with

(C Co,C3,C ) — <07075 X 1011’8 % 1011) inside box
1,C2,C3,Cq) = (0,0,0,0) elsewhere.

The boundary condition is Neumann BC. Use finite difference and spectral methods.
Use Crank-Nicolson in time step. The final equation look like

oc=vAc+ f(c).

For the source and Laplacian on the right-hand side, you can use Strang-splitting to
treat theLaplacian and source separately. Or you combine them together as a discrete
ODE system.

. We will study the evolution process of a phase-field model in 2D. You can also search
for Cahn-Hilliard model and Allan-Cahn model. We shall neglect the fluid part, only
concentrate the evolution of the order parameter. The Allen-Cahn equation is

u = Au+u —u.

Here, u represents the order parameter of some material which has two phases (—1
and 1). We choose rectangular domain with the Neumann boundary condition.
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Chapter 3

Spectral methods and Fast Fourier
Transform

References:

1.

D.A. Kopriva, Implementing Spectral Methods for Partial Differential Equations, Sci-

entific Computation, Springer (2009).

3.1 Fourier series expansion

3.1.1 Definition and basic properties

1.

L*(T) space A 2m-periodic function can be identified as a function on a circle, which
is expressed as T = R/(27Z). Let L*(T) denote for

[A(T) = {f: T - C| / f(2)2dz < o0}
T
It is a vector space. In L?(T), we define the inner product:

! f<><>

(f.9) =5

The inner product (-, -) satisfies

f)=
fif )-O@f—o

(f;
(

« (Ff9)= (9.5,
(-,9) is linear any g € L*(T).

The space L*(T) endowed with the inner product structure is also complete.g A com-
plete inner-product space is called a Hilbert space.

*An inner product space H is called complete if all its Cauchy sequences converge.
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2. In L*(T), the set {e***|k € Z} is orthonormal:

‘ , 1 [
(ezkac7 ezmac) — ezkxezm:c dx
2 Jo

1 2

= — e M A = G
2 J,

The set {e**|k € Z} constitutes a basis in L*(T). This will be justified in the Fourier
convergence theory in the next section.

3. Wave number k£ Note that k is the wave number of the periodic function e**. The
wave length is 27 /k.

4. Definition of Fourier series expansion A Fourier series expansion for a 27-periodic
function f has the following form:

flz) = Z ape’™®, (3.1)

By taking the inner product of f with ¢/* and using the orthogonality of {e?**}, we
obtain

1 [ -
A = —/ f(x)e "™ dx.
2 | .

The coefficient a,, is called the Fourier modes, or Fourier coefficients, or Fourier mul-
tiples, or Fourier transform of f at wave number m, and is denoted by f,,.

5. Examples

(a) sign(z) = 1 forO<oz<w
APEMEI=Y 1 for —m <2 <0

1 0 . L
ap = — (/ —e7 T +/ etk da:>
27 - 0
1 ™ . ™ .
= — (/ —e* dy —|—/ e~ the dx)
2m 0 0

(b) f(z) = 7|zl

% Define the sign function
N = 16; % Number of points
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x = -pi : pi/N : pi-pi/N; % Grid points
sign(x); % Sign function

Hh
]

% Take the DFT
F = £fft(£f);

% Plot the magnitude and phase of the DFT
subplot(2,1,1)

stem (abs (F))

title('Magnitude of DFT')

xlabel ('Frequency')

ylabel ('Magnitude')

subplot(2,1,2)
stem(angle (F))
title('Phase of DFT')
xlabel ('Frequency')
ylabel ('Phase')

3.1.2 Basic properties of Fourier series

1. Basic Properties:

—

e The Fourier transform is linear. f + g = f +g.

« Translation property:

—

fla+a), =e " fy

o The differentiation becomes a multiplication under Fourier transform. It is also
equivalent to say that the differential operator is diagonalized in Fourier basis.

e The convolution becomes a multiplication under Fourier transform.
2. Differentiation

Lemma 3.1. If f € C[T], then

7 =ik fy. (3.2)

Proof.

~ 1 [% "

v = %/0 fl@)e™™ da
= @ o [ et
27 «=0 271 J,
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= ikf.
Here, we have used the periodicity of f in the last step. [

3. Convolution If f and g are in L?(T), we define the convolution of f and g by

(fxg)(x) = %/T/Tf(:r —y)g(y) dy.

Many solutions of differential equations are expressed in convolution forms. For in-
stance —u” = f in T, its solution can be expressed as u = g * f, where g is the Green’s
function of —d?/dx? in T. Another example is that we can smoothen a function through
convolution. Namely, consider a C*°-function p(z) > 0 in (—1/2,1/2) and p(z) = 0
elsewhere, and [ p(z) dx = 1. We consider

and
fE = Pe ¥ f
The functions f. € C* and if f € L}(T) and f. — f in L.

Lemma 3.2. If f,g € C(T), then

(f*9>k = frin (3.3)
Proof.
(773), = o [ £ aohoas
k (2m)2 Jp
1
- o [ [ 1= ey o
1
= G [ [ 1= e () dye s
TJT
1 1 ik(z—y) iky
A Tf(x y)e dx | g(y)e™™ dy
1 1 ikx iky
= o o f(x)e dr | g(y)e dy
T T
= fub
Here, we have used Fubini theorem. O

4. Remark The above two lemmas are valid for f, g € L?(T). The proof is based on the
L? convergence for nice functions and the density theorem in the next section.
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3.1.3 Regularity and decay: Riemann-Lebesgue lemma

1. Smooth functions If f is smooth, then its Fourier coefficients decay very fast. Indeed,
by taking integration-by-part n times, we have

o= o) " faye e do

_ fzk:c
N —zk27r/ fla

_ —zkx
N —zk’27r/ [« d

_ - (n) —ikx
- (—@k)” 5 /ﬂf (z)e ™ d.

Thus, if f € C™(T), then f, = O(|k|~"). In fact, we shall see later from the Riemann-
Lebesgue lemma that fi = o(|k|™™). I That is, the reqularity of f implies the decay of
fk In other words, if the function f is very smooth, then its high frequency modes fk
is very small.

The above property can also be observed by the following arguments. We note that

A 1 i :
fk _ _2_/ f(x)e—zk(x-f—ﬂ/k) dr
™ —T

Hence,
£ 1 —ikx
fe = 7 f( Je " dw
_ 2 ﬂ-f fl’—ﬂ'/k’) fikzdx
s
1 —ikx
= o Dﬁ/kf(:c)e dx
1 " n —ikx
= o Drs@e

Here, Dy is a backward finite difference operator. We see that if f is smooth, then
D, f=O(|k|™). Thus, fi measures the oscillation property of f at scale 7/k.

2. Integrable functions When f is not so smooth, say in L*, i we still have fk — 0 as
|k| — oo. This is the following Riemann-Lebesgue lemma.

"The notation o(h) means that it is a function f(h) defined in a neighborhood of h = 0 and it satisfies
f(h)/h — 0as h — 0.

*A function f € L'(a,b) means that f(f |f(z)] dz < 0.
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Lemma 3.3 (Riemann-Lebesgue). If f is in L'(a,b), then
b
fa:= / f(z)sin(Az)dx — 0, as A — occ.

Proof. (i) First, we show that the lemma holds for uniformly continuous functions.
From sin(A(x — w/A)) = —sin(Az), we have

2fa = /f(x)sin(Ax)dx—/f(x)sin(A(x—w/A))dx
b

= — /a f(x +7/A)sin(Ax) dx + / f(x)sin(Ax) dx

—A/x b—m/A

b—m/A
"‘/ (f(x) = f(x +7/A))sin(Ax) dx.

From the uniform continuity and integrability of f, we have | f 4] — 0 as A — oo.

(ii) When f € L'(a,b), we use density theorem, which states that every L' function
can be approximated by smooth functions in L'-norm, that is, for any ¢, there exists
a smooth function g such that ||f — g/ < e.

(iii) It holds for any A

F—g),l < / (@) — g(@)] dz o= ||f — gllp <.

From (i), there exists M such that for A > M, |ga| < e.

(iv) Given f € L'(a,b), and given any ¢ > 0, from (ii), we can find a smooth function
g such that || f — g||z1 < e. From (i), there exists an M > 0 such that for any A > M
we have |ga| < e. From (iii), we have |(f/—\g)A| < ||f —gllz: < e. Combining all these
together, we get

fal < 1gal +1(F = 9) 4] < 2e.

O
We conclude with the following lemma.
Lemma 3.4. If f € C™(T), then f, = o(|k|™).
Proof. We have seen that
. 1 :
= (n)e=ike g 3.4
fo= e [0 (3.4

Since f € C"(T), f™ € C(T). By Riemann-Lebesgue lemma, we get that [ f™e ** dz =
o(1). This together with (B.4), we get fr = o(|k|™). O
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3. Remarks.

o If f is a Dirac delta function, we can also define its Fourier transform

. 1 [7 , 1
fr = e §(z)e * dy = oy
In this case, § € L' and 0 = 1/271 does not converge to 0 as |k| — co.

o If f is a piecewise smooth function with finite many jumps, then it holds that
fr = O(1/k). To prove such a result, one can first show the result when f has
only one jump. Next, consider the case that f is the sum of a step function g with
finite many jumps and an absolutely continuous function h. We have seen that
hi decays as o(1/k). For the step function g, you can show that g, = O(1/k).

3.2 Convergence Theory

Let us denote the partial sum of the Fourier expansion by fy:
N
In(z) = Z fre™®.
k=—N

We shall show that under proper condition, fy will converge to f. The convergence is in
the sense of uniform convergence for smooth functions, in L? sense for L? functions, and in
pointwise sense for BV functions.

3.2.1 Convergence theory for Smooth function

Theorem 3.1. If f is a 2w-periodic, C*™°-function, then for any s > 0, there exists a constant
Cy such that

[fn(z) = fz)] < CNT° (3.5)
Proof.

In(z) = kaeikx

|k|<N

— L[ ik(z—y)

= Yo ey
|k|<N

_ 1 ik(z—y)

= %/ > e fly)dy

[kI<N

_ 1 7rsin(N—{—%)(:U—y)f(y)dy

om ) sin(3(e — 9))
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1 (™ sin(N + 1)t
_ 2 Sln< —{t_ 2) f(l’ + t) dt

2m sin 3
1 ™
= —/ Dy(t)f(x +1t)dt
2 | .

Here, we have used Dy (z) := 3y €™ = % i Using [ Dy (z)dz = m, we have

)= 1) = o [ I ) ar
= % ' sin((N + %)t)g(t) dt.

—T

The function ¢(t) := (f(z +1t) — f(x))/sin(t/2) = fol f(x+at)da-t/sin(t/2) is 2m periodic
and in C*°. We can apply integration-by-part s times to arrive

Lo (12 T 1
fulw) = f@) = (V4 5) 2= [ g0 sin((N + 5)t) de
m o 2
for even s. Similar formula for odd s. This completes the proof. Il

Remark. The constant C, which depends on (9)| dt, is in general not big, as compared
with the term N ~°. Hence, the approximation (éﬁ is highly efficient for smooth functions.
For example, N = 20 is sufficient in many applications. The accuracy property (B.H) is called
the spectral accuracy.

3.2.2 L?-Convergence Theory

1. The Fourier transform maps a 27-periodic function f into its Fourier coefficients
(fr)52_ .- We may view the Fourier transform maps L?(T) space into ¢? space:

LA(T) — (*(Z).
The function spaces L? and ¢? are defined below.

2. The space L*(T):

™

L*(T) :={f | f is 2m-periodic and /_ |f(z)|? dv < oo}

with the inner product

F9)= o= [ s ds

8Dy is called a Dirichlet function.
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and L?-norm: || f|| = /(f, f).

An important fact is that all L?-function can be approximated by smooth functions.
Such a smooth function can be obtained by convoling f with a smooth function, called
mollifier. Let p € C°°(T), which is positive in a neighborhood of 0 and is zero elsewhere,
and [ p(x) dz = 1. Given a function f € LP(T), p > 1, define

== [ (”“";y) 7) dy

Then f. is a C'* function and f. — f in LP. This is called the density theorem. We
shall not prove here.

. The space (*(Z) is defined as

CZ) = {(a)io | D lanl® < 00}
k=—oc0
with inner product (a,b) ==, axby.
ikx

. Bessel’s ineqlaity It is easy to check that e** are orthogonal in L2. From this, we

have for any N,
<(f=fnf =) = 11P= S0 1A

|k|<N

Or equivalently,

SRR < 12 (3.6)

[k|<N

This is called the Bessel inequality. It says that the Fourier transform maps continu-
ously from L*(T) to (*(Z).

. Isometry property

Theorem 3.2 (Isometry property). The Fourier transform is an isometry from L*(T)
to (2(Z):

9) =Y fed- (3.7)

Proof. To show this, we first assume that f is a smooth function. We can apply the
convergence theorem for f. This yields

(f,9) = /f



= S fy [ s
k -
k

To show this formula is valid for all f,g € L*(T), we notice that any function in L?
can be approximated by smooth functions f., namely, f. — f in L2

Now, the isometry property is valid for f. and g:

(fe.9) = (F2.). (38)
Ase — 0,
[(fe = Fol < |Ife = fllllgll = 0,
and o o
((fe = £, < Wfe = Fllllgl < N1fe = Fllllgll = 0.
The last inequality is from the Bessel inequality. [

The isometry property says that the Fourier transformation preserves the inner product
structure. When g = f in the above isometry property, we obtain the following Parseval
identity.

. Parseval equality

Corollary 3.1 (Parseval identity). For f € L?, we have
LAIP =D 1l
K
. Convergence theorem
Theorem 3.3 (L2-convergence theorem). If f € L?, then

N
fN = Z fke“m — f mn LQ.

k=—N

Proof. First, the sequence {fy} is a Cauchy sequence in L?. This follows from || fy —
full = ZN<|k|<M |fr]? and the Bessel inequality. Suppose fy converges to g. We see
that -

(F= )= % /T(f — fn)(x)e ™ do = 0 if [k| < N.

Thus, for each fixed k, taking N — oo, we get

(f—9),=0.
This holds for any k € Z. Thus, the Fourier coefficients of f — g are all zeros. From
the Parseval identity, we have f = g. ]
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3.2.3 *BV-Convergence Theory

1. BV functions A function is called a BV function (function of bounded variation) on
an interval (a,b), or function of finite total variation, if for any partition 7 = {a =
rg<xp < -+ <z, =0},

£y = sup > [ f(2:) = f(zim1)] < o0.

2. BV-norm An important property of BV functions is that its singularity can only have
jump discontinuities, i.e. at a discontinuity, say zo, f has both left limit f(zo—) and
right limit f(zo+).

Further, any BV function f can be decomposed into f = fy + fi, where f; is a
piecewise constant function andf; is absolutely continuous (i.e. f; is differentiable and
f1 is integrable). The jump points of fy are countable. The BV-norm of f is exactly

equal to
ey = S F@ + [ 1160 de.

where z; are the jump points of f (also fy) and [f(z;)] := f(z;+) — f(2;—) is the jump
of f at z;.

3. Fourier inversion formula for BV functions

Theorem 3.4 (Fourier inversion theorem for BV functions). If f is in BV, then

fn(z) = Z fre™ = S(f(a+) + f(z—)). (3.9)
Proof. Recall that
i) = 5= [ Dxe=nrway
= 2ﬂ_</ />DN fle+t)dt
= fN +f]v
Here, Dy(2) = 32 <y €™ = % Using [ %dw = 7, we have
N
Fi@) - sih) = o m;%wm )

- —/sm N+ )g(t) dt

From f being 1n BV, the function g¢(t) is in Ll(O 7). By the Riemann-Lebesgue
lemma, fi(z) — 3 (:U—l—) — 0 as N — oco. Similarly, we have fy(z) — 3 f(z—) — 0 as
N — oo. [
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3.2.4 *Pointwise estimate and Gibbs phenomenon

In applications, we encounter piecewise smooth functions frequently. In this case, the approx-
imation is not uniform. An overshoot and undershoot always appear across discontinuities.
Such a phenomenon is called the Gibbs phenomenon. Since a BV function can be decom-
posed into a piecewise constant function and a smooth function, we concentrate to the case
when there is only one discontinuity. A typical example is the function

f(x):{l for0<z<m

-1 for —m<x<0

The corresponding fy is

N ~ .
fu(x) =Y fre™
k=—N
1 /:E sin((N + 3)t) 1 /“"”Jr7r sin((N + 3)t) it

o) Tenp) Yo Sin(t/2)

First, we show that we may replace %Tl(t/Q) by 1 with possible error o(1/N). This is because

the function  — m is in C' on [—7, 7] and the Riemann-Lebesgue lemma. Thus, we
have
1 [ sin((N + 3)t) 1 = sin((N + 1)t)
i) = - /H L2 gy W/x 2 4 o(1/N)
1 [e(N+1/2) | [am+1/2)
= — / sinc(t) dt — —/ sinc(t) dt + o(1/N).
T J(z—7)(N+1/2) T Ja(N+1/2)

Here, the function sinc(t) := sin(¢)/¢. It has the following properties:

/000 sinc(t) dt = /2.

/:O sinc(t) dt = O (%)

To see the latter inequality, we rewrite
(n+1)m
/ sinc(t) dt
nm

/ sinc(t) dt = (/ + Z

4 4 k:Zn
where n = [z/m] + 1. Notice that the series is an alternating series. Thus, the series is
bounded by its leading term, which is of O(1/z). Let us denote the integral [ sinc(t) dt by

Si(z).

For any z > 0,
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To show that the sequence fy does not converge uniformly, we pick up x = z/(N +1/2)
with z > 0. After changing variable, we arrive

s S (N+1/2)r
fy <ﬁ1/2) = l/ sinc(t) dt — l/z sinc(t) dt + o(1/N)

T J2—(N+1/2)x m

= %/z sinC(t)dt—%/oosinc(t) dt+O0(1/(z+ N))+ O(1/(2 — N))

—00

_ 3A1mﬁmmwu@+N»+mU@—ND

0

™

2 o
:1——/‘mMﬂﬁ+m%+N»+mU@—ND
In general, for function f with arbitrary jump at 0, we have

g = £00 -2 [Tsinctarr /e + 6+ 00/ - N)
= f(0+)+0O(1/2) + O(1/(z — N)).
where, the jump [f] := f(0+) — f(0—).

We see that the rate of convergence is slow if 2 = N® with 0 < o < 1. This means that
if the distance of x and the nearest discontinuity is N =1+, then the convergent rate at x is
only O(N~%). If the distance is O(1), then the convergent rate is O(N~1). This shows that
the convergence is not uniform.

The maximum of Si(z) indeed occurs at z = m where

1
—Si(7) ~ 0.58949
7
This yields
T
N+1/2

Hence, there is about 9% overshoot. This is called the Gibbs phenomenon.

I ( ) = f(0+) 4 0.08949 (f(0+) — f(0-)).

% Define the step function

N = 100; % Number of points
x = linspace(-pi,pi,N); % Domain
f = sign(x); % Step function

% Compute the FFT
F = fft(f);

% Add more terms to the FFT to simulate the Gibbs phenomenon

Nterms = 10; % Number of additional terms

F(N/2+1-Nterms:N/2+1+Nterms) = F(N/2+1-Nterms:N/2+1+Nterms) .* linspace
(0,0,Nterms*2+1) ;
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Figure 3.1: Gibbs phenomenon. The original Fourier modes are fk, k = —49,...,50.

reset the last 20 Fourier modes to be 0’s. That is, we approximate f by fio.

% Compute the inverse FFT
f_gibbs = real (ifft(F));

% Plot the original and Gibbs-affected functions
figure

subplot (2,1,1)

plot(x,f, 'k-")

title('Original Step Function')

xlabel('x")

ylabel ('f(x)"')

subplot(2,1,2)

plot(x,f_gibbs, 'k-")
title('Gibbs-affected Step Function')
xlabel('x")

ylabel ('f(x) ")

We

Homeworks
1. Derive the Fourier expansion formula for periodic functions with period L.

2. What is the limit of the above Fourier expansion formula as L — oo.

3. Derive the Fourier expansion for the following functions: f(z) = |z| —1/2 for |z| <1

and f is a periodic function with period 2.
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4. What is the convergence rate of the above function in L? and pointwise convergence
rate at x = 07

3.2.5 Fourier expansion of real-valued functions
1. Fourier expansion for real-valued functions

Proposition 3.1. When f is real-valued, f can be expressed as

o0

Qo .
f(z) ~ 5 + Z (a,, cosnz + by, sin nx)

with )
1 Y
an:—/ f(x)cosnxdzx, b, :—/ f(z)sinnz dx.
2 J,

Proof. We have

L . . 1 .
fn = g/Tf(:L’)e““ dr, [, = %/f(x)e”” dr.

Thus, when f is a real-valued function,
fn = f—n-
If we express fn = %( —ib,), where a,,b, € R, then f_n = %(an + ib,) and

o Zf einm
= n

nez
D SRS e
5 2. n
:30+; (ay cos nx + by, sin nx)
Here,
1
. b —and
gl 27r/f ‘
— / f(z) (cosnzx —isinnx) dz.
TJr
Thus,

1 2 1 2m
a, = %/0 f(z)cosnxdx, b, = %/0 f(z)sinnx dx.
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2. Orthogonality The functions {cosnz,sinnz} are orthogonal to each other. But

1 2

27
1
— cos? nx dr = —/ sin® nz dx = = for all n.
2T 2T 2

3. Parseval equility The Parseval equality reads

%/Tyf(x)ma; =23 (a2 +5)

3.3 Discrete Fourier Transform

3.3.1 Definition and the inversion formula

1. Definition of the discrete Fourier transform Given a 27-periodic function f, we

define
_ 1 Nz
= Z )e ke (3.10)
7=0

to be the discrete Fourier transform of f. This definition is the numerical integral
formula for the Fourier transform

iﬂ /11‘ fx)e ™ dx ~ ]Z:; flz)w

with quadrature points z; = 27j /N and weights w; := 27 /N.

2. This is exactly the trapezoidal approximation for numerical integration of the Fourier

modes:
1 N-1 Tj+1 )
/ f(z e~ dy = by / f(x)e_lkx dx
T o
N—-1
1 1 —ikx; —ikx; 2m
~or 2z e e
N-1
1 —ikx;
= N : fje 7,
7=0

Here, f; := f(z;). When f € C, according to the Euler-MacLaurin summation
formula for periodic functions,

1 2 ) 1 N-1 )
%/0 f(l,)e—zka: dr — N Z fje—zk’xj _ O(N—s)
=0

for any s > 0. Thus, the discrete Fourier modes can approximate Fourier modes with
spectral accuracy, provided the underlying function is C*°.
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3. N-periodicity of f: . 5
Jeen = Jr
4. Inversion formula . We shall always choose N to be even. From the periodicity of

fx, we define
N/2-1

Inf(z):= Z free.

k=—N/2
We claim that
Inf(z;) = f(x;) for j =0,...,N — 1.
In other words, Iy f is a trigonometric interpolant of f at {xj};y:_ol. To see this, we

plug the formula for fk into the formula for fy:

N/2—1

1 N—-1 A
]Nf(x) _ Z Nz.fjem(m_xj)

k=—N/2 " k=0
N-1

= ) Dyx—=x))f
=0

where )
N/2-1
1 . _iz/o SIN(Nx/2)
D _ ikr _ —iz/2 )
M) =g ) =e N sin(z/2)

k=—N/2

This function is a 2w-periodic function. For z ~ 0,

lim Dy (z) = 1.

z—0
For x; = 2mj/N, j # 0, sin(Nz;/2) = 0. Thus, we get

|1 forj=0(modN)
DN(xj)_{ 0 for j #0 ( mod N)

Hence, Iy f(z;) = f;.

5. Problem of this discrete Dirichlet kernel. First, it is not real-valued. Second,
its derivative produces an oscillatory term due to €. The problem comes from the

asymmetric summation in Z%;fl e’* . To fix this problem, we can just take its real
part, namely,
N—1
Inf(z) =)  [flzj)en(r — ) (3.11)
j=0

where

sin(Nz/2)

~ (3.12)

on(x) = Re (Dy(x)) = cot(z/2)
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is a real-valued 2m-periodic function. It is called the periodic sinc function. It satisfies
QON(IJ‘) == (50,]‘ (313)

for j =0,1,...,N — 1. It is a trigonometric polynomial interpolating {z; = ¢ }. Its
derivative is

73 (1) ot (j1/2)

where h = 27 /N is the mesh size. Alternatively, we can use the property fN/Q = N/25
define

@N(%) = 0o

N2 =

INf Z fk zk:v

where

1 otherwise

{ 2 ifk=4+N/2
Cr —

This gives
N—1
Inf(x fo] on (T — z).
7=0

In other words, Iy f is the trigonometric polynomial interpolating f at {x;}.

. Isometry property Let Sy be the space of the trigonometric polynomial of degree
N/2: A
Sy = span{Ey(z) = ™ | —N/2 <k < N/2}.

In this space, the inner product defined by

9= 5 [ re)ds

is equivalent to the discrete inner product

(f,9)n = % ZO fi9;-

It is easy to check that {Ej(x)}_ N/2<k<n/2 are orthonormal in both inner products.
Hence, these two inner products are identical any f,g € Sy.

Again, from orthonormality of { Ej(x)}, we have the isometry property:

(f?g)N: Z fkg_kv

~N/2<k<N/2

and the Parseval identity:
1 — -
Y/ D ST
Jj=0 —N/2<k<N/2
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3.3.2 Approximation issues

1. Modal projection vs. Nodal projection Given a 27-periodic function f, the map-
ping
Pafe)= 3 i

—N/2<k<N/2

is an orthogonal projection from L?(—m, ) to Sy. On the other hand, the interpolation
operator Iy f:

i

Inf(z) = flx))on(z —x))= Z Feita

j —N/2<k<N/2

Il
=)

is a projection onto Sy, and is characterized by Iy f(z;) = f(z;), j =0,--- ,N — L.
Py is expressed in terms of Fourier mode fi, and is called the modal projection. While
Iy, as expressed in terms of node data f(z;), and is called the nodal projection.

2. Aliasing error The difference between Py and [y is called “aliasing error.” It can be
characteristized as the follows. First,

=, =,
o N, —tkz; _ — £ i(l—k)x;
fk—NZf(%)e ’—NZ S e ’
j=1 j=1 —oco<l<o0o
| V-l
_ Z f"ﬁ Z pill=k)z; _ Z feDn (g — x)
—oco<f<o0 7=0 —co<l< 00
= Z fk+mN:fk+ Z fk+mN
—oo<m<oo —co < m < 00
m # 0
From the orthogonality of Ej, in L?, we see that
Ryf:=Inf—Pnf= Z Z Fromn | En
“N/2<k<N/2 | —oc<m <o
m # 0
and
IBNFIP = Y = Al

—N/2<k<N/2

S Z Z |fk+mN|2

—N/2§k<N/2 —oco < m < oo
m # 0

= > AP

k>N/2,k<—N/2

89



3. Since Py is an orthogonal projection, we have
If = InfI? = |If = PufI? + | Rn FIP

4. Sobolev Spaces It is not difficult to find the approximation error for Py. Indeed, let
H* denote the Sobolev space of order s:

H?® :={f is 2m-periodic, and f,- - ,f(s) c L?}

with the norm || f||%. := >0 _o | £7™][%. From the Parseval identity, this norm is equiv-

alent to 3, (1 + |k|?)*| fe|>. Projection error We have the following approximation
theorem.

Theorem 3.5. If f € H®, then
If = Pufll <N

Proof. We use the facts that {Fj}rez is a basis in L? and the Parseval identity:

If =PufI? = D |fl

|k|=N/2

= D KRR

k|>N/2

< O(NT2)|f7)2.
O

5. Interpolation error For the interpolation operator, we have similar result. In other
words, the aliasing error has the same spectral error as that of the truncated Fourier
polynomial for smooth functions. This follows from

IBfIP < > AP

k>N/2,k<—N/2

Thus, we have proved the following theorem (Kreiss and Oliger). We refer its detailed
proof to (p.28077).

Theorem 3.6. If f € H®, s > 1, then there is a constant Cy such that
If = InfIl < CN=*|| £

Corollary 3.2. If f € C*, then for any s > 0, there ezists constant C and C. such
that
If =Pyl <CNT*, |If = INfI| S CNT*

This is called spectral accuracy.
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3.4 Fast Fourier Transform

Spectral methods become practical due to the birth of fast Furier transform which reduces

the operation counts from O(N?) to NInN. We explain Cooley-Tukey’s fast algorithm
below.

3.4.1 The FFT algorithm

1. Fourier transform matrix Recall that both f and f are periodic, and the transform
can be rewritten as

1 N-1

fk = xr fjeiikxjakzoa'”7N_1
N 2
N—-1 ~

fj = keikxja.]_oa 7N_1
k=0

1 1 1
w (JJ2 UJN_l
Fn = (wj\jf) 0<i<N = w? w! e WV . (3.14)
(N-1) | (N-D2 .. (N=1)2
| W w w I nxn
W= wy —2m/—1/N

Note that
FnFn = Nlyyn

For simplicity, below, let us call f = Fy f instead of f = %-7:1\/ f

2. Splitting of the transformation matrix Let us suppose N is even, say N = 2M.
Then we have

N-—1
: kj
fk - ZWNfJ
§=0
M-1

M—1

o k2j k(25+1)

= wy faj + E Wy faj+1
0 j=0

<
I

We define f' = (fo, f2, -+, fam—2), " = (f1, fa, -, fanr—1)-
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o For 0 <k < M := N/2, we have

) M-1 M-1
fe = Z w7 foj + wh Z W7 foj
=0 =0

= (Fu Sk + W (Farf"n

Here, we have used

2,2

o For fMJrk, k=0,...,M — 1, we have

M—-1
- (425 (M+R)25+1)
Jerm = E faj + E J2j+1
Jj=0
—1 M-1
B k;j M2j41) b kj
= Wit > wng Wy faia
=0 =0
M-1
E Wil faj — W2M§ WMf2]+1
J=0

FMf’)k - ng(FMf”)k

Here, we have used
woyy =1, wip, = -1
Thus, the discrete Fourier transform can be calculated as the follows.

(a) Split f = (fo, -+, fn_1) into even and old parts:
f/ = (f07f2, K fN—2)7 f” = (f1,f3, T ,fN—1)

(b) Let M = N/2, perform . .
f/ — FMf,, f/l — ]_—Mf//
(¢) For 0 < k < M, compute

G- R
Jeanr = f k WNf
3. Splitting in matrix form In matrix form, Fy can be splitted into
]:N/Q 0
Fn = P 3.15
N R (319

Here, Py is a permutation matrix which maps
<f07f17 T 7fN71)t — (fO?fQ; e 7fN727 f17f37 T 7fN*1)t;
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the matrix @)y is defined as

QN = |: ﬁzjz _D‘D]V]Cj2 :| s I : ldentlty matriX, DN/2 = diag(1,w7_ .. ,wN/Q—l)

4. Computation complexity Notice that both Py and ()n are sparse matrices. The
amount of work to perform Py and @y is O(N). Let the operation count to perform
Py and Qn be CN. Suppose N = 2F. Let Cy be the operation counts to perform
For. Then we have

Cor = C2F + 2C50-1.

This yields
Cy = Cor = C2" + 2051 = C28 + 2 (C2771 + 2C51-2)
=C(2"+2- 21 422282 . 4 20712) = CL2Y =CN I N.

Thus, the computational complexity of FFT is N In N. Since In N is relatively small,
we call such complexity is essentially linear.

3.4.2 Variations of FFT
Trigonometric representation
When all f; € R, then fo=for = fnp, for k = 1,N/2. Let

M- N/2 for even N
|l (N+1)/2 forodd N

f/f = Cok—1 _iCQka k= 17 7M_1 ) and Co = an and CN-1 = fN/2 Then

N/2—1 _
fi = fot (=1 fxp+ Y (fue™ + fre*)
k=1
M
= co+ (—1)ey_1+2 Z Cok—1 cos(kx;) + cop sin(kx;)
k=1
and
N-1
1
7=0
| Nl
Cop—1 — N ijOS(k}(L’j),k:L”',N/2—1
7=0
| V-l
o = & O Fysin(kay) k=1, N/2

<.
Il
o
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Fourier Cosine Transform

When f; is an even sequence, i.e. fy_; = f;, j=1,--- ,N/2, then for k =0,---N/2 — 1,

1 N/2—1
k=5 Yo fet
j=—N/2
1 N/2—1
- N fo+ (=1 faja + Z 2f; cos(kx;)
j=1
Its inverse transform is
N/2—1
fj — Z fkezkmj
k=—N/2
N/2—1
= fot+ (=1) fnpe+ Z 2 fy cos(kx;)
k=1

Fourier Sine Transform
When f; is an odd sequence, i.e. fy_; =—f;, 7=0,--- ,N/2, then for k=1,---N/2 — 1,

N/2—1

r 1 —ikx;
o= 5 2 fe™
j=—N/2
] N/2-1

= N Z 2f3 sin(kxj)

Its inverse transform is, for j =1,--- | N/2 — 1,

N/2—1

fio= > S
k=—N/2
N/2-1

= Z ka sin(kxj)

k=1

3.4.3 List of matlab commands regarding FFT

You can access the malab functions.
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fit Fast Fourier transform

fft2 2-D fast Fourier transform

fftn N-D fast Fourier transform

nufft Nonuniform fast Fourier transform

nufftn N-D nonuniform fast Fourier transform

fttshift Shift zero-frequency component to center of spectrum
fitw Define method for determining FFT algorithm
ifft Inverse fast Fourier transform

ifft2 2-D inverse fast Fourier transform

ifftn Multidimensional inverse fast Fourier transform
ifftshift Inverse zero-frequency shift

nextpow?2 | Exponent of next higher power of 2

interpft 1-D interpolation (FFT method)

3.4.4 Solving the heat equation on torus

1. Representation of d/dx in modal representation.

The matrix representation of d/dx under the basis {Ek}]_vz/\,2 /;1 is

D = diag(i(—N/2),...,i(N/2 — 1)).
2. Representation of d*/dz? in modal representation.
D? = diag(—(—N/2)?, ..., —(N/2 — 1)?).
3. Representation of d/dx in nodal representation.

4. Representation of d?/dz? in nodal representation.

5. Solving heat equation: w; = Awu on T. Suppose the modal representation of the
an approximate solution is uy(x,t) = fgv:/i_;/g Uk(t)Ex(z). Plug this into the heat
equation. Using the representation of d*/dz* under the basis {Fj}. We get that

2 . 2 ~
Uy = —k“Uy.
This gives
Up(t) = e F10,(0) = e (u(0), Ex)
The approximate solution uy is given by

N/2—1

uy(w,t) = Z e ¥, (0)

k=—N/2
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6. For reaction-diffusion equation:
u = Au+ f(u) onT,

we can use the splitting method. The part u; = Au can be solved exactly by modal
approximation. The part u; = f(u) can be solved using nodal representation. Thus,
there are two representation in the calculation:

N/2—1 N-1
Unia,t) = 3 Gilt)Eu(a) = 3 Usdla — ).
k=—N/2 j=0

The transformation (U, ...,Un_1) — (U_N/g, - UN/Q_l) is the discrete Fourier trans-
form.

References
o Spectral method Codes

o Parallel Codes in python and matlab

3.5 Orthogonal Polynomials and the corresponding dis-
crete transform

3.5.1 Orthogonal polynomials

The Fourier series is one example of orthogonal polynomials, which is for the periodic domain
T. There is a general theory for orthogonal polynomial on more general domain 2 with weight
w. The weight w defines the inner product

(f.g) = /Q H@)g@)w(z) d.

Here is a list of standard orthogonal polynomials:

e w(x)=1on [—1,1]: the Legendre polynomials P

e w(r)=1/y/1—22on [~1,1]: the Chebyshev polynomials T}

e w(z) =1z " on [0,00): the Laguerre polynomials L{

e w(x)=e"* on (—00,00): the Hermite polynomials Hy,

e w(z) = (1—2)*(1+2z)? on (—1,1) with o, 8 > —1: the Jacobi polynomials P*"

We shall only study the case of Legendre polynomials. Ref. Numerical Recipes, Sec. 4.5.
Gaussian quadrature and orthogonal polynomials.
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3.5.2 Gaussian quadrature for numerical integration

To find mode presentation of a function f, we need to perform numerical integration. For
instance

F o —ik r 1 al ik
fk:/o f(x)e dr =~ f} ::sz:;f(xj)e 3

Similarly, to find the Legendre mode fk, we approximate

~

2k+1 [*
fom 25 [ @R do

by numerical integration:

fi =

2k +1
2

> F(@;) Prlz;)w;.

In this subsection, we study the numerical integration methods for the weighted integral

[ et

where w > 0 is the weight. We want to approximate it by:

/ fyule)de = Y Sy, (3.16)

where {z;|i = 1,...,n} are called the quadrature points, {w;|i = 1,...,n} the corresponding
weights.

1. Determine the weights. Let
I1,, := {p is a polynomial with deg(p) < n}.

We want () to be exact for f € II,,_;. This means that this formula is exact for
f(x) = 1,z,....,2"'. Suppose {z;}", are given, then the above “exact” condition
involves n equations for n knowns wy, ..., w,. In particular, the integration should be
exact for the Lagrange interpolants

li(z) == €I, ;.
Hj;éi(xl z;) '
That is,
b n
/ li(x)w(x)de = Z&(xj)wj fori=1,...,N.
a k=1
From



we get a formula for w;:

n

w; = Z&(xj)wj = / li(x)w(z) dx. (3.17)

k=1

2. Determine the quadrature points Next, we can choose the quadrature points
so that (B.1G) is exact for f € Ily,_;. This involves 2n conditions for 2n knowns
{wq,...,w,} and {z1,...,2z,}. We introduce a theory of orthogonal polynomials to
determine the quadrature points. The orthogonal polynomials are w-orthogonal under
the weighted inner product

b
(f,9) 1:/ f(x)g(x)w(z) dx.

We have the following theorem. See Kincaid and Chaney, pp. 311, pp. 457.
Theorem 3.7. Let w > 0 in [a,b] be a positive weight.

(i) Suppose q € 11, is w-orthogonal to 1,_y. If {x1,...,x,} are the zeros of q, then
the numerical integration formulae (3.16) (13.17) are exact for f € 1ly,_;.

(ii) For general f € C*"[a,b], the error of the numerical integration formula ) is

Fem(E)
(2n)!

/b ¢*(z)w(x) dx, for some & € [a,b].

Proof. (i) If f € Ily,_1, from ¢ € II,,, we can write

f=a+r
with p,r € II,,_,. This gives
flx)) =r(x;) fori=1,...,n, - q(z;)=0.

Note that f; p(z)q(z)w(x) dz = 0 for any p € 11,,_; because g is w-orthogonal to II,_;
by our assumption. Using these two properties, we have

/abf(f’f)w(”f) dz = /ab (q(=)p(x) + r(x)) w(z) do = /abr(x)w(x) da

(ii) Given f € C?"[a,b]. Let p € Iy, ; such that f

p(xs) = f(z:), p(w)=fl(z:), i=1,...,n,

YSuch p is called the Hermite interpolant of f at xi,...,zx. See Kincaid and Chaney, Sec. 6.3.
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gt) =[Jt—=), ¢=f—p=Ag

j=1

With a prescribed x, the parameter A is chosen so that ¢(z) = 0. That is,

_ (@) = p(z)
A= RO

Then ¢ has n + 1 zeros at x,z1, ..., z, in [a,b]. By Roll’s Theorem, ¢’ has at least n
zeros different from {z,z1,...,z,}. On the other hand, ¢'(z;) = 0, i = 1,....,n from
our construction. Thus, ¢’ has at least 2n distinct zeros in (a,b). Using the same
argument, we get ¢” has at least 2n — 1 distinct zeros in (a,b), and so on. By repeating
this argument, ¢®® has a zero ¢ € (a,b). We have

0=¢PM(&) = fE(&) = p® (&) — M) (9).

Since p € Iy, _1, we get p®» = 0. The leading term of ¢?(¢) is t>*. We get (¢?)?™)(¢) =
(2n)!. Thus, we have

n n n n f L) — p\T
0= 4(6) = F(E) = M) () = £47(E) — LR
That is,
Fem(E)
f(z) —p(z) = WQQ(@-

Integrating this from a to b with weight w, using the mean value theorem, we get the
final result. L
Remarks.

e Quadrature rule: The quadrature nodes are chosen to be the zeros of ¢ € II,
which is w-orthogonal to II,,_;.

o The above roots of ¢ are in (a,b) and distinct. (See Kincaid and Channey, pp.
457.)

3.6 Legendre polynomials and Legendre Transform

3.6.1 Legendre polynomials

Legendre polynomials are polynomials which are orthogonal in L?*(—1,1). While trigonomet-
ric polynomials are useful basis for functions on periodic domains, Legendre polynomials are
the useful orthogonal polynomials on bounded domains. Reference: Legendre Polynomials,
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1. The Legendre polynomials P,, n = 0,1, ... are defined as:

e P, is a polynomial of degree n;
o P, is normalized with P,(1) = 1.
e {P,} are orthogonal in L*([—1,1],dz):

/1 P,(z)Pp(x)dz =0 if m # n. (3.18)

1

2. Recursion formula The polynomials P, can be obtained from the Gram-Schmidt
orthogonalization of the monomials {1, z, 22, ---}. By definition, P, L II,. We can
use this to derive a 3-step recursion formula. Suppose we want to go from P, to P, ;.
We consider P, € I1,,.;. Note that P, L II,,_5 because for any p € I1,,_o,

/—1 zP,(x)p(z) dx = /—1 P.(x)(zp(z))de =0 - apell, ;.

Thus, P, can be expressed as a linear combination of P,,,, P, and P,_;. This gives
-Tpn = anPnJrl + bnpn + Cnpnfla

where
<mPn7 Pn+1> <fL’Pn, Pn> <$Pna Pn—1>
’ ) Chn = —T 5 19
1Py || 1P 12 [ F1]l?

After some computation, we obtain the following recursion formula

Ay —

(n+1)Pyy1 = 2n+ 1)zP, —nP,_;. (3.19)

We take
P():l, Plzx.

A matlab code provided by ChatGPT is shown below.

function P = legendre_polynomials(N, x)

% Compute Legendre polynomials up to degree N at the points x
% Input: N = degree of highest polynomial to compute

yA x = vector of evaluation points

% Output: P = (N+1) x length(x) matrix of Legendre polynomials

% Initialize matrix of Legendre polynomials
P = zeros(N+1, length(x));

%» Compute first two polynomials
P(1,:) = 1;
P(2,:) = x;
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% Recursively compute higher order polynomials using recurrence
relation
for k = 2:N
P(k+1,:) = (2xk-1)/k * x .* P(k,:) - (k-1)/k * P(k-1,:);
end

This code initializes a matrix P of size (N + 1)xlength(z) to store the Legendre
polynomials, and then computes the first two Legendre polynomials using the known
expressions Fy(x) = 1 and Py(z) = x. The higher order polynomials are then com-
puted recursively using the recurrence relation for Legendre polynomials. The resulting
matrix P contains the Legendre polynomials up to degree N evaluated at the points
x.

3. The Legendre polynomials have the following properties:
o P, has the expression (Rodrigues’ formula)

1 d n
Po(@) = oo (2 —1)". (3.20)

e P, is the eigenfunction of the differential operator:

o {Pk = 0,1,---} is complete in L*([~1,1],dx). This means that any f €
L?*([-1,1],dz) can be expanded as

f) =Y fiPi(x)

with coefficient (Legendre mode)

A 2k
fr=

+1 [
. /_ fa)Pula) de

Note that [|P;[? = 221, A matlab code to plot Legendre polynomials is shown below.

x = linspace(-1, 1, 1000); % Define range of x values

figure ) Create new figure window

0:5
legendreP(n, x); % Calculate Legendre polynomial for current n

for n
y
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plot(x, y, 'DisplayName', ['P_' num2str(n) '(x)']) % Plot
polynomial
hold on % Hold plot for next iteration
end

xlabel('x') % Label x-axis

ylabel('y') % Label y-axis
title('Legendre Polynomials') % Add title
legend('show') % Show legend

Logendro Polynomials P,

Figure 3.2: The left figure is the graph of Legendre polynomials F, - P5s. You can see the
zeros of P; and P;,; are interlaced each other. The right figure is P,y. You can see the zeros
are clustered more on the boundary.

4. Examples (see Kopriva, Implementing Spectral Methods for Partial Differential Equa-
tions (2009)

o The Legendre modes of f(z) = sign(x) is

. 2%k+1 (4k + 3)(2K)!

= P = (—1)F = O(k™Y/?
Note that [|[P[* = 252, If we normalize it by P, = |/5257F Then Py are

orthonormal, and

fZka:PkZZ\/Qkilpkzz<fapk>}jk-
p p B

The Legendre coefficient (f, P,) = O(1/k), the same decay rate as that in the
Fourier expansion.
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e f(x) =|z|: for odd k, fr = 0, for even k,

© ke (2k + 1) k! s
o= e e ez =y )

5. Spectral accuracy: The finite Legendre expansion of a smooth f converges exponen-
tially fast. Namely, for any s > 0, there exist a constant Cy such that if f € H*(—1,1),
then

N
1f =GPl < N,
k=0

Canuto,C.,Hussaini,M.,Quarteroni,A.,Zang,T.: Spectral Methods: Fundamentals in
Single Domains. Springer, Berlin (2006).

3.7 Discrete Legendre transform

3.7.1 Gauss-Legendre quadrature method

1. In this subsection, we will introduce numerical integration method to compute the

Legendre modes:

fo= Qk;l /1f(ff)Pk($)d$ (3.22)

We will introduce the Gauss-Legendre quadrature method and the Gauss-Lobetto
quadrature method. The Legendre modes will be approximated by the quadrature
method:

s 2k
fr =

TS ) Pl (323)

j=1
where {z;} are the quadrature points, {w;} the weights.
2. Gauss-Legendre quadrature Let us consider the integration on [—1, 1] with weight

w = 1. From the quadrature rule, the quadrature nodes are chosen to be the zeros of
q € 11, and w-orthogonal to II,,_1, which is the Legendre polynomial P, (z). That is,

Py(z;) =0, j=1,..,N.

These quadrature points are called the Gauss-Legendre quadrature points. The corre-

sponding weights are
1
w; ::/ li(z)dx,
—1

where (;(x;) = d;; are the Lagrange polynomials determined by the nodes {z;} ;.
The weights have an explicit expression (Abramowitz & Stegun 1972)

2
(1 —af) By ()

w; = j=1,...N. (3.24)
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3. Numerical algorithms to compute the Gauss-Legendre quadrature nodes and weights:

« Newton-Raphson method: This is to solve the equation P,(z) = 0 by Newton’s
method.

¢ Golub-Welsch method.

o Fast algorithm is also available in the paper Fast and accurate computation of
Gauss-Legendre quadratures.

4. Newton-Raphson method for Gauss-Legendre quadrature rule. The roots of
Py can be obtained by Newton’s method:

pt g (@)
ST TR

T

The coefficient of the polynomial Py and Pj can be obtained from the recursion
formula. The initial guess of the Newton’s iteration is

A matlab code provided by ChatGPT is shown below.

function [x, w] = legendre_zeros(N)

% Compute zeros and weights of Legendre polynomial of degree N
% Input: N = degree of Legendre polynomial

% Output: x = vector of N zeros of Legendre polynomial

% W vector of N weights for Gaussian quadrature

% Initial guess for zeros
x0 = cos(pi*(0:N-1)/(N-0.5));

% Tolerance for convergence
tol = eps;

% Maximum number of iterations
maxiter = 100;

%» Compute zeros using Newton's method

x = x0;

for k = 1:N
fk = legendre_polynomial (N, x(k));
dfk = legendre_derivative (N, x(k));
iter = 0;
while abs(fk) > tol && iter < maxiter

x(k) = x(k) - fk/dfk;
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fk = legendre_polynomial (N, x(k));
dfk = legendre_derivative(N, x(k));
iter = iter + 1;
end
end

% Compute weights for Gaussian quadrature
w = 2./(1-x.72)./legendre_derivative (N-1, x).72;

5. Golub-Welsch method We rewrite the recursion formula for the Legendre polyno-
mials as
Pn+1 = CLn+1$Pn - Cn+1Pn—1

where
2n+1 n
an = Cn - .
+1 nl +1= 1
In matrix form, it reads
O ]./Cll 1T P() i [ P() i [ O ]
CQ/CLQ 0 1/(1,2 P1 P1 1 0
: =2 |-
Qp,
Cn—l/an—l O 1/an—l Pn—2 Pn—2 0
L Cn/an O i _Pnfl_ _Pnfl_ _Pn_
This tridiagonal matrix can be symmetrized by a diagonal matrix D to
0 B 17 R ] [ Py ] [0 ]
Bi 0 B Py P n 0
* . * . . N . . : f— x : —_— N
) ) 2n — 1
/Bn—Q 0 ﬁn—l Pn—2 Pn—2 0
L ﬁn—l O i _Pn—l_ _Pn—l_ _Pn_

where

= 1
e i+1 _
o 2—1 2i+1 e
;41 ] 2 1— (%)2
]

We note that P,(x;) = 0 if and only if x; is the eigenvalue of the above matrix.
Moreover, if v; = (vj1,...,v;,) is the corresponding unit eigenvector, then the weight

is given by
1
wj = (/ w(x) dx) Vi =207,
-1

A matlab code generated by ChatGPT for Gauss-Legendre quadratures using Golub-
Welsch method is available.

(3.25)
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function [x, w] = gauss_legendre(n,a,b)

% Computes the Gauss-Legendre quadrature points and weights on the
interval [-1, 1].

% n: number of quadrature points and weights (degree of polynomial
accuracy)

% x: array of quadrature points

% w: array of quadrature weights

beta = 0.5./sqrt(1-(2x(1:n)).~(-2)); % beta coefficients

T diag(beta,1) + diag(beta,-1); % Jacobi matrix

[V, D] = eig(T); % eigenvectors and eigenvalues of Jacobi matrix
diag(D); % quadrature points are the eigenvalues

w = 2%xV(1,:).72; % quadrature weights

x = (b-a)/2*x + (b+a)/2; % rescale and shift nodes

(b-a)/2*xw; % rescale weights

X

w
end

. A MATLAB code that computes the Legendre coefficients of a function f(x) using
Gauss-Legendre quadrature. Now we perform the numerical integration for the Leg-
endre coefficients.

% Define the function f(x)
f = 0(x) x.72 + sin(x);

%» Define the maximum order of the Legendre polynomial

nmax = 5;

% Compute the integral using Gaussian-Legendre quadrature

[xq,wq] = gauss_legendre(nmax,-1,1); % gauss_legendre() is a function
that returns the quadrature points xq and weights wq

% Compute the Legendre coefficients using Gauss-Legendre quadrature

ck = zeros(nmax+1,1);
for k = 0:nmax
% Define the Legendre polynomial Pk(x)
Pk = legendreP(k,x); % x is a variable that takes values in the

interval [-1,1]
integrand = f(xq).*Pk(xq);
ck(k+1) = sum(integrand.*wq);
end

In this example, we define the function f(x) = x? + sin(z) and the maximum order of
the Legendre polynomial as nmax = 5. We then loop over all orders of the Legendre
polynomial from 0 to nmax and compute the corresponding Legendre coefficient ¢,
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using the formula above.

To compute the integral using Gauss-Legendre quadrature, we use the gauss_ legendre
function to generate nmaz quadrature points xq and weights wgq in the interval [—1, 1].
We then evaluate the integrand at these points and sum the weighted function values
to obtain the Legendre coefficient.

3.7.2 Legendre-Lobetto quadrature method

1. The Legendre-Lobetto quadrature method is to approximate

R k 1
fo= 25— [ @R

N
fu= 2L ) Pila .

j=0
It is almost the same as the Gauss-Legendre quadrature except it uses the end points
as the quadrature points. It is useful for boundary-value problems.

2. The Legendre-Lobetto quadrature rule :

e The nodes {wg, ..., zy} are roots of (1 — z?)Py(x) = 0.
e The corresponding weights are

2
(N + )N Py (z)

U)j:

2y j =0, N. (3.26)

They are determined so that quadrature formula

[ s~ f%fuj)wj

is exact for f € Iloy_1. Note that xg = —1,z5y = 1 are already prescribed. Thus,
there are only 2N unknowns: xi,...,zy_1 and wq,wy, ..., wy. We can only have 2N
conditions to have the above numerical integration formula to be exact. That is, the
formula is exact for f =1, x,...,22¥~1. These give 2N conditions.

3. A function f defined on [—1, 1] can be represented as
flx) =) fla;)t(x)
J

where ¢;(z) is the Lagrange interpolant

() = Mgl —z)
li(z) = [ (z, ) j=0,..N.
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The Lagrange interpolants satisfy
li(;) = 035
There is another expression for ¢;:

(1 —-2?)Py(a)
) = (N ) NP (o) o — 27

j=0,..,N.

4. Here is a matlab code to find the nodes and weights.

function [x,w] = legendre_lobatto (N)

% Calculates the Legendre-Lobatto nodes and weights for numerical
integration on [-1,1].

% n: degree of the Legendre polynomial

% x: array of nodes

% w: array of weights

% Define the Legendre polynomial of degree n
syms X
Pn = legendreP(N,x);

% Find the roots of Pn'
Pn_prime = diff (Pn);
x = solve(Pn_prime == 0, x);

% Add the endpoints -1 and 1 to the list of roots
x = [x; -1; 11;
sort (x);

»
]

% Calculate the weights
w = zeros(N+1,1);
for i = 1:N+1
w(i) = 2/(N*(N+1)*(legendreP(N,x(i)))~2);
end

end

5. Example:

3.8 Spectral methods

3.8.1 Introduction

A nice book for implementing the spectral method is Kopriva, Implementing Spectral Meth-
ods for Partial Differential Equations (2009)
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1. In this section, we introduce spectral method for PDEs on
o the periodic domain [0, 27| using Fourier series,
o on [—1,1] using Legendre polynomials.
The PDEs include

e Reaction-diffusion equation and Phase-field models

— Allan-Cahn equation
u = Au—+u —u.

— Cahn-Hilliard equatio:
u=— A (Au+u—u3).

A recent review article for spectral method for phase-field model can be found in
Fourier-Spectral Method for the Phase-Field Equations.

e Nonlinear Schrodinger equation

Wy =— Aty — [y in [0.27]

A nice survey article is:
Weizhu Bao. Shi Jin, Peter Markowich, Numerical study of time-splitting spectral
discretization of nonlinear Schrodinger equations (2003).

2. The unknown u can be a modal representation, or a nodal representation:

un(z) = Z updr ()

The functions {¢x} are called the trial functions. Usually, the trial functions are
required to satisfy the boundary conditions. The trial functions are orthogonal poly-
nomials:

» Fourier

o Legendre

e Chebeshev

o Jacobi, Laguarre, Hermite

3. We plug an approximate unknown wuy into the equation and get a residual Ry. For

instance

RN = 8tuN — AUN

for the heat equation. The equations are realized (projected) on test functions {1 }:

(Ry, ) =0, k=1,..,N.
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o Galerkin: the test functions are the same as the trial functions.
¢ Petrov-Galerkin: the test functions are different from the trial functions.

o Collocation: The collocation points {z1,...,zx} are pre-assigned. The residual
Ry satisfies

Ry(z;) =0, j=1,..N.

The test functions should also satisfy the boundary conditions. The spectral-collocation
method is also called the pseudo-spectral method.

4. The general strategies are:

e Operator splitting: for problem like
u = Au+ f(u) = Au + Bu.

A first order splitting method is to approximate e(A+B)At by eAtBeAA - That s,
we solve the two problems:

vy = Av,  v(0) = ug

and

Then
u(At) = w(At).

e Spectral method for the linear part Linear equation with constant coeffi-
cients can be solved exactly by spectral method.

Ut = Ugy

is solved by .
Uk = 6ik2tUk(0).

e Collocation method for the nonlinear part. For nonlinear equations, one
should use collocation method. That is, we solve

U(z;,t) = f(U(z,t)), j=1,..,N.

Implicit methods may be needed. For instance, the backward Euler method for
this ODE:
Uttt — U = Atf(U™). (3.27)

Let us denote this equation by
F(y) =0, wherey=0U"" F(y)=y— Atf(y) —U".
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We solve this equation by Newton’s iteration:
Yt =i — F'(y)) R (y),

We can start from y° = U™ since we expect the final solution y = U™ is not
too far from U". The derivative F'(y") = I — Af(y"). To avoid many derivative
calculations, we can use just one derivative, namely F’(y°). We put a coefficient
a to stablize the scheme. The final iteration is

i i -1
yt =y —aF'(y°) F(y).

In terms of U™, it reads

1

Ut = U — o (T = Atf/(UM) T (UMY = Atf(UTT) — U
The stablizing parameter « is chosen so that

al(l — Atf'(U))fl‘ < 1, for U under consideration.

If we do not put the term (I — Atf'(U)) ™" in the iteration, the resulting iteration
Is

Un-l—l,i—l—l — U’rH-Li —a (UTH-Li o Atf(Un—l—l,z) . Un) ]
This is a fixed point iteration for the nonlinear equation ()

3.8.2 Legendre-Galerkin method
Let us solve the heat equation

Up = Uz, on [—1,1], wu(—1)=0, wu(l)=0.
by the Legendre-Galerkin method.

1. The trial functions ¢ are chosen to be

1
V4k +6

The Legendre polynomial P satisfies Py(1) = 1, Py(—1) = (—=1)". Thus, the trial
functions ¢, satisfy the boundary conditions:

Pe(—1) = ¢r(1) = 0.

The unknown u is represented as

¢k = (Pk - Pk+2) s k= 0, ceny N — 2. (328)



2. The Galerkin method for the heat equation is

<ut7¢k> = <u:px;¢k>, k= 0, ,N — 2.

With u =) ¢, we get

D (kb = =Y (h, d)iu.

l l

In matrix form:

MU = -SU.
where U = (tig, ..., iy_2)T. Here, M is called the mass matrix, while S, the stiff matrix.

3. The stiff matrix:

4. The mass matrix
M = ((¢i, ¢j>)0§i,j§N72 = a;aj (Bidij + Vj0iv2; + 1450i+2) ,

1 2 2
& = -, i — B ) 72—
fite T oyr M % +5

Bi = —(vi + i)
5. The equation M U = —SU can be solved by the Crank-Nilcolson method
w (0t =) = B (om0,
with initial state U° = (4, ..., Q?V_Q)T.

6. The initial state U° is obtained from the initial data u° = > 1 oy The coefficients
/\0 .
Uy, satisty

(o, dk) = O fdr, dr), k=0,..,N—2.
l

In matrix form, it is

The inner product

1
V4k +6

Finally, one can use Legendre quadrature method to find the Legendre coefficients
<U0, Pk>

<u07¢k> = <U07Pk_Pk+2>, kZO,,N—Q
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Below are matlab codes generated by ChatGPT for the matrix representation of the
derivative operator and the Laplacian.

1. Q: Write a matlab code to generate the matrix representation for the d/dx under the

Legendre polynomials.
ChatGPT:

To generate the matrix representation for the derivative operator % under the Legendre
polynomials, we can use the fact that the Legendre polynomials satisfy the following

recurrence relation:

(k+1)Pya(z) = 2k + 1)z Py () — kPy1(2)

Using this recurrence relation, we can derive a matrix representation for the derivative
operator in terms of the Legendre polynomials. Here’s a MATLAB code to generate

the matrix:

function D =

polynomials
% Input: n =
% Output: D =

P = zeros(n+1);

P(1,1) = 1;

P(2,2) 1;

for k = 2:n
P(k+1,:) =

end

D = zeros(n);
for i = 1:n
for j = 1:n
if i ==
if i ==
D(i
else
D(i
end
elseif j ==
D(i,j)
elseif j ==
D(i,j)
end
end

((2xk-1)*[0,P(k,1:n)]

% Compute derivative matrix

»3) nx(n+1)/4;

»3) i*P(i,j-1);
i+l

= (2%xi+1)/2;
i-1

= -(i-1)/2;
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legendre_derivative_matrix(n)
% Generate matrix representation for d/dx under the Legendre

degree of Legendre polynomials
n x n matrix representing the derivative operator

% Compute Legendre polynomial coefficients

(k-1)*[0,0,P(k-1,1:n-1)1) / k;




end

This code first computes the coefficients of the Legendre polynomials up to degree n,
using the recurrence relation given above. It then constructs the derivative matrix
D using the coefficients of the Legendre polynomials. The diagonal entries of D are
computed using the formula D;; = iP,_1(z;), where x; are the roots of the n-th Legendre
polynomial, and P,_i(x;) are the Legendre polynomials evaluated at those roots. The
off-diagonal entries of D are computed using the recurrence relation for the Legendre
polynomials.

. Q: Generate matrix representation for d*/dz? on [—1, 1] using the matrix representation
for the derivative operator d/dzx.
ChatGPT: To generate the matrix representation for the second derivative operator
% on [—1,1] using the matrix representation for the derivative operator %, we can
use the fact that the second derivative can be written as the composition of two first
derivative operators:

d> d d

— = —0
dz? dx dx

Using this fact, we can compute the matrix representation for the second derivative by
taking the product of the matrix representation for the derivative operator with itself.

Here’s a MATLAB code to generate the matrix representation for % on [—1,1]:

function D2 = legendre_second_derivative_matrix(n)

% Generate matrix representation for d72/dx~2 under the Legendre
polynomials

% Input: n = degree of Legendre polynomials

% Output: D2 = n x n matrix representing the second derivative operator

% Compute derivative matrix
D = legendre_derivative_matrix(n);

% Compute second derivative matrix
D2 = D * D;

This code first computes the matrix representation for the derivative operator using
the legendre derivative matrix function from the previous answer. It then computes
the matrix representation for the second derivative operator by taking the product
of the derivative matrix with itself. The resulting matrix D2 is the desired matrix
representation for % on [—1,1] in terms of the Legendre polynomials.
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3.8.3 Legendre collocation method

We solve the heat equation
Uy = Uy o0 [—1, 1], with u(=1,¢) = u(1,t) =0, u(-,0) = u°(-).

1. We represent the unknown

N
UN(JJ, t) = Z U(xh t)gj(l')a
=0
where xg = —1,...,xny = 1 are the Lengendre-Lobetto quadrature nodes with weights
{w;}}Zo. The function ¢; is the Lagrange interplant satisfying ¢;(x;) = d;; and deg(¢;) =

N.

2. Let us denote U(z;,t) by U;(t). At boundaries, Uy(t) = Uy(t) = 0. The unknowns are
U - (Ul, ceey UNfl)T.

3. The equation is realized at x;, i1 =1,..., N — 1:
(un, i) = (UNgos bi), T=1,..,N —1.

N—
ZU@,K Z 0.

In matrix form, it reads

MU = —8U,

where the mass matrix M and the stiff matrix S are given by

N
= (<£i7£j>)(N—1)><(N—1) = Z Ci(m) € (m ) wn = 635w,
m=0

N
S= (%’4)) —1)x(N-1) Z Ci(m) €5 (zm)w
m=0
The matrix ¢}(z,,) is the polynomial derivative matrix. It has an explicit form.

4. The discrete equation MU = —SU can be solved by the Crank-Nicolson method.

3.9 Spectral element methods

Project 3

« Solve the Poisson equation on the interval [—1, 1] by using the Legendre-Lobetto spec-
tral method.
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« Solve the Poisson equation on the box [—1,1] x [—1,1] by using Legendre-Lobetto
spectral method.

« Solve the Poisson equation on the sphere using cubic sphere grid. (The ‘‘Cubed
Sphere”: A New Method for the Solution of Partial Differential Equations in Spherical
Geometry, JCP 1996). The sphere is parametrized by an inscribed cube. There are 6
surfaces on the cube. Adopt the Legendre-Lobetto spectral method on each surface.

e Implement the (geometric or algebraic) multigrid method for solving the Poisson equa-
tion on a rectangle. See |Algebraic multigrid method.
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Chapter 4

Finite Difference Methods for the
Poisson Equations

4.1 Discrete Laplacian in two dimensions
In this chapter, we will solve the Poisson equation
Au=fin Q C R? (4.1)

with Dirichlet boundary condition

u = g on Of).

Such a problem is a core problem in many applications. We may assume g = 0 by subtracting
a suitable function from w. Thus, we limit our discussion to the case of zero boundary
condition. Let h be the spatial mesh size. For simplicity, let us assume Q = [0, 1] x [0, 1].
Yet, many discussion below can be extended to general smooth bounded domain.

4.1.1 Discretization methods

Centered finite differencing The Laplacian is approximated by

1

Ui—l,j + Ui—H,j + Ui7j_1 + Ui,j-‘,—l — 4Ui7j) .
For the square domain, the indeces run from 1 <i¢,7 < N — 1 and

Uoj=Un;=Uio=Un=0

from the boundary condition.
Let us order the unknowns U by i + j x (N — 1) with j being outer loop index and i the
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inner loop index, then the matrix form of the discrete Laplacian is

[T
I I

T I

~ N~

I 7]

This is an (N — 1) x (N — 1) block tridiagonal matrix. The block T"is an (N — 1) x (N —1)

matrix

—4 1

1 —4 -1
1 —4 1

1 —4

Since this discrete Laplacian is derived by centered finite differencing over uniform grid, it
is second order accurate, the truncation error

= (w(@iz1, y;) + w(@iz1, yj) + w(@s, yj—1) + w(@i, yje1) — 4u(zs, y;))

1

h2
= 0o(h?).
4.1.2 The 9-point discrete Laplacian

The Laplacian is approximated by

Coa
Ng=——[4 =20 4
6h* 11 4 1

One can show by Taylor expansion that

1
Dgu = Au + Eh2 AN u+ O(hY).

If u is a solution of Au = f, then

1
Nou = f + Eh2 Af+O(hY).

Thus, we get a 4th order method:
h2
DoUsy = fij + 1 A fij
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4.2 Stability of the discrete Laplacian

We have seen that the true solution of Au = f with Dirichlet boundary condition satisfies
Au= f +,

where A is the discrete Laplacian and 7 is the truncation error and satisfies 7 = O(h?) in
maximum norm. The numerical solution U satisfies AU = f. Thus, the true error satisfies

Ae =,

where e = u — U. Thus, e satisfies the same equation with right-hand side 7 and with the
Dirichlet boundary condition. To get the convergence result, we need an estimate of e in
terms of 7. This is the stability criterion of A. We say that A is stable if there exists some
norm || - || and a constant C' such that

lefl < C|Ae|.

4.2.1 Fourier method

Since our domain 2 = [0,1] x [0, 1] and the coefficients are constant, we can apply Fourier
transform. Let us see one dimensional case first. Consider the Laplacian d?/dz? on domain
[0,1] with Dirichlet boundary condition. The discrete Laplacian is A = %diag (1,-2,1),
where h = 1/N. We can check below that the eigenvectors of A are v, = (sin(wjkh));v:jl,
k=1,..,N — 1. The corresponding eigenvalues are —7 sin’*(whk/2).

[Avg); = [Asin(jmkh)]; = % (sin((j + 1)whk) 4+ sin((j — 1)whk) — 2sin(jmhk))

2 4
= ﬁ(cos(ﬁhk) —1)| sin(jmhk) = —2 sin?(mhk/2)[v].
For two dimensional case, the eigenfunctions of the discrete Laplacian are U**, 1 <, k, ¢ <

N -1,
(UM),; = sin(irkh) sin(jmeh), 1<4,j <N —1.

The corresponding eigenvalues are

2
ARl = ﬁ(cos(lmh) + cos({mh) — 2)
- % (sin®(k7h/2) + sin*(nh/2)), 1<,k L <N —1.

h > -
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To show the stability, we take Fourier transform of U and A. We then have

IATNIT| = ‘@U, 0)| = AU~ 27201

Hence, the L? norm of A has the following estimate:

|AT|| > 272||U||.

Thus, we get
1
Ull < —|AU
101 < 5140
From Parseval equality, we have
1
Ull < —|AU
V]l < 5llAv]

Applying this stability to the formula: Ae = 7, we get

1 2

lell < 5 57l = 08,

Homeworks 4.1. 1. Compute th eigenvalues and eigenfunctions of the 9-point discrete
Laplacian on the domain [0, 1] x [0, 1] with zero boundary condition.

4.2.2 Energy method

Below, we use energy method to prove the stability result for discrete Laplacian. We shall
prove it for rectangular domain. However, it can be extended to more general domain. To
perform energy estimate, we rewrite the discrete Laplacian as

1
— (Uic1j + Uip1j + Uija + Ui jyr — 4Usj) = (Do Do + Dyy D, )U )i 5

AUiJ — h

where

Uis1,; — Ui,
h

the forward differencing. We multiply the discrete Laplacian by U; ;, then sum over all 4, j.
By applying the summation by part, we get

(D U)iy =

<AU>U> = <(Dx+Da:—+Dy+Dy—)U7U>
- —(D,_U,D,_U)—(D,_U,D,_U)
= —IVaUIl;

Here, the discrete L? norm is defined by

UG =D U1
i
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The boundary term does not show up because we consider the zero Dirichlet boundary
problem. Thus, the discrete Poisson equation has the estimate

IVRUIl = [Lf. D) < F1lRNU s (4.2)

Next, for the zero Dirichlet boundary condition, we have the Poincaré inequality, which will
be shown below. Before stating the Poincare inequality, we need to clarify the meaning of
zero boundary condition in the discrete sense. We define the Sobolev space Hj  to be the
completion of the restriction of all C} functions to the grid points under the discrete H'
norm. Here, C} function is a C'! function that is zero on the boundary; the discrete H* norm
is

|Ulln1 := |Uln + | VRU |-

Lemma 4.1 (Poincaré inequality). Let Q be a bounded domain in R?, then there erist a
constant dg, which is the diameter of the domain §2, such that for any U € H}ao,

[Ulln < dol[VaUl[n. (4.3)

Proof. Let us take Q = [0, X] x [0, Y] as an example for the proof. We assume X = Mh,Y =
Nh. From zero boundary condition, we have

Ul = (D DeUssh)?
=1

< (Z 1?) - (Z(Dx_Ui/J)Q)hQ (Holder’s inequality)
=1 i'=1
M

< (D (Dy-Ui )"

=1

multiply both sides by h? then sum over all i, j, we get

i = Y Ui
iJ
M

O _Op* > (De Uy y)*h?
i=1 i’

M2

7h2 > (Do_Ui,)*h?

.
Z?]

IN

IA

M2
= ThQHDwUHi

Similarly, we have

N2
1Ullk < = R*1Dy-Ulli
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Thus,

1
;< W25 max{ M N} VU
do||ViU 5.

N

With the Poincaré inequality, we can obtain two estimates for U.
Proposition 4.1. Consider the discrete Laplacian with zero boundary condition. We have

1Tl < dallfln, (4.4)

VAU < dal| f1]n- (4.5)

Proof. From
IVRUIE < Il - [T

We apply the Poincaré inequality to the left-hand side, we obtain
U5 < d&lIVUI; < Il AT

This yields
1Uln < dg I s

If we apply the Poincare inequality to the right-hand side, we get
INVRUG < 11 flln - 1T e < 1 £l - dallVaU ||n

Thus, we obtain
VAU < dall f]]n

When we apply this result to Ae = 7, we get

el < dgll7]]
|Viell < daflT]| = O(

O(h?)
h2).
L]

Remark The discrete Laplacian has many good properties as those of continuous Lapla-
cian. For continuous Laplacian, we can have ||u||gs+2 estimated by some || f||gs. In the case
of discrete Laplacian, we have similar result. As the truncated error is of |7 gs = O(h?) in
terms of the discrete norm, then we have ||e||gs+2 = O(h?). Using Sobolev inequality, wecan
get |e|oo = O(R?).
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4.3 Solving the Poisson equation
4.4 Multigrid method

Project 3

1. Implement the (geometric or algebraic) multigrid method for solving the Poisson equa-
tion on a rectangle. See Algebraic multigrid method.
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124



Chapter 5

Finite Difference Methods For Linear
Hyperbolic Equations

5.1 Linear hyperbolic equations

Hyperbolic PDEs have the property that information propagates at a finite speed and is
governed by the characteristics of the system. This is in contrast to parabolic PDEs where
information is diffused and elliptic PDEs where information is transmitted instantaneously.

For systems of linear PDEs, hyperbolicity can be characterized in terms of the eigenvalues
of the coefficient matrix. Specifically, if all eigenvalues are real, then the system is hyperbolic.
If some eigenvalues are complex, the system may be parabolic or elliptic.

5.1.1 Linear advection equation

1. Constant speed
We start with the Cauchy problem of the linear advection equation with constant

speed:

u +au, = 0, z€eR, (5.1)
u(z,0) = u’(x).

Its solution is simply a translation of u° with speed a, namely,

u(z,t) = u’(z — at).

2. Variable speed
More generally, we can solve the linear advection equation with variable coefficients

by the method of characteristics. Consider

ur + a(z, t)u, = 0.
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Let us interpret this equation as the direction derivative of w:

Uy al
Dyu:=Vu-V = [UJ . L} =0.

Here, the direction of the derivative is

a
V= M .
Let us consider the integral curves of the vector field V:
dx || a
dt 1’

which is governed by the ODE
dz

i a(x,t).
Let x(t, &) be its solution with initial data x(0,&) = £. Then
d dx
7 €u(yc(t‘,f),zf) = O+ 8xu$

= u +au, =0.

In other words, u is unchanged along the curve: dx/dt = a. Such curves are called the
characteristic curves of equation (@) Suppose the mapping

£ x(t,€)

is invertible, say £(t,z) for any ¢ > 0 and € R. Then the solution to the Cauchy
problem (@),( ) is given by u(z,t) = u°(£(t,z)). Note that the signal propagates
along characteristic curves.

. With source term
Lastly, we study the linear advection equation with a source term:

ur + a(z, t)u, = f(z,t).

Along the forementioned characteristic curves z(t, ), the equation becomes

di u((t€), 1) = w + auy = f(x(t,€), 1),
tle

We integrate this equation in ¢ with fixed £ to obtain
t
el 0) = () + | Flals.8).5) ds.
0
This is a function in (§,¢). The final solution is obtained by replacing & by £(t, z).
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4. Example: Let us consider

The characteristics are

Its solution is

Thus, the solution is

Homeworks

1. Find the solution of
uy — (tanh x)u, =0

with initial data u®. Also show that u(x,t) — 0 as ¢ — oo, provided u’(z) — 0 as
|z| — oo.

2. Show that the initial value problem for
u + (1 + 2%)u, =0
is not well-defined. (Show the characteristics issued from z-axis do not cover the entire

domain: z € R,t > 0.)

5.1.2 Linear hyperbolic systems of equations
1. Hyperbolicity Let us consider the following linear system of equations
u + Az, t)u, = Bz, t)u+ f(z,t), xe€Rt>0, (5.3)

with initial data
u(z,0) =u’(z), =R

Here, u is an n-vector and A, B are n x n matrices. The system is called hyperbolic if
A is diagonalizable with real eigenvalues. That is, A has real eigenvalues

AL < <A,
with left /right eigenvectors [;/r;:
llA = )\le, ATz‘ = )\ﬂ”i,
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respectively. Let us normalize ||r;|| = 1, for ¢ = 1,...,n, then normalize [; such that
li’f‘j = (S” Let

L:=|:|, R:=[r, - ,ra), A:=diag(As, -, \n).

Then
LA=AL, AR=RA, LR-=1.

The eigenvalues \; are wave speeds, the eigenvectors r; are the wave modes.

2. Method of characteristics
We use L to diagonalize system (@) We multiply equation (@) by L from the left:

Lu; + LAu, = LBu + Lf.
By introducing v = Lu and u = RUH, we can rewrite the equation as follows:
vy + Av, = Cv + g,

where C':= LBR + LR+ AL,R and g := Lf. The i-th equation can be written as:

Vit + AiVigp = E CijVj + i,
J

which represents an ODE in the direction of dx/dt = X\;(x,t). This is a linear advection
equation with a characteristic speed A;. The vector field ();, 1) in a-t plane is known as
the ith characteristic field. Its integral curves are referred to as the ¢th characteristic
curves. For a given (x,t) with ¢ > 0, let y;(s,t,2), 0 < s <t be the ith characteristic
curve defined by:

dy

=
We then integrate the ¢-th equation along this curve to obtain

Z CijVj + g;
J

which represents a system of integral equations for v. Here, v° = Lu® and «° is the
initial data of v. From these integral equations, we can draw some conclusions:

/\i(yas)7 0<s<t, y(t7t,$) = .

vi(z,t) = v (:(0, ¢, 7)) —|—/0 (yi(s,t, ), 8) ds,

*From M\;lyr; = ;Ary = Ajlyry. Thus, l;r; = 0if Ay # A;. We normalize [; such that I;7; = 1. For
multiple eigenvalue A, we first select a set of basis (unit right eigenvectors) in the right invariant space of A,
then choose a et of left eigenvectors such that [;r; = d;;.

"Note that LR = I implies that both L and R are 1-1 and onto (a consequence of the rank-nullity
theorem). This implies RL = I as well.

128



o The domain of dependence of (z,t), denote by D(x,t), is [yn(O t,x),y1(0,t, x)],
which is a finite interval. This implies that if the initial data u is zero on D(x, 1),
then the solution wu(x,t) is identically zero.

e Another conclusion we can draw from these integral equations is the local exis-
tence theorem, which can be obtained if v" and v are bounded. The proof is
similar to that of the local existence of ODEs.

We define a function space Cy(R), the bounded continuous functions on R, using
the sup norm: ||v]|« := sup, |[v(z)|. We then define the map T : C,(R) — Cy(R)
as follows:

Z CijVj + G

J

Tv = v,(&(0,t,x)) +/ (yi(s,t, ), s) ds.
0

The integral equation can then be written as finding a fixed point of T" in the
space Cp(R), i.e., solving v = Tv.

If the time is sufficiently short, then T is a contraction map in Cy,(R), and therefore
the contraction mapping theorem yields a unique fixed point, which is the solution

to the integral equation. This implies the existence of a local solution to the
original PDE.

e The global existence theorem for the PDE (@) can be obtained using a priori
estimates, such as C'-estimates, based on the integral equations derived earlier.
A sufficient condition for such a priori estimates is that A(x,t) is bounded in the
upper half plane in the z-t space.

e A necessary condition for global existence is that all characteristics emanating
from any point (z,t), where x € R and ¢t > 0, should be traced back to the initial
time.

e A nice reference for the method of characteristics for systems of hyperbolic equa-
tions in one dimension is Fritz John’s book on PDEs, Sec. 5, Chapter 2.

3. Example Consider the wave equation
Uy — Py, = 0.

This is a second order PDE. It can be rewritten as the following first order system:

IR o

Here, the first equation is the consistency equation (i.e. u, = uy,), while the second
equation is the original wave equation. The eigenvalues and the left /right eigenvectors
of the matrix are

1 1
A =-—c, b= (_C7 1); = —m {—c} )
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1 1
A2 = ¢, 622(071)7 TQZWL]'

We multiply the system by ¢; from the left to obtain

(up — cug )y + c(ug — cuy), =0
and by /5 to obtain

(up 4 cug )y — c(ug + cuy)y = 0.

Let v; = u; — cuy, and vo = u; + cu,. Then v; and vy satisfy the following linear
advection equations:
Vgt v, =0, vy —cvy, =0.

They can be solved by previous characteristic method for the linear advection equation:
vi(t,x) = v)(z —ct), wvo(t,z) = vI(x + ct).
We thus obtain

. vi(t, ) + va(t, z) u vo(t, z) — vy (L, x)
t — 2 ) x 2 .

Once u; and u, are obtained, noting that u,dx + u,dt is integrable from the consistency
equation, we can obtain u by integrating the 1-form wu,dx + u,dt.

5.1.3 *Linear symmetric hyperbolic systems in multi-dimensions

1. Example of symmetric hyperbolic systems For system (@), we can convert it
to so-called symmetric hyperbolic system:

o & B o] =

Aout + Aum = 0,

We denote it as
where Ay and A are symmetric and Ag is positive definite. Such a system is called a
symmetric hyperbolic system.

2. Symmetric hyperbolic systemB
A linear symmetric hyperbolic system in d dimensions has the form:

d
Aoy + Y Ai(w, thug, = Bz, thu+ f, (5.5)

i=1

!The notion of Symmetric hyperbolic systems were proposed by K.O. Friedrichs. He notices most of
physical systems can be expressed in this form. Such systems have nice mathematical structure and naturally
meet physical requirements.
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where u is an n-vector, Ay, A; are n X n symmetric matrices and A is positive defi-
nite. Given a direction & € R¢, the matrix A(§) := Zle A& is symmetric. Its the
eigenvalues A\ (€) and right eigenvector ry are

d
(Z AZ&) T = /\kAOTk; k) = 1, .
=1

Below, we introduce another method, the energy method, for the existence and well-
posedness. It is useful for stability analysis.

3. Energy estimates

a) We take inner product of this equation with u, later we integrate in x over the
g
whole space. For simplicity, we assume Ay and A are constant matrices tem-
porarily. We get

01 d 0 (1
= Aguu+ Y “Aw-u) = Bu- -,
57 5 Aot u+i:1 P (2 U u) u-u+f-u

Here, we have used the symmetric properties of Ay and A;:

0
8:1:1-

As we integrate in x over the whole space, we get

d1l
E§<A0u,u) = (Bu,u) + (f,u). (56)

The boundary term is gone because we assume u ~ 0 at oo.

(b) The positivity of Ay yields that (Agu,u) is a norm

(Aju - u) = Ajtug, - u+ A - ug,=2A;u,, - u.

Il = (Aou, u)

It is called the energy norm. It is equivalent to ||u||3, namely, there are two
constants C; and Cy such that for any v € L*(R),

Ch / lu|? dz < (Agu,u) < C’2/|u|2 dx.
From (@), we get

— S @I < Clllll* + Clull] - 1111

Here, we have used the boundedness of B. Eliminating |||ul|||, we get
d /
S lu@Il] < Cllfulll + 1]
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This yields (by the Gronwall inequality)

a1l < e“[[u(0)]] +C’/ eI f(s)] ds
0

Thus, |||u(t)|]| is bounded for any finite time if ||« (0)|| is bounded. This is called
the energy estimate for system (@)

(c) By differentiating the system in x, applying the same method to u,, we can obtain
energy estimate for u,. This way can give us the boundedness of all derivatives
of u, from which we can get compactness for approximate solutions and existence
theorem. This is a standard theory for general symmetric hyperbolic systems in
arbitrary dimensions. We refer the readers to Chapter 6 of John’s book.

5.2 Finite difference methods for linear advection equa-
tion

5.2.1 Design procedure

We shall explain some design procedure for the linear advection equation:
u + auy, = 0. (5.7)

We shall assume that a > 0 is a constant. Despite its simplicity, the linear advection equation
is a prototype equation for designing numerical methods for nonlinear hyperbolic equations
in multiple dimensions.

1. The grids We choose h = Az and k = At to be the spatial and temporal mesh sizes,
respectively. We discretize the z-t plane using the grid points (z;,t"), where z; = jAx
and t" = nAt. We use U} to approximate u(z;,t"). We also abbreviate u(z;,t") by uj.
To derive finite difference schemes, we use finite differences to approximate derivatives.
We demonstrate spatial discretization first, followed by temporal discretization.

2. Spatial discretization. There are two important design principles in spatial dis-
cretization: interpolation and upwinding.

(a) Derivatives are approximated by finite differences. For examples, u,(z;) can be
replaced by

Uj-U;v Ujp —Uj or 3U; —4U;_1 + Uj_
h ’ 2h ’ 2h '
The first one is a one-sided, first-order finite difference. The second one is the cen-
tral differencing, which is second order. The third one is a one-sided, second-order

finite difference. These formulas can be obtained by making a Taylor expansion
of u about ;.
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(b) Upwinding. We assume a > 0, which means that the information comes from
the left. Therefore, it is reasonable to approximate u,(x;) by the left-sided finite
differencing:

Uj—Uj_l 3Uj—4Uj_1+Uj_2

or

h 2h

3. Temporal discretization.

(a) Forward Euler: We replace u,(z;,t") with (UJThLl — U}')/k. By combining this
with spatial upwinding finite differencing, we obtain the upwinding scheme.
(b) Backward Euler: We replace u;(x;,t") with (U;‘Jrl — U}')/k, but replace u, with

(Dx);?“, where D, is a spatial finite difference.

(c) Leap frog: We replace uy(x;, ") with (U7*+! — Uj"_l)/Qk.

4. List of some finite difference schemes
Assuming a > 0, let o = ak/h.

Upwind : UM =U!' —o(U]' = U",)

ur.,+U™
Lax-Friedrichs : U}”l = % - %(U]’-ﬁrl -Uy)
Backward Euler UfJrl —Uj' = %(U;jll — U;ﬂ:ﬂl)

2
Lax-Wendroff U = U = (UL = Uy) o+ 5 (U = 207 + UFLy)

J
2

Beam-Warming : Uy = UJ' = 2(3U7 = AU}, + UjLy) + (U} =207, + UjLy)
o(l—o)

MacCormack : UM =U" —o(U! — U™ ) + 5

J J J J—

(U, — 207 + UMY).

5. In general, a (explicit) finite difference scheme for the linear advection equation can

be written as
m

U]Hl =G Uy, UR) = Z WU 5:8)

k=-1

where ay, are coefficients and [ and m are integers that define the stencil, or the set of
grid points used to compute the numerical approximation at (z;, " ).

5.2.2 Courant-Friedrichs-Levy condition

1. Numerical domain of dependence
For a finite difference scheme:

U]’AHl =GU",, -, U),

J ) j+m
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we can define numerical domain of dependence of (x;,t") to be [Z;_ne, Tjtnm| (denoted
by D(j,n)). For instance, the numerical domain of upwind method is [z;_,,z;]. If
Uy =0 on D(j,n), then U = 0.

2. CFL condition
In order to have our finite difference schemes physically meaningful, a natural condition
is
physical domain of dependence C numerical domain of dependence.

This gives a constraint on the ratio of A and k. Such a condition is called the Courant-
Friedrichs-Levy (C-F-L) condition. For the linear advection equation with a > 0, the
condition is

o — ak} C [0,y
This leads to
—th<—ak = —<1

3. Violating the CFL condition

o If the CFL condition is violated, we can easily construct an initial datum which
is zero in numerical domain of dependence of (z,t), but u(z,t) # 0. The finite
difference scheme will produce 0 at (z,¢). Thus, its limit is also 0. But the true
solution u(z,t) is not zero.

o We will see below that a scheme violating the CFL condition is unstable.

Below, we shall fix the ratio h/k during the analysis and take A — 0 in the approxi-
mation procedure.

5.2.3 Consistency and Truncation Errors

1. Truncation error
Let us express our finite difference scheme as:

urtt = qun.

Given a smooth solution u(z,t) to the PDE (@), we plug it into this finite difference
equation, then make Taylor expansion of u about (jh,nk). For instance, we plug a
smooth function v into the upwind scheme. Let
1
= —(u

J k

a
) = ) = ).

This error is called the truncation error. In general, the truncation error is defined as

un-i—l _ Gun

"(h, k) = ’
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2. Consistency
A finite difference scheme is called consistent if 7(h,k) — 0 as h,k — 0. Naturally,
this is a minimal requirement for a finite difference scheme. If the scheme is expressed
as
n+1 n
Uit = Z axUj'p

k=-1

then a necessary and sufficient condition for consistency is

This is easy to see because the constant is a trivial solution.

3. Order of a scheme
If 7 = O(E"), then the scheme is called order r. We can easily check that 7 = O(k) for
the upwind method by Taylor expansion about (z;,t"):

1 n n n n
T = 7 (uj“ —uf —o(uj — uj,l))
1 1 k 1
= (utk + §uttk:2 - %(—uxh + §umh2)> + HOT
k h
= (Ut + aux) + 5 (utt — %um) + HOT
= (uy + au,) + g (a2um — %um) + HOT - uy = —auy,

2
= (uy + auy) — ;L—ka(l — 0)Uye + HOT

The term % (1 — 0)uy, is O(h) because we keep o = ak/h fixed. Thus, the upwind

scheme is first order.

Homework Find the truncation errors of the schemes listed above.

5.2.4 Upwinding and numerical diffusion

1. Upwinding From the characteristic method, we have u(z;, ") = u(z; — ak, t™). We
can approximate it by interpolating using neighboring grid points. For example, a
linear interpolation at x;_; and z; gives

ak ak

ntl o "

uj h j—1
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The corresponding finite difference scheme is defined as

ne1 ko ak. .
which is the well-known upwind scheme. Here, the spatial discretization is exactly the
above one-sided, first-order finite differencing.

. Forward Euler introduces an anti-diffusion The term (u}”rl —u?)/k in the forward

Euler method introduces an anti-diffusion term —%um, namely,
n+1 n 2
U — U k a“k
R E— Up + = Uy + O(l{?Q) = Ut —Ugy + O(k2)
k 2 2
Here, we have replaced u;; with
Ut = —AUgt = CLQwa,

then approximate wu,, with central finite difference.

If we use 1
n n n

%
Ha 2h

Then we have )

k
up + au, = —%um + O(K*) + O(h?).

The term —%kum comes from the forward Euler method, is an anti-diffusion term.

We can obtain a second-order approximation of u;, by removing this anti-diffusion term:

grtt —uyr
Ut = ]TJ — ﬁ( 1 QUJ + Uj*l) + O(kz)
The last term is to cancel the anti-diffusion term —‘IQ—kum. It is called a numerical

2
diffusion. For the u, term, we also need to have second order approximation. We

consider two cases.

(a) Lax-Wendroff scheme: we approximate wu, by the central finite difference:

n.o_[n
j+1 j—1 2
p =L il h?).
U 5T + O(h?)

The resulting scheme is

ak a’k?

n+1 n n n n n
Urtt —ur = ) (Ul —Ujzy) + W(Uj+1 —2U" + U"y).
This is a second-order scheme in both space and time. The scheme is the Lax-
Wendroft scheme.
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(b) Beam-Warming scheme: the term u, is approximated using second-order upwind-
ing finite differencing:

1 n n mn
Uy = 2h(3U — AU + U,) + O(R?).
Here, the upwinding means that: for a > 0, the information comes from the left,
and we use U;_q,U;_1, and U; as our stencil. The resulting scheme is

2

n+l _ T g n n n g n n n
Uj+ = Uj — 5(3Uj —4Uj—1+Uj—2)+?(Uj _2Uj—1+Uj—2)'

3. Backward Euler introduces a diffusion If the spatial finite differencing is high-
order, say Z(3Uj' —4U} | + U}',) for u,, such scheme is unstable because the only
second- order derlvatlves come from the above anti-diffusion term which is unstable. On

a’k

the other hand, temporal backward Euler scheme introduces a diffusion term “;*u,,:

nrl k a2k
]TJ = ut;-”l — §utt;‘l+1 + O(kQ) = Ut——— 5 um?H + O(k'Q)
4. MacCormack scheme is an upwind scheme followed by an anti-diffusion
step. The MacCormack scheme can be described as a two-step process. In the first
step, an upwind scheme is used to calculate the intermediate value U;. The scheme is

given by:
aAt

U; U"+A—(U” - Ur).
This step introduces numerical viscosity, which can be expressed as
1 aAt alAt
a A 1 - A XTI
2 Ax ( Az Ju

In the second step, a correction is applied to the intermediate value to obtain the final
value U j"H. The correction term can be written as:

n . aAt aAt " " "
Uit = U+ o <1—A—x) 207 —U}, - U]

This correction step removes the diffusion term introduced by the upwind scheme and
is called the anti-diffusion term.

Alternatively, the MacCormack scheme can be expressed as a two-step process. In
the first step, a forward upwind step is used to produce an intermediate value U*.
The forward upwind scheme contains advection and numerical viscosity terms, which
introduce some error in the solution. In the second step, a backward upwind step is
used to produce a corrected intermediate value U**:

aAt

U = U+ 5

UJ*-H U;) )
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Both the forward and backward upwind schemes contain advection and numerical
viscosity terms, but the advection terms cancel each other out. The difference between
U;* and U is twice the numerical viscosity. The final value U}”l is then calculated
as:

n * 1 ok n
Uit = = 5 (U7 = U7).

This correction step removes the numerical viscosity introduced by the upwind schemes,
resulting in a more accurate solution.

In summary, the prediction step of the MacCormack scheme uses an upwind scheme
to calculate an intermediate value, while the correction step uses a backward upwind
scheme to remove the numerical viscosity introduced in the prediction step.

Homeworks
1. Derive the Lax-Wendroff scheme using the trick uy = a?uy, and the central finite
difference.
2. Derive a finite difference scheme using method of characteristics and a quadratic inter-
polation at xj_o, ;1 and x;. Is this scheme identical to the Beam-Warming scheme?
3. Do the same thing with cubic interpolation at z;_2,- -+, ;417
4. Write a computer program using the above listed schemes to the linear advection

equation. Use periodic boundary condition. The initial condition are

(a) square wave,
(b) hat function
(¢) Gaussian

(d) e **/P sinmaz

Refine the mesh by a factor of 2 to check the convergence rates.

5.2.5 Modified equations

We shall study the performance of a finite difference scheme for the linear advection equation.
Consider the upwind scheme for the linear advection equation:

u + auy, = 0. (5.9)

1. Modified equation for the upwind scheme Let u(x,t) be a smooth function of

(@) Taking Taylor expansion of u, we obtain

(Az)*
2

witt — G(u"); = (ug + aug) At —

(0 — 0%)uge + O((AL)?).
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The truncation error for the upwind method is O(At) if u satisfies the linear advection
scheme. However, if we fix Az and At, then the error is O(At?), provided u satisfies

U + AUy — Vg = 0,

where (A0?
Ax 9
v= —0”).
oar @)
This equation is called the modified equation of the upwind scheme. The solution of
the finite difference equation is closer to the solution of this modified equation than the

original equation. The role of vu,, is a diffusion term in the scheme.

o The term —(Az)?/(At)o?u,, comes from the forward Euler approximation to ;.
It is an anti-diffusion term.

e The term (Az)?/(At)ou,, comes from the upwind discretization for au,. It is a
diffusion term.

o The effective diffusion is ru,,, where v > 0 is called numerical viscosity.

We observe that v > 0 if and only if 0 < ¢ < 1, which is exactly the CFL condition for
stability. This is consistent to the well-postedness of diffusion equations (i.e. v > 0).

2. Effect of numerical viscosity

(a) The numerical viscosity will cause solution smoother, and will smear out discon-
tinuities.

(b) To see this, let us solve the Cauchy problem:

U + AUy = Vg,

1 ifxz>0
“@ﬁy‘H@V_{o if z < 0.
The function H is called the Heaviside function. The corresponding solution is
given by
w(a,t) = S Ly, 0) d
Y \/47.‘_—1/ y7 y
_ — ZZt w* dy
VAanut
= erf((x — at)/\/41/ ),
where

erf(z) : / e dz.
\/_
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The error function has the property:

1
lim erf(z) =0, lim erf(z)=1, erf(z)— 5 is an odd function.
r——00 T—00

Let u.(z,t) be the exact solution of u; + au, = 0 with u(x,0) = H(x). Then
lue(y + at,t) — u(y + at, t)| = erf(—|y|/VAavt).

Hence,

lae(ot) —u(B) = 2 / exf(—2) dy

Since v = O(At), we see that
|lul — u™||pr = O(VAR).

On the other hand, if U is the solution of the finite difference equation, then we
expect that [|[U" — u™||;r = O(At), because it is first order. Indeed, it is only

O(v/At) and

U™ —ul||r = O(VAL).

Thus, a first-order scheme is only half-order for “linear discontinuities.”

One can also observe the smearing (averaging) of discontinuities from the fi-
nite difference scheme directly. In the upwind scheme, U;”rl may be viewed as
weighted averages of UJ" and U}’ ;:

n+1 __ n n

IfU y =0and U =1, then U}”l is a value between 0 and 1. This is a smearing
process (averaging process). The smearing process will spread out. The width of
spread-out after n time steps is (y/nAz) = O(VAt) from the estimate of binomial
distribution.

The numerical viscosity of the upwind and the Lax-Friedrichs schemes are:
o Upwind: u = Azo(1l — o)
o Lax-Friedrichs: u = Az (1 — o?).

Note that the magnitude of the numerical viscosity of the upwind method is
smaller than that of the Lax-Friedrichs method, because CFL condition 0 < o <
1. The upwind method uses the information of characteristic speed whereas the
Lax-Friedrichs does not use this.
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3. Modified equations for second-order schemes
The modified equations for second-order schemes (Beam-Warming, Lax-Wendroff)
have the following form
U + AUy = Uy, (5.10)
where
>0 for Beam-Warming
{ <0 for Lax-Wendroff.

The term pug,,, is called the dispersion term. Below, we study the effect of this
dispersion term for Heaviside initial data.

(a) By taking Fourier transform on equation () in x:

u(&,t) = /u(as,t)e_mf dx,

we get
iy = (—ia& —ipe®)u = —iw(&)a.
Hence

u(x,t) = %/ei@ﬁ—w(@“a(g, 0) d¢. (5.11)

(b) Let us consider the Heaviside function H(x) as the initial data. It can be expanded
as superposition of waves at different wave numbers. As these waves propagate
according to (p.11)), they form a wave package: a high frequency wave modulated
by a low frequency wave (modulated wave). By the method of stationary phase,
we see that the major contribution of the integral () is on the set when

d

2w =0.

The correspond wave €@+ is the modulated wave. Its speed w'(£) is called
the group velocity v,.

(¢) The group velocities are

> a for Beam-Warming

. 2
Up = @+ 38 { < a for Lax-Wendroff.

Since p < 0 for the Lax-Wendroff, while p¢ > 0 for the Beam-Warming, we observe
that the wave package leaves behind (resp. ahead) the discontinuity in the Lax-
Wendroff (resp. Beam-Warming).

(d) Ome can also observe this oscillation phenomena directly from the schemes. In
Beam-Warming, we know that U f“ is a quadratic interpolation of U 5, U}" ; and
Upr. It Uy =0, and Uy = U} = 1, then the quadratic interpolation gives an
overshoot at UI'*! (that is, U'""" > 1). Similarly, in the Lax-Wendroff scheme,
U}-‘“ is a quadratic interpolation of U ,,U;" and U, . It U, = U = 0, and

j+1-
U,y =1, then U < 0 (an undershoot).
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Homeworks 5.1. 1. Find the modified equations for the following schemes:

Ax)2
Lax-Friedrichs : wu; + au, = (2232 (1 — 0% gy
Ax)2
Lax-Wendroff : wu; + au, = ( (;E) a(0? — 1)Upae
MacCormack : wu; + aty =77Upqn
. (Aﬂ?)2 2
Beam-Warming : wu; + au, = 5 a(2 — 30 + 0 )Uyss

2. Expand u up to ugu.., find the modified equation with the term wu,,,, for the Lax-
Wendroff scheme and Beam-Warming. That is

Ut + AUy = (WUzpe + KlUgrrs-

Show that the coefficient k < 0 for both scheme if and only if the C-F-L stability
condition.

3. Find the solution U} of the upwind scheme with initial data U} = d,0. (Hint: a
binomial distribution.) Now, condider the Heaviside function as our initial data. Using
the above solution formula, superposition principle and the Stirling formula, show that

> lut = Ur|Az = O(y/nAz) = O(VAL).

4. Measure the width of the oscillation as a function of number of time steps n.

5.2.6 Lax’s equivalence theorem

1. Definition of stability
Suppose U™ is generated from a finite difference scheme: U™ = G(U™), we wish the
solution remain bounded under certain norm as the mesh size At — 0, or equivalently,
the time steps n — oo. Thus, we have the following definition. A scheme is called
stable if ||U™]| remains bounded under certain norm || - || for all n.

2. True error and convergence Let u be an exact solution of some linear hyperbolic
P.D.E. and U be the solution of a corresponding finite difference equation, We want
to estimate the true error e} = uj — U;".

First we estimate how much errors accumulate in one time step.
et i= " — UM = ke + Gut — GU™ = ke™ + Ge".
If we can have an estimate (called stability condition) like
IGUI < U] (5.12)
under certain norm || - ||, then we obtain

[u = U™ < JJu® = Ul + k(7" + - 4 7).
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From the consistency, we obtain ||e"|| — 0 as k — 0. If the scheme is of order r, then
we obtain

le ]| < llu® = U°l| + O(k").

Thus, we have the following theorems.

Theorem 5.1 (Lax equivalence theorem). Given a linear hyperbolic partial differential
equation. Then a consistent finite difference scheme is stable if and only if is is
convergent.

We have proven stability = convergence. We shall prove the other part in the next
section.

Theorem 5.2. For smooth solutions, the associated true error computed by a finite
difference scheme of order r is O(k").

5.2.7 Stability analysis

1. Since we only deal with smooth solutions in this section, the L?>-norm is a proper norm
to our stability analysis. For linear hyperbolic systems with constant coefficients, the
von Neumann analysis (via Fourier method) provides a necessary and sufficient con-
dition for stability. For systems with variable coefficients, the Kreiss” matrix theorem
provides characterizations of stability condition.

2. The von Neumann stability analysis.
Given {U,};ez, we define
Ul = |Usf?

J

and its Fourier transform
U(e) = % > Ue ™.
The advantages of Fourier method for analyzing finite difference scheme are
« the shift operator is transformed to a multiplier:
TU(¢) = 4U(€),
where (TU); := Ujt1;

o the Parseval equility

~ 1 (LN
MW=WW:—/umW%

2 ) .
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If a finite difference scheme is expressed as

U;-H_l = (GUn)] == Z ai(TiU")j,

i=—1

then

—_— ~

Urtt = G(EU™(E).
From the Parseval equality,
Jo P = TP
1 ™

= 5 | _GE@P T O de
1

< GeorL [ 1T7e)rd

< max(GOF 5 [ 1TOP de
= GV

Thus a necessary condition for stability is

Glo < 1. (5.13)

Conversely, Suppose |G(&)| > 1, fromG being a smooth function in ¢, we can find &
and 0 such that R
|G(&)| > 1+ ¢ for all |€ — & < 4.

Let us choose an initial data Uy in £% such that (/ﬁ)(g) =1 for [ — &| < d. Then
—~ 1 A~ =
Un 2 = GQn Uo 2
T = 5 [ 1P
[ e
I€—&ol<d

> (1+¢)*™) — coasn — oo

v

The operator G™ is unbounded in || - ||z operator norm. It is a fact that it will not
be bounded by any equivalent norm, which involves more analysis and will be omit
here. Thus, the scheme can not be stable. We conclude the above discussion by the
following theorem.

Theorem 5.3. A finite difference scheme

m

n+1l __ n
Uptt =) aly,

k=-1

with constant coefficients is stable if and only if

@(5) = Z ape ke

k=—1
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satisfies

max |G(£)] < 1. (5.14)

—r<é<nm

3. Example As a simple example, we show that the scheme:
o

n+1l __ n
Ut = U7 + 5

(Unﬂ o U;ﬂl)

J

is unstable. The operator G = 1+ (T — T~'). The corresponding G =1+
tosin&, which cannot be bounded by 1 in magnitude. One the other hand, the Lax-
Friedrichs scheme replaces U} in the above scheme by the average (Uj*; +U7,,)/2. The

corresponding G (&) = cos& + iosing, which is bounded by 1 in magnitude provided
lo| < 1. The above replacement is equivalent to add a term (U?', — 2U} + U}, ,)/2
to the right hand side of the above unstable finite difference. It then stabilizes the
scheme. This quantity is called a numerical viscosity. We see the discussion in the
next section.

Homeworks 5.2. 1. Compute the G for the schemes: backward Euler, Lax-Friedrichs,
Lax-Wendroff, MacCormack, and leap-frog.

5.3 Finite difference schemes for linear hyperbolic sys-
tems with constant coefficients

5.3.1 Some design techniques
We consider the linear hyperbolic system

uy + Auy =0
with A being a constant n x n matrix.

1. The Lax-Friedrichs scheme is

n+1 n n
Urtt = T A AU~ U
WA U, = 2UP U,

Note that he last term is a dissipation term.

2. A modified L-F scheme as

At ur, =20+ 07
n+l __ 770 n n Jj—1 J Jj+1
Uy =U; +_2A3:A<Uj_1_Uj+1)+D )
where D is a positive constant matrix. D is chosen so that the scheme is stable by the

von-Neumann analysis.

145



3. Upwind scheme

(a) Using the left/right eigenvectors: AR = RA, LA = AL, LR = I, we can express
A= L"'AL = RAL. We decompose A into two parts:
A= RAL
= R(AT —A7)L
=At - A",
Here, A = diag(\;, -+, \,) and A are the positive/negative parts of A.
(b) With this decomposition, we define the upwind scheme as

N n At n n At n n
U; H=Ur+ A—ggA*(Uj_1 -U}) - A_xA (U1 = UF).
4. The Lax-Wendroff scheme is given by
At (At)?
a1 n n n 2 n n n
U = U+ g AU = V) gAY = 205+ U7,

5. The C-F-L condition for upwind, Lax-Friedrichs, Lax-Wendroff is

At
maX|)\i]A— <1
i T

Homeworks 5.3. 1. Find the modified equation for the above schemes.
2. What is the stability condition on D for the modified L-F scheme.

3. Write a computer code to compute the solution of the wave equation:

U = Uy

v = Cuy

using upwind, modified L-F, L-W schemes. The initial data is chosen as those for the
linear advection equation. Use the periodic boundary condition.

5.3.2 *Stability analysis

The definition of L2-stability is that the L?-norm of the solution of finite difference scheme
> s
J
is uniformly bounded.
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This L?-theory for smooth solutions was well developed in the 60s. First, Lax’s equiva-
lence theorem was originally proved for well-posed linear systems in multi-dimension. Thus,
the essential issue for finite difference scheme is still the stability problem.

Let us suppose the system is expressed as

u = A+ Bu+f

Here, A;, B are constant matrices. We assume that the system is hyperbolic. This means
that > . £A; is diagonal with real eigenvalues. Suppose the corresponding finite difference
scheme is expressed as

U =GU" =Y a,T°U"

Here, @ = (aq,- -+ ,a,) is multi-index, a, are matrices. Consider the Fourier transform of

G-
@(l{i) _ Z aaei > mkmAzm

If we take Az, as a function of At, then G is a function of (k, At). Using CAJ, we have
Ur = GrU°.

From the Parseval equality: ||U|2 = [ |U|?, we obtain that the stability of a scheme U™+ =

GU™ is equivalent to H@”H is uniformly bounded. Von Neumann gave a necessary condition
for stability for system case.

Theorem 5.4. A necessary condition for stability is that all eigenvalues of CAJ(k:, At) satisfies
INi(k, At)| <14+ O(AL),  forallk, for all At < T.

Proof. The spectral radius of @(k:, At) is the maximum value of the absolute values of the
its eigenvalues. That is, R
p(G) = max ||

Since there is an eigenvector v such that |Gv| = p|v|, we have that

Also, the eigenvalues of G" are A'. Hence we have

~

p(G") = p(G)".
Combine the above two, we obtain
p(G)" < IG™].
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Now,

if ||é”|| is uniformly bounded, say by a constant C' depends on ¢ := nAt, then

Cl/n
1+ O(AY).

p <
<

]

For single equation, we have seen that von Neumann condition is also a sufficient condition
for stability.
In general, Kreiss provided characterization of matrices which are stable.

Definition 5.1. A family of matrices {A} is stable if there exists a constant C' such that
for all A € {A} and all positive integer n,

A" < C.

Theorem 5.5 (Kreiss matrix theorem). The stability of {A} is equivalent to each of the
following statements:

(i)

(ii)

(iii)

There exists a constant C' such that for all A € {A} and z € C,|z| > 1, (A — zI)™*
exists and satisfies

I(A = =)~ <

2| =1

There exist constants Cy and Cy such that for all A € {A}, there exists nonsingular
matriz S such that (1) ||S|),|S7'|| < C1, and (2) B = SAS™! is upper triangular and

its off-diagonal elements satisfy
|Bij| < Comin{l — |r[, 1 — |}
where k; are the diagonal elements of B.

There exists a constant C' > 0 such that for all A € {A}, there exists a positive definite
matriz H such that
C'I<H<CI

A*HA< H

Remarks.

1.

2.

In the first statement, the spectral radius of A is bounded by 1.
In the second statement, it is necessary that all |x;| < 1.

The meaning of the last statement means that we should use the norm Y |U;|? =
>_;(HU;,U;) instead of the Euclidean norm. Then A" is nonincreasing under this
norm.
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5.4 *Finite difference methods for linear hyperbolic
systems with variable coefficients

1. Necessary condition for stability

The essential issue is stability because Lax’s equivalence theorem. Kreiss showed by an
example that the local stability (i.e. the stability for the frozen coefficients) is neither
necessary nor sufficient for overall stability of linear variable systems. However, if the
system u; = Au with A being first order, Strang showed that the overall stability
does imply the local stability. Therefore, for linear first-order systems with variable
coefficients, the von Neumann condition is also a necessary condition for the overall
stability.

2. Monotone schemes are stable in L2. For sufficient condition, we need some numer-
ical dissipation to damp the high frequency component from spatial inhomogeneity.
To illustrate this, let us consider the following scalar equation:

w + a(x)u, =0,
and a finite difference scheme
Ut (z) = A(z)U™(z — Az) + B(z)U™(z) + C(2)U"(x + Ax).
For consistency, we need to require

Az)+ B(z)+C(z) = 1
Alz) = C(z) = a(x)

Now, we impose another condition for local stability:
0 < A(z),B(z),C(x) < 1.

We show stability result. Multiply the difference equation by U""!(z), use Cauchy-
Schwartz inequality, we obtain

(U (2))? = A(z)U™(z — Az)U" N 2) + B(a)U™(2)U" (2) + O(2)U™(x + Ax)U"(2)

< 29 (e — A+ @ @) + @“U”m)? + (U (@))?)
+@((Uﬂ<x + Az))? + (U (2))?)
- @(U”(x — Az))? + @(Uﬂ(:p))? + @(U”(m +Az))* + %(U”“(:fc))2

This implies
(U™ (@) < A@)(U"(z = Az))* + B(z)(U"(2))* + C2)(U" (2 + Az))?
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= A(r — Az)(U™(z — Ax))* + B(2)(U™(2))* + C(z + Az)(U"(x + Ax))?
+(A(z) — Al — Az))(U™(x — Ax))? + (O(x) — C(z + Ax))(U™(z + Ax))?
Now, we sum over x = x; for j € Z. This yields
[T < Um|1? + oAy U2
Hence,
U7 < (1 +OAn) U7 < e™JU°|2.

The above analysis show that monotone schemes are stable in L?. Indeed, the scheme
has some dissipation to damp the errors from the variation of coefficient (i.e. the term

like (A(z) — A(x — Ax))).

. High-order dissipation implies stability For higher-order scheme, we need to es-
timate higher order finite difference AU, this will involves |Aal||AU]|, or their higher
order finite differences. We need some dissipation to damp the growth of this high
frequency modes. That is, the eigenvalues of the amplification matriz should satisfies

INi| <1 —0|kAz*, when |kAz| <
for some § > 0.

To be more precisely, we consider first-order hyperbolic system in high-space dimension:

up + Zaz T )y, =0, (5.15)

where v € RY, @;, i = 1,...,d, are N x N matrices. Consider a finite difference
approximation:

Utz ZA )ToU™ (). (5.16)
Here, a = (o, -+ - , aq) is a multi-index.

Let @(:v, At &) = > Ane™* be the Fourier transform of the frozen finite difference
operator.

Definition 5.2. A finite difference scheme with amplification matrix @(a:,At,{) is
called dissipative of order 2r if there exists a constant 0 > 0 such that all eigenvalues
of G satisfy

i@, At §)] < 1—al¢f*”

for all max; |§;| <, all x, and all At < 7 for some constant 7.

An important theorem due to Kreiss is the following stability theorem.

Theorem 5.6. Suppose that system ) is symmetric hyperbolic, meaning that the
matrices a; are symmetric, and that the coefficient matrices A, of the finite difference
scheme (@) are also symmetric. Assume that all coefficients are uniformly bounded.
If the scheme is of order 2r — 1 and dissipative of order r, then the scheme is stable.
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Project 4

1. Implement the following methods for the linear advection equation, the inviscid Burg-
ers equation and the gas dynamics to solve the Riemann problems in 1D. The methods
are (1) Lax-Friedrichs, (2) Upwind, (3) Lax-Wendroff, (4) MacCormack, (5) Second-
order Godunov, (6) WENO3. See Sec. 5.1, example 1 of Shu’s note (pp. 54) for the
Riemann data.

(a) For linear advection equation and the Burgers equation, the domain is [—2, 10],

the initial datum is
(2,0) = I 0<z<1
UWEY)=N 0 elsewhere.

You can set periodic boundary condition.

(b) For the gas dynamic equations, the domain is [—5,5]. The initial data are the
Riemann data. There are two test cases:

e Sod test case

(pL7 qr, PL) = (17 07 1)7 (pR7 4R, PR) = (01257 07 01)

e Lax test case

(pL, qr., PL) = (0445, 0698, 3528), (,OR, dRr, PR) = (05, O, 0571)

You can set the Dirichlet boundary condition.
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Chapter 6

Hyperbolic Conservation Laws

6.1 Scalar conservation laws

6.1.1 Physical models

Many partial differential equations are derived from physical conservation laws such as con-
servation of mass, momentum, energy, charges, etc. This class of PDEs is called conservation
laws. The scalar conservation law is a conservation law with single equation. Below, we give
three examples.

1. Traffic flow model An interesting model is the following traffic flow model on a high
way. We use macroscopic model, which means that Az ~ 100 m. Let p be the car
density, u be the average car velocity. The car flux at a point z is the number of cars
passing through = per unit time. In a time period At, the car which can pass z must be
in the region u(z,t)At. Thus, the flux at x is (p(z, t)u(x,t)At)/(At) = p(z, t)u(x,t).
Now, consider an arbitrary region (a,b), we have

the change of number of cars in (a,b) = [the car flux at a] — [the car flux at b].

In mathematical formula, it reads

b
= | platyde = pla,tyula,t) = p(b,t)u(b, 1)

= —/ab(PU)x da.

This holds for any (a,b). Hence, we have

pi + (pu)y = 0. (6.1)

This equation is usually called the continuity equation in continuum mechanics. It is
not closed because it involves two knowns p and u. Empirically, u can be teated as a
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function of p which satisfies v — 0 as p — pmax. For instance,

L,

pmax

u(p) = Umax (1 —
if there is a upper velocity limit, or

u(p) - alog(pmax/p)a

if there is no restriction of velocity. Furthermore, we can model u to depend on p, as
well. For instance,

Pz
v—.

p
The quantity p./p = —V,/V is the negative expansion rate, where V is called the
specific length, the space occupied by a car including the front and rear spaces (i.e. V =
1/p). If the expansion rate is positive, then the car train is rarefied. Thus, if the car
number becomes denser (resp. rarefied), then the speed is reduced (resp. increased).
Here, v is the diffusion coefficient (viscosity) which is a positive number. Thus, the
final equation is

u=u(p) -

pr+ f(p)a =0, (6.2)
or

where f(p) = pu(p).
. Burgers’ equation The Burgers equation is given by

1
Uy + 5(“2)33 = EUgyg, (64)

where ¢ is a positive constant. When € = 0, this equation is called the inviscid Burgers
equation. This equation is a prototype equation used to study conservation laws.

The following Hopf-Cole transformation linearizes this nonlinear equation. Let

o) = [ty v=et

—0o0

Then ¢ satisfies the Hamilton-Jacobi equation

¢r _ €
+ 5 = 5P
b+ =20
and v satisfies heat equation:
1 1
V=0, Uy = ——Ga0,
€ €
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1 1\’
VUga = __Qba:xv + <_¢x) v
€ 15

2
£ £
Uy = §Uxx < ¢t + (b_ = ¢a¢x

The solution to the heat equation can be expressed as

Thus,

_(a—y)?

v(x,t) \/% 2=t v(y,0) dy.
From y
¢ =—clnv, u=q¢, =—c—,
v

we can obtain an explicit form of the solution u as

—y (@—)? 0)
u(z,t) = —e———— — ez e W0 g
(=) v(z,t) /2met /—oo < ) Y

te
=/ ( ; )pa(:v,y,t)dy,

where )
e—;](m,y,t) (.’L‘ _ y)2
e\ 4Ly Y, t) = ; I 'y Y t) = ) 0
Taking € — 04, we obtain
— t
u(z,t) = AL ‘Z@’ ),

where
y(x,t) = arg min I (z,y,t).

3. Two-phase flow model The Buckley-Leverett equation models how oil-water flow in
a reservoir (a porous media). The unknown w is the saturation of water, 0 < u < 1.
The equation is given by

2

ue+ f(u)e =0, f(u) =

u? +a(l —u?)?

where a > 0 is a constant. Unlike previous examples, the flux f here is a non-convex
function.

6.1.2 Basic theory

1. Blow-up and weak solutions
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(a)

Method of characteristics for smooth solutions Let us consider scalar con-
servation law

us + f(u), = 0. (6.5)

The equation can be viewed as a directional derivative 9, + f'(u)0, of u is zero.
That implies u is constant along the characteristic curve

dx

E = f’(u(x, t))

This yields that the characteristic curve is indeed a straight line. Using this we
can solve the Cauchy problem of (@) with initial data wg implicitly:

u = up(x — ut).
For instance, for inviscid Burgers’ equation with ug(x) = z, the solution w is given
by u =z —ut, or u=xz/(1+1).

Weak solutions The solution may blow up (i.e. |u,| — o0) in finite time due to
the intersection of characteristic curves. A shock wave (discontinuity) is formed.
We have to extend our solution class to to include these discontinuous solutions.
We can view (@) in “weak sense.” That is, for every smooth test function ¢ with
compact support in R X [0, 00),

/OOO/_Z olus + f(u).] drdt = 0.

We take integrate-by-part to obtain

/OOO/_Z [Gru+ ¢ f (w)] dz dt + /: ¢(x,0)u(x,0)dr =0, (6.6)

In this formulation, it allows u to be discontinuous.

Definition 6.1. A function u is called a weak solution of (@) if it satisfies (@)
for all smooth test function ¢ with compact support in R x [0, 00).

Jump conditions

Lemma 6.1. Suppose u is a weak solution with discontinuity across a curve z(t).
Suppose u is smooth on the two sides of x(t). Then u satisfies the following jump
condition across z(t):

dx
) = 7w, (6.7

where [u] := u(x(t)+,t) — u(z(t)—,1).
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Proof. Let us consider a fixed shock position (¢, z(to)). Suppose @(ty) = 0. The
shock is a standing shock at t;. The fluxes on its two sides must be equal due to
conservation law. That is

fu(x(to)—,to) = flu(z(to)+, to).

Suppose Z(ty) = o # 0. We make a change-of-variable: 2’ = x — ot, t' = t. Then
the resulting equation is

up + (f(u) —ou),, = 0.

For this equation, the shock is standing at ' = t. This gives

[f(’d) o O'U] = 07
which is
[f(w)] = ofu] =0,
the jump condition at (¢, z(ty)) for o # 0. O

2. Riemann problems The Riemann problem is a Cauchy problem for equation (@)
with the following initial data

u(a:,()):{ up forz <0 (6.8)

u, for z > 0.

Here uy, u, are two constant states. The importance of Riemann problems lies in the
following reasons:

(i) Both equation (@) and the Riemann data (@) are invariant under the Galilean
transform: x — Az, t — At for all A > 0. If uniqueness holds, the solution to
the Riemann problem is self-similar, that is, uw = u(x/t). This reduces the PDE
problem to an ODE problem.

(ii) Discontinuities are common for nonlinear conservation laws. Hence, near a dis-
continuity, the Riemann problem is also generic locally.

(iii) For physical problems, the far-field states are typically two constant states. Due
to hyperbolicity, we expect the solution to be a perturbation of the solution to
the Riemann problem at large time. Therefore, Riemann problem is also generic
globally.

When f” # 0, say, f” > 0, here are two important classes of solutions.

(a) Shock wave: up > u,

u, for xz > ot

where o = (f(uy) = f(ur))/ (ur = ue).

() = { up for x <ot (6.9)
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(b) Rarefaction wave: u; < u,

up,  for o < M\t
u(z,t) =< u  for Ay < Au) =7 <A, (6.10)
u, for xz > A\t

where A(u) = f’(u) is an increasing function.
These two solution are of fundamental importance. We shall denote them by (uy, u,).

3. Non-uniqueness problem The weak solution is not unique. For instance, in the case
of uy < u,, both (&) and (6.9) are weak solutions. Indeed, there are infinite many
weak solutions to such a Riemann problem. Therefore, additional condition is needed
to guarantee uniqueness. Such a condition is called an entropy condition.

Homeworks 6.1. 1. If f is convex and wuy is increasing, then the Cauchy problem for
equation (f.5) has global solution.

2. If f is convex and u < 0 at some point, then u, — —oo at finite time.

3. Prove Lemma @

6.1.3 Entropy conditions

To find a suitable entropy condition for general hyperbolic conservation laws, let us go back to
study the gas dynamic problems. The hyperbolic conservation laws are simplified equations.
The original physical equations usually contain a viscous term ru,,, as that in the Navier-
Stokes equation. We assume the viscous equation has uniqueness property. Therefore let us
make the following definition.

Definition 6.2. A weak solution is called admissible if it is the limit of

u; + f(u%), = eu; (6.11)

T

as ¢ — 0+.

We shall label this condition by (A). In gas dynamics, the viscosity causes the physical
entropy increases as gas particles passing through a shock front. One can show that such
a condition is equivalent to the admissibility condition. Notice that this entropy increasing
condition does not involve viscosity explicitly. Rather, it is a limiting condition as ¢ — 0+.
This kind of conditions is what we are looking for. For general hyperbolic conservation laws,
there are many of them. We list some of them below.

(L) Lax’s entropy condition: across a shock (uy,u,) with speed o, the Lax’s entropy con-

dition is
612
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where A, (resp. A,) is the left (resp. right) characteristic speed of the shock.

The meaning of this condition is that the information can only enter a shock and then
disappear. Information cannot come out of a shock. Thus, if we draw a characteristic
curve from any point (x,t) backward in time, we will always meet the initial axis. It
cannot stop at a shock in the middle of time because that would violate the entropy
condition. In other words, all information can be traced back to the initial time. This
is a causality property and is also time irreversible, consistent with the second law of
thermodynamics. However, Lax’s entropy is only suitable for flux f with f” # 0.

Oleinik-Liu’s entropy condition: Let

f(u) = J(®)

o(u,v) = P

The Oleinik-Liu’s entropy condition is that, across a shock
o(ug,v) > o(ue, uy) (6.13)
for all v between u, and u,. This condition is applicable to nonconvex fluxes.

The above two conditions are conditions across a shock. Lax proposed another global
entropy condition. First, he define entropy-entropy flux: a pair of function (n(u), g(u))
is called an entropy-entropy flux for equation (@) if (i) n is convex, and (ii) ¢ = ' f'.
A weak solution wu(z,t) is said to satisfy entropy condition if for any entropy-entropy
flux pair (n,q), u(x,t) satisfies

n(u(z, 1)) + q(u(z, 1)) <0 (6.14)
in weak sense.

Another global entropy proposed by Kruzkov is for any constant c,

/000/00 [|lu — ¢|¢y + sign(u — ¢)(f(w) — f(c))¢ps] dz >0 (6.15)

for all positive smooth ¢ with compact support in R x (0,00). (GL) = (K):

For any ¢, we choose n(u) = |u — ¢|, which is a convex function. One can check the
corresponding g(u) = sign(u —c¢)(f(u) — f(c)). Thus, (K) is a special case of (GL). We
may remark here that we can choose even simplier entropy-entropy flux:

n(w) = uve, qlu) = f(uVe),

where u V ¢ := max{u, c}.

When the flux is convex, each of the above conditions is equivalent to the admissibility
condition. When f is not convex, each but the Lax’s entropy condition is equivalent to the
admissibility condition.

We shall not provide general proof here. Rather, we study special case: the weak solution
is only a single shock (uy, u,) with speed o.
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Theorem 6.1. Consider the scalar conservation law ) with convexr flux f. Let (ug, u,)
be its shock with speed o. Then the above entropy conditions are all equivalent.

Proof. (L) < (OL);

We need to assume f to be convex. This part is easy. It follows from the convexity of f.
We leave the proof to the reader.

(A) & (OL):

We also need to assume f to be convex. Suppose (uy, u,.) is a shock. Its speed

_ f(ur) B f(Ug)

We shall find a solution of () such that its zero viscosity limit is (ug,u,). Consider a
solution haing the form ¢((x — ot)/e). In order to have ¢ — (uy, u,), we need to require far
field condition:

uy & — —o0
() ﬁ{ " £ o oo (6.16)
Plug ¢((z — ot)/e) into (), integrate in & once, we obtain
¢ = F(9). (6.17)

where F'(u) = f(u) = f(u) — o(u — ug). We find F(us) = F(u,) = 0. This equation with
far-field condition (f.16) is solvable if and only if, for all v between u, and w,, (i) F'(u) >0
when uy < u,, or (ii) F'(u) < 0 when u; > u,. One can check that (i) or (ii) is equivalent to

(OL).
Next, we study global entropy conditions.
(A) = (GL)

If v is an admissible solution. This means that it is the limit of u® which satisfy the viscous
conservation law (@) Let (n,q) be a pair of entropy-entropy flux. Multiply (@) by
7' (u), we obtain

n(ug)t + Q(ua)x = &nlu ( ) Upy
= en(u)e — 577”(u§)2
< en(u)e

We multiply this equation by any positive smooth test function ¢ with compact support in
R x (0,00), then integrate by part, and take ¢ — 0, we obtain

/ / w) ¢y + q(u)py) de dt > 0

This means that n(u); + q(u), < 0 in weak sense.

(K) = (OL) for single shock:

Suppose (ug, u,) is a shock. Suppose it satisfies (K). We want to show it satisfies (OL). The
condition (GL), as applied to a single shock (uy,u,.), is read as

—o[n] +[g <0.
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Here, we choose = |u — ¢|. The condition becomes
=0 (lur = = ug = ¢]) + sign(u, — ) (f(ur) = f(€)) = sign(ue — ¢)(f(ue) = f(¢)) <0

Or
—o(ug, uy)(Juy — €| — |ug — ¢|) + |u, — clo(uy, ¢) — Jug — c|lo(ug,¢) <0 (6.18)

We claim that this condition is equivalent to (OL). First, if ¢ lies outside of u, and wu,., then
the left-hand side of () is zero. So (p.1§) is always true in this case. Next, if ¢ lies
betrween u, and w,, one can easily check it is equivalent to (OL). Il

6.1.4 *Riemann problems for non-convex fluxes

The Oleinik-Liu’s entropy condition can be interpreted as the follows graphically. Suppose
(ug, u,) is a shock, then the condition (OL) is equivalent to one of the follows. Either u, > w,
and the graph of f between uy, u, lies below the secant (u,., f(u,)), (ue, f(ue)). Or up < u,
and the graph of f between wuy, u, lies above the secant ((ue, f(we)), (ur, f(u,))). With this,
we can construct the solution to the Riemann problem for non-convex flux as the follows.

« Case uy < u,: We connect (ug, f(us)) and (u,, f(u,)) by a convex envelope of f (i.e.
the largest convex function below f). The straight line of this envelope corresponds to
an entropy shock. In the curved part, where f’'(u) increases, corresponds to a centered
rarefaction wave. Note that f'(u*) = o at the intersection of the straight line and
the curved portion, meaning that the shock speed is the same as the characteristic
speed of the rarefaction wave. We call such a shock a contact sock. The solution is a
composition of rarefaction waves and contact shocks, and is called a composite wave.

o Case uy > u,: We simply replace convex envelope by a concave envelope. The portions
of straight lines of the concave envelop correspond to shocks, while the concave curved
portions are the center rarefaction waves. The solution is a composition wave.

_ 1

Example. Consider the cubic flux: f(u) = su°.

e Case uy < 0, w, > 0: From wu,, we can draw a line tangent to the graph of f at
UZ = —U,g/Q.

— If u, > uj: The wave structure is a contact shock (u, u;) followed by a rarefaction
wave (uj, uy).

— If u, < uj, then the wave is a single shock.
e Case uy >0, u, < 0:

Homeworks 6.2. 1. For the flux f(u) = u3/3, construct the general solution to the
Riemann problem for general left /right states u, andu,..
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6.1.5 *Uniqueness and Existence

Theorem 6.2 (Kruzkov). Assume f is Lipschitz continuous and the initial data ug is in
L*NBV. Then there exists a global entropy solution (satisfying condition (K)) to the Cauchy
problem for ) Furthermore, the solution operator is contractive in L', that is, if u, v
are two entropy solutions, then

[u(t) = v(@)] < [[u(0) = v(0)| (6.19)
As a consequence, we have uniqueness theorem and the total variation diminishing property:
TVau(-,t) <T.V.u(-,0) (6.20)

Proof. The part of total variation diminishing is easy. We prove it here. The total variation

of u is defined by
+ h,t) — t
TVou(-,t) = Suph>o/ [ulz ’ })L u(z, 1) dx

We notice that if u(x,t) is an entropy solution, so is u(x + h,t). Apply the contraction

estimate for u(-,t) and v = u(- + h,t). We obtain the total variation diminishing property.
To prove the L!-contraction property, we claim that the constant ¢ in the Kruzhkov

entropy condition (K) can be replaced by any other entropy solution v(¢,x). That is

//HU(@ ) —o(t, 2) |y + sign(u(t, z) — v(t, ) (f (ult, 2)) = f(v(t, 2)))] dedt = 0

for all positive smooth ¥ with compact support in R x [0, 00). To see this, we choose a test
function ¢(s, z,t,y), the entropy conditions for u and v are

//HU(S,ZL’) - k|¢s(s,x,t,y) + SigD(U(S,.ﬁE) - k)(f(u(s’x)) - f(k))¢x($>$vt7y)] dz ds >0

//Hv(t, y) — K'|pu(s, x,t,y) +sign(v(t,y) — K)(f(v(t,y) — f(E)dy(s, 2, t,y)] deds > 0

Set k = v(t,y) in the first equation and k' = u(s,x) in the second equation. Integrate the
rest variables and add them together. We get

/// {Ju(s, 2) — v(t, 9)|(6s + &) + sign(us, z) — v(t,y)) - [ (u(s. 2)) — F(0(t,4))] - (bs + by)} dr ds dy dt >

Now we choose ¢(s, z,t,y) such that it concentrates at the diagonal s = ¢ and x = y. To do
so, let pp(z) = h™'p(xz/h) be an approximation of the Dirac mass measure. Let ¢(T, X) be
a non-negative test function on (0,00) x R. Choosing

qb('saxatay):d](s;_tvx;y) Ph (Sgt) Ph (x;y)7
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we get

S o (555 (552) (et (25 752)

sign(u(s.a) = o(t) - [ (u(s,2) = Futolt )] v (S5 5

)} dx dydsdt > 0.

Now taking limit h — 0, we can get the desired inequality.
Next, we choose

Ut x) = an(t) —an(t = 7)) - [ = an(fz| = R+ L(T = 1))},
where ay,(z) = [7_ pr(s)ds. We can get the desired L' contraction estimate. O

The existence theorem mainly based on the same proof of the uniqueness theorem. Sup-
pose the initial data is in L'NL>*NBV, we can construct a sequence of approximate solutions
which satisfy entropy conditions. They can be construncted by finite difference methods (see
the next section), or by viscosity methods, or by wave tracking methods (by approximate
the flux function by piecewise linear functions). Let us suppose the approximate solutions
are constructed via viscosity method, namely, u° are solutions of

ui + [, = e,

Following the same proof for (GL) = (K), we can get that the total variation norms of the
approximate solutions u® are bounded by T.V.uy. This gives the compactness in L' and a
convergent subsequence leads to an entropy solution.

Remark. The general existence theorem can allow only initial data ug € L* N L>®. Even the
initial data is not in BV, the solution immediately has finite total variation at any ¢ > 0.

6.2 Systems of Hyperbolic Conservation Laws

6.2.1 Hyperbolicity

We consider the following system of PDEs in one space dimension:

Uy
u

u+ fu), =0, u= ’ ,  f:R" = R" (called flux) (6.21)
Unp,

System () is called hyperbolic if Yu, the n x n matrix f’(u) is diagonalizable with real
eigenvalues

A(u) < Xo(u) < -+ < Ap(u).

Let us denote the corresponding left /right eigenvectors by ¢;(u)/r;(u), i = 1,...,n, respec-
tively. We can normalize them with ||r;|| =1, ¢ =1,...,n and {;r; = §;;.
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6.2.2 Elementary waves and Riemann problems
1. Self-similar solutions

(a) Note that the system is Galilean invariant, namely, the equation is unchanged
under the transform:

t— M, T — Az, VA > 0.

This suggests that we can look for special solutions of the form wu(%).
(b) Let us plug u(7) into () It gives

W (=) + % ~0
= f(u)u' = %u/.

Note that f/(u) is an n X n matrix, while «’ is an n-vector. The above formula
states that ' is an eigenvector of the matrix f’(u) with eigenvalue x/t. Thus,
there exists 4 such that ¢ = A\j(u(7)), an eigenvalue of f'(u), and u’ = r;(u) is the
corresponding eigenvector.

(¢) To find such a solution, we first construct the integral curve of r;(u): v = r;(u).
Let R;(ug, s) be the integral curve of r;(u) passing through ug, parameterized by
its arc-length. Along fR;, the variation of the speed )\; is:

d
S
(d) We have the following definition.
Definition 6.3. The i-th characteristic field is called
o genuinely nonlinear if V;(u) - r;(u) #0 Vu.
o linearly degenerate if VA;(u) - r;(u) =0 V.
« non-genuinely nonlinear if V;(u) - r;(u) = 0 on isolated hypersurfaces in R™.
For scalar equation, the genuine nonlinearity is equivalent to the convexity (or

concavity) of the flux f, linear degeneracy corresponds to f(u) = au, and the
non-genuine nonlinearity is existence of inflection points of f.

2. Rarefaction Waves When the ¢-th field is genuinely nonlinear, we define
R (uo) = {u € Ri(uo)|Ai(u) > Ni(uo)}-

For any u; € R (up), note that \;(ug) < A\;(uy), we construct the following centered
rarefaction wave, denoted it by (ug, u), as:

(U(),Ul) <%> = (51 lf % 2 )\z(ul)

It is easy to check this is a solution. We call (ug, u1) an i-rarefaction wave.
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Ug Uy

Figure 6.1: The integral curve of «’ = r;(u) and the rarefaction wave.

3. Shock Waves A shock wave depends on three parameters: (ug, u1, ), and is expressed

as:
(af) { uy for £ <o
ul—|= t
t uy for ¥ >o0.
Here, o is a constant, representing the shock speed. The three quantities (ug,u1,0)
should satisfy the jump condition:

flur) = fluo) = o(ur — o). (6.22)

|

Lemma 6.2. (Local structure of shock waves)

1. The solution of ) for (u, o) consists of n algebraic curves passing through ug
locally, named them by &;(ug),i =1, ,n.

2. S;(up) is tangent to R;(ug) up to second order, i.e., GEk)(uo) = %Ek)(u())?k =
0,1,2. Here, the derivatives are arclength derivatives.

3. oi(ug,u) = N(ug) as u — ug, and o(ug, ug) = %)\;(uo)

Proof. (a) Let S(ug) = {ulf(u) — f(ug) = o(u — ug) for some o € R}. We claim
that S(ug) = |J &;(up), where S;(ug) is a smooth curve passing through g with
i=1

tangent 7;(ug) at ug. To show this, first we express

= a0 = [ [ 70+ o= w0) ] o
= A(ug,u)(u — up).
When w is on &(ug), we can rewrite the jump condition as
Alug, u)(u —ug) = o(u — up).

u € S(ug) < (u—up) is an eigenvector of A(ug,u). (6.23)
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Assume A(ug) = f'(up) has real and distinct eigenvalues A\j(ug) < --- < Ap(up).

The matrix A(ug,u) is a perturbation of A(u). From the perturbation theory,

for u ~ ug, A(up,u) also has real and distinct eigenvalues. Let us denote them
by A1(ug, u) < -+ < Ap(ug, w), with left /right eigenvectors ¢;(ug, v) and 7;(ug, ),
respectively. And they converge to \;(ug), €;(uo), 7;(ug) as u — wug, respectively.

Let us normalize the eigenvectors by ||74]| = 1, £7; = ;. The eigenvector 7,
which is parallel to r; at © = ug, can be determined by

lr(ug,u)(u —ug) =0for k #i,k=1,--- n. (6.24)
Thus, we can define
Si(ug) = {ully(ug, u)(u —ug) =0,k #ik=1,--- ,n}.
We claim this is a smooth curve passing through ug. Let us choose coordinate
system 71(ug), -+ ,7,(up). Differentiate this equation g (ug,u)(u — up) = 0 at

u = up in r;j(u) direction:

P _ _
% (fk(uo,u)(u — 'LL(])) = ﬁk.(uo,uo) . Tj(Uo) = 5]'167
J lu=ug

Thus, this is the Jacobian matrix of the map: u — (£4(ug, w)(u — up), k # i) at

ug, which is an (n — 1) x n full rank matrix. By the implicit function theorem,
the set &;(ug) is a smooth curve passing through wuy.

Note that R;(ug) = ug = &;(uo)-
fu) = f(uo) = oi(ug, u)(u —ug) Yu € &;(up)
Take arclength derivative along &;(uy)
f(wu' = oj(u —up) + o’ and v’ = S..

As u — uyg
[ (10)Si(uo) = 0i(uo, u0)S;(uo)

— Si(ug) = 13 (ug) and o;(ug, ug) = Ni(up).

Consider the second derivative.
(f"(w)d vy + fu)u” = o (u — ug) + 20, - u' + ou”
At u = ug, v = Sl (ug) = R (ug) = 1i(up) and v’ = & (up),
= (f"ri,rm) + f'&] = 20ir; + 0,6
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On the other hand, we take derivative of f'(u)r;(u) = \;i(u)r;(u) along MR;(ug),
then evaluate at u = wy.

(f"risr) + f(Vri-r) = XNori + XV -y,
where Vr; - r; = R,

— (= NS~ ) = (20— N
Taking inner product with ¢; leads to

200 = \.

(2 7

Let &) —R! = >~ agrg(up). Taking inner product with ¢ leads to
k

Z()\k—/\i)akrk :O:QkZOVk%Z
ki

On the other hand, from (R, R) = 1 and (&}, &) = 1, we get (R}, R]) =0 and
(67,8%) = 0. Since R, = &, = r;, we then get

(&) —R!,r;) =0.
Hence &7 = RY at uo.
(R, R) =1 (6,6)) =
and (%], R) =0 (&],6))
(Ri = &;)Lrs
Q; = 0

1
0

Hence R = &7 at uo.

If u; € & (uyg), define

U for % < O'i(UO,Ul)
U1 for % > Ui(UO,U]_)

(uo, ur) = {

+
U %Z

(up, u1) is a weak solution.
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Suppose the i-th characteristic field is genuinely nonlinear. The Lax entropy condition
reads
)\Z(Uo) > Ui(uo,ul) > )\1(’1,61) (625)

Let us define &; (ug) to be the branch of &;(ug) which satisfies entropy condition:

Then for u; € &; (up), and u; ~ uy, () is always valid. This follows easily from
Ai = 20; and o;(ug, up) = Ai(ug). For uy € &; (up), we call the solution (ug,u;) an
i1-shock or Lax-shock.

. Contact Discontinuity (Linear Wave) When V\;(u) - r;(u) = 0, we call the i-th
characteristic field linearly degenerate. In the case of scalar equation, this corresponds
to f” = 0. We claim that, along a linearly degenerate field r;, we have

R (ug) = S;(up) and o;(ug, u) = \;(ug) for all u € &;(ug) or R;(ug). (6.26)

Indeed, along R;(up), we have

and A;(u) is a constant \;(ug) from the linear degeneracy. We integrate the above
equation from ug to u along R;(uo), we get

f(u) = f(uo) = Ai(uo)(u — u).
This gives the shock condition. Thus, &;(ug) = R;(u) and o(u, ug) = \;i(uo)-

. Wave curve Define T;(ug) = R (up) U & (up). It is called the i-th wave curve. For
uy € Ti(up), the wave (ug,up) is either a rarefaction wave, an entropy shock, or a
contact discontinuity.

. Solutions to the Riemann problems

Theorem 6.3. (Laz) For strictly hyperbolic system ), if each field is either gen-
uinely nonlinear or linear degenerate, then for up ~ ug, the Riemann problem with two
end states (up,ur) has a unique self-similar solution which consists of n elementary
waves. Namely, there exist ug = ur, -+ ,u, = ug such that (u;_1,u;) is an i-wave.

Proof. Given (ay, - ,a,) € R™, we define u; successively as the follows. First we define
ug = uy. Then we follow T7 curve from uy with length «y. This gives u; € Tj(ug) and
(ug,uy) forms a 1-wave with strength «; (measured by the arc length a; on 77 (uy).
From wuy, we follow T(u;) with length ay to us. This gives (u1,u2) a 2-wave with
strength ay. We continue this process until u,, := f(ur,aq, ..., a,). This gives a map
from strengths (ay, ..., ay,) to the final state w, with f(ur,0,...,0) = uy. The mapping
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is C? because the curves T; € C?. Now, we are given the final state uyz. We solve the
inverse problem

URr = f(uLaah ...,Oén).

This mapping is locally invertible because the Jacobian

0
aTjk(UL,O, s 0) =rp(ug), k=1,..,n

is invertible at u;. By the inverse function theorem, when ug ~ wuy, there exists a

unique (a7, ..., ) such that ug = f(ug, aq, ..., ). ]
Tz(u1)
«
ui:f(um@la”'a&i) Tl
Uy
We want to find aq,--- ,«a, such 60 When ug ~ uy, and {rs(uo)}
that
UR = f(u[nal? e Jan)'

are independent,

0

6042‘ a=0

f(ug,0,--+,0) = ri(up) and f € C?

By Inverse function theorem, for ug ~ up, there exists unique a such that ug = f(ur,a).
Uniqueness leaves as an exercise.

6.2.3 Gas dynamics

The equations of gas dynamics can be derived based on conservation of mass, momentum
and energy. Before we derive these equations, let us review some thermodynamics.

2-wave
n-wave
1-wave

U2

Uy Up—1

Ug = UL, Uy = UpR
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1. Thermo relations First, the basic thermo variables are pressure (p), specific volume
(V), called state variables. The internal energy (e) is a function of p and V. Such a
relation is called a constitutive equation. The basic assumption are

Oe

Oe
%l S0 220 <0
apl, ~ 7 av| "~

p

Sometimes, it is convenient to express p as a function of (V,e).

In an adiabetic process (no heat enters or losses), the first law of thermodynamics
(conservation of energy) reads

de + pdV = 0. (6.27)

This is called a Pfaffian equation mathematically. A function o(e, V') is called an
integral of (@) if there exists a function p(e, V') such that

do = p - (de+pdV).

Thus, o0 = constant represents a specific adiabetic process. For Pfaffian equation with
only two independent variables, one can always find its integral. First, one can derive
equation for p: from

0. = pand oy = up
and using o,y = oy., we obtain the equation for p:
v = (Kp)e-

This is a linear first-order equation for p. It can be solved by the method of charac-
teristics in the region V' > 0 and e > 0. The solutions of y and o are not unique. If
o is a solution, so does ¢ with do = v(o)do for any function v(o). We can choose
such that if two systems are in thermo-equilibrium, then they have the same value pu.
In other words, pu is only a function of emperical temperature. We shall denote it by
1/T. Such T is called the absolute temperature. The corresponding o is called the
physical entropy S. The relation do = pu(de + pdV) is re-expressed as

de =TdS — pdV. (6.28)
For ideal gas, which satisfies the laws of Boyle and Gay-Lussac:
pV = RT, (6.29)

where R is the universal gas constant. From this and (), treating S and V as
independent variables, one obtains

Reg(S,V)+ Vey(S,V) =0.
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We can solve this linear first-order equation by the method of characteristics. We
rewrite this equation as a directional differentiation:

0 8

This means that e is constant along the characteristic curves

av
R— =V.
as
These characteristics can be integrated as
Ve B = ¢

Here ¢ is a positive constant. The energy e(V, S) is constant when Ve~ is a constant.

That is, e = h(¢) for some function h. We notice that &’ < 0 because p = —(5)g =

*S/Rh’(VH) > 0. From T = (2%)y = —+1/(¢) - ¢, we see that T is a function of ¢.
In most cases, T' is a decreasing functlon of . We shall make this as an assumption.
With this, we can invert the relation between 7" and ¢ and treat ¢ as a decreasing
function of 7. Thus, we can also view e as a function of T, say e(T'), and e(T) is
now an increasing function. Now, we have five thermo variables p, Ve, S, T, and three

relations:

pV = RT
e = e(T)
de = TdS —pdV
Hence, we can choose two of as independent thermo variables and treat the rest three
as dependent variables.

For instance, e is a linear function of T, i.e. e = ¢,T, where ¢, is a constant called
specfic heat at constant volume. Such a gas is called polytropic gas. We can obtain

pV = RT and e = ¢, T = f—fl (6.30)

or in terms of entropy,

p = AWV
A(S)
T = v+1
7 —V
G A(S) 1
e = 7 —V"

where
A(S) = (v—1)exp((S — S)/cv)
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v = 14 R/e,

If we define d@) = T'dS, it is easy to see that ¢, and ¢, are the specific heat at constant
volume and constant pressure, respectively.

0Q Oe
Cy = ar =\ 5+~ s
ar), \ar/,
oQ de oT
o = (57) = G+ D/
( de ) N (6V>
= _ p _—
or), “\aor),
In general, ¢, > ¢,. Because ¢, is the amount of heat added to a system per unit
mass at constant pressure. In order to maintain constant pressure, the volume has to

expand (otherwise, pressure will increase), the extra amount of work due to expansion
is supplied by the extra amount of heat ¢, — ¢,.

. Equations for Gas dynamics Next, we derive the equation of gas dynamics. Let
us consider an arbitrary domain Q C R®. The mass flux from outside to inside per
unit time per unit area dS is —pv-, where n is the outer normal of 9{2. Thus, the
conservation of mass can be read as

d
— [ pdx = / —pv - n]dS
dt Jo 89[ |
= — / div (pv) dx.
Q
This holds for arbitrary €2, hence we have
pr + div(pv) = 0. (6.31)

This is called the continuity equation.

Now, we derive momentum equation. Let us suppose the only surface force is from
pressure (no viscous force). Then the momentum change in 2 is due to (i) the mo-
mentum carried in through boundary, (ii) the pressure force exerted on the surface,
(iii) the body force. The first term is —pvv - n, the second term is —pn. Thus, we have

4 pvdr = / —[pvv-n+pn]d5+/Fdx
dt Jo 0
= / div[—pv @ v — pI] + F dx
Q
This yields
(pv)y + div(pv ® v) + Vp = F. (6.32)
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Here, the notation V - pv ® v stands for a vector whoes ith component is » y dj(pv'v?).

The energy per unit volume is £ = %p v? + pe. The energy change in  per unit time
is due to (i) the energy carried in through boundary (ii) the work done by the pressure
from boundary, and (iii) the work done by the body force. The first term is —FEwv - n.
The second term is —pv - n. The third term is F' - v. The conservation of energy can
be read as

4 Edm:/[—Ev-n—pv-n]dS—l—/F-vdx
dt Jo 0 Q

By applying divergence theorem, we obtain the energy equation:

Ei 4+ div[(E + p)v] = pF - v. (6.33)

In one dimension, the equations are (without body force)
pe+ (pu)e = 0
(pu)e + (pu +p)a =
1

1
(§pu2 + pe); + [(épu2 + pe +pul, = 0.

Here, the unknowns are two thermo variable p and e, and one kinetic variable wu.
Another thermal variable p is given by the constitutive equation p(p, e).

6.2.4 Riemann Problems for Gas Dynamics
This subsection is mainly comes from Courant and Friedrichs’ book: Supersonic Flow and

Shock Waves.

Hyperbolicity of the equations of gas dynamics We use (p,u,S) as our unknown
variables. The equations of gas dynamics can be expressed as

p u p 01 fp

c? P, _
u—i—;uTS u|l =0
S 0 0 u]l|[S

t x

Here, P(p,S) = A(S)p?, v > 1, and ¢ = %—}; . This system is hyperbolic. The eigenvalues
S

and eigenvectors are

M=u—c, X=u NN=u+ec,

p —Pg p
rn=]1-Cc|, Ty = 0 ) r3s=1¢\|,
0 c? 0
P P



Note that
11 9
V)\1~7’1 (2ppp+C>>O,
c

1.1
Vs r3 = C(szp+02) >0,
Vs -9 =0.

These show that the 1st and 3rd characteristic fields are genuinely nonlinear, while the 2nd
is linearly degenerate.

Rarefaction curves The rarefaction curve R is the integral curve of the vector field 7,
that is, (dp, du,dS)" || 1. Note that for; = 0, £3r; = 0. Thus, the differential equations for
R, are govern by

dS =0
cdp—i—,odu—f-%dS:O
ds =0
%dp—l—du:()
ds =0
ﬁdp—du:O.

Since S = Sy, a constant, on R, and Rs, it is convenient to project the rarefaction curves
M, and R3 onto the u-P plane. The rarefaction curves SR; and Rz are given by

Thus, PR, can be expressed as
Similarly, $R3 is expressed as

9‘{1:u—u0:—€+€0
Ry :u—uyg =1L — Y.

where

(P, S) = / C(’ZS ) dp.

Below, we express ¢ in terms of (P,S). From P = A(S)p”, ¢ = /P, = \/JA(S)yp'~!, we

obtain
2 P
5::/ dp = \/7A(S —p2 =-—7 .

v P

Note that
Pp™ = A(S) = A(So) = FPopy
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We can express p in terms of P, Py, p:

Hence,

Figure 6.2: The integral curve of the rarefaction curves JR; and fR3 on the u-P plane. Here
(ug, Py) is a left state. For any point (uy, P1) on Ry, ((uo, P), (uy, Py)) forms a 1-rarefaction
wave. Note that the entropy S = Sy along a rarefaction curve.

The contact discontinuity On R, (dp,du,dS) L (4,05, which gives
c2dp + cpdu + PsdS = 0
cAdp — cpdu + PsdS =0
dP + cpdu =0
dP — cpdu =0

dP =0
du =0
For any (u1, P1) € Ry, we have uy = ug, Py = Py, and ((ug, Po, So), (ug, Py, S1)) constitutes
a contact discontinuity.
Note that SRy = G5 because the 2-characteristic field is linearly degenerate. You can check

the jump conditions for the 2-characteristic field. Which gives po(ug — o) = p(u — o) =0
because ug = u = o, and P = P,. (see the paragraph of shock curves below.)

Thus, R, is given by
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Shock curves Let us consider a 1-shock (resp. 3-shock) with left state (resp. right state)
(0) := (po,uo, Py) and shock speed 0. We want to find the shock curves &; (resp. &3)
passing through the state (0). Indeed, we want to have expressions of &; (resp. G3) on the
u-P plane.

Let v := u — 0. The jump conditions give

[pv] =0
[pv? + P] =0
[(%p?ﬂ + pe + P)v] = 0.
Let
m = pv.
From the first jump condition, we have
m = my.

The second jump condition is
povg +Ph=pv* + P = muy+ Py=mv+ P.
This gives

P-P,  P-P
v—vy  mV —mVy’

m =

where V' = % is the specific volume. Note that m # 0. !

mQZ_P_PO v—v_—P_PO
V-V ’ m
These give
(u—up)* = (v—10)* = —(P— R)(V - V). (6.34)
The third jump condition is
Loy Loy
§POU0 + poeo + Py | vg = 5,01} +pe+ P ).

We want to remove the kinetic energy part and only remain an internal energy relation.
From pyvg = pv, we get

1 1
5U8+€0+P0%:§U2+6+PV

By v = m*VZ, v* = m?V?, and m? = —5:53, we arrive at
P+ F
H(PV) = c—eg+ 0V —vp) =0

*The case m = 0 corresponds to the contact discontinuity.

176



Using e = %, we get

PV _POVO
vy—1 -1

P+ F
2

+( )V =Vp) = 0.

We use this equation to express V in terms of P, Py, Vj:

(252) Vi + B

PtP , P
2 + v—1

V:

then plug it into
(u—up)? = —(P — Py)(V = V).

We get an expression of &; and &3 on the u-P plane:

611 u = U0—¢0(P>
Gs: u = uy+ go(P)

2V (P — Py)

Y+l _

1 -
P+ 5 h Zo

Py, (P ¢7+1 y—1
Zy =] —d | — d(w) = .
0 v (Po) , (w) 5 w + 5

Admissible rarefaction curves and shock curves On R, only the portion where )\,
is increasing is admissible, because the rarefaction fan requires the characteristic speed of
the left end of the fan should be smaller than that of the right end of the fan. Therefore, we
define the admissible rarefaction curves and shock curves for the left state (¢) as

Y

%T(ﬁ) = Ug —wo(P) for P < PO
61_(6) :U0—¢0(P) for P > PO

and the admissible rarefaction curves and shock curves for the right state (r) as

Ry (r) = ug + Yo(P) for P < By
&3 (r) = ug + ¢o(P) for P > R,

The admissible wave curves are defined to be
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u u

Figure 6.3: The admissible rarefaction curves and shock curves on the u-P plane with

left /right states.

Solving Riemann problems Now we are ready to solve the Riemann Problem with initial
states (pr, Pr,ur) and (pg, Pr,ug). The solution to this Riemann problem consists of three

elementary waves:

1-wave :((pr, Pr,ur), (pr, Pr,ur)),
2-wave :((pr, Pr,ur), (pm, P, ugr)),
3-wave :((pm, P, vun), (Pr; Pr,ur)).

i
]

]
pr, Pryur ! pm, Pro,un
T

PL,PL,UL PR,PH,HR

Figure 6.4: The three elementary waves with the left state (pr, Pr,ur) and the right state
(pr, Pr,ur). The states (p;, Pr,ur) and (pg, Py, uyr) are called the mid states, which forms

a contact discontinuity.

Recall that the second wave is a contact discontinuity, on which [u] = 0, [P] = 0. Thus, we

have

Uy = U = Usx,

Py =Py = P..
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Finding the mid states (u., P.) Given a left state Up := (pr, Pr,ur) and a right state
Ur := (pr, Pr,ugr), we want to find two mid states U; and Uy such that (Ug, U) forms an
l-wave, and (Uy, Ug) forms a 3-wave and (Ur, Uyr) forms a 2-wave. From the jump condition
of the 2-wave, we have U; = (pr, Ps,u.) and Uy = (pg, Py, u,). With this, then p; and
prr can be determined the equation on Tl(é)(U ) and Tér)(U r), respectively. The mid state
(us, Py) is the intersection of Tl(g)(UL) and Ts(r)(UR) on the u-P plane.

Godunov gives a procedure to find the mid state (u,, P.). The algorithm to find P, is to
solve

urp — frL(P) = wu;y=uyg =ugr+ fr(P)
Yo(P) P <P

fo(P) = {¢0(P) P>p 0=1L, or R.

This is equivalent to

—Zr(ue —u = P - P
{ R (6.35)
where = b > .
L * R *
n=\ye(n) wmye(s)
and
B(w) = 7_%2; = w > 1 (shock), |
PN B w < 1 (rarefaction).

System () is an equation for (u., P,). It can be solved by Newton’s method.
The state py can be obtained from (pg, pr,ur) and (u., P,) by similar way.

P

u pL, Pryur PR, Pr,up
Figure 6.5: This is a solution of the Riemann problem with p; < pgr. In this case, from the

left state (¢), we follow &7; and from the right state (r), we follow 3. Their intersection
gives the mid state (us, Py).
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Wave structures Given (pr, Pr,ur) and (pr, Pr,ug). Let us define

-1
2 _(pr) %
o raref := CL (1 (m) ),

o« shk =y (58~ 1) 2
’ “L\n v<(7—1)+(7+1)%’) ’

e du:=up —ur.

We have the following cases:

(1) (Pr < Pp) & (du > raref) or (pr > Pr) & (du > shk) = Ry + Rs.
(2) (pr > Pp) & (—shk < du < shk) = S; + Ry

(3) (pr < Pr) & (—shk < du < shk) = R; + S5

(4) (Pr < P) & (du < —raref) or (pr > Pr) & (du < —shk) = 51 + S;.

Note that the transition from (1) to (2) (i.e. Ry + R3 to S1+ Rs happens when the left state
(¢) € Ry (r).
Once (uy, P.) is found, the full mid state can be obtained by the follows:

o If the 1-wave is a rarefaction wave, then p; can be determined by
P.p; " = A(S) = A(SL) = Prp;”

In the region: A\ (Ur) < z/t < A\ (Uy), the state U = (p,u, Sr) is determined by

u—c=7%
u—up = ¢p(P).
o If the 1-wave is a shock, then 1/p; = V; can be determined by
(e —u)® = —(P. — PL)(Vi = V1).
The vacuum State The mid state should satisfy P, > 0. There are situations that the
mid state P, < 0. In such cases, we say the mid state contains a vacuum state. The

intersections of the admissible wave curves and the axis where P = 0 are the vacuum states.
Usually, this happens when the two sides of gases running in opposite directions too fast.
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u

Figure 6.6: The vacuum state appears when P, < 0.
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Chapter 7

Finite Difference/ Finite Volume
Methods for Hyperbolic Conservation
Laws

7.1 General theory of finite difference methods for hy-
perbolic conservation laws

The important issues of FD schemes for hyperbolic conservation laws are
« Upwinding,
« Interpolating functions with discontinuities,

o Conservative.

7.1.1 Some problems in FD schemes for conservation laws

We list common problems for FD schemes for hyperbolic conservation laws.

« Stability issue First of all, we should keep in mind that local stability is necessary in
designing finite difference schemes for hyperbolic conservation laws. The scheme has
to be stable for hyperbolic conservation laws with frozen coefficients, see Section @
In particular, the CFL condition should be satisfied.

Stability

e Spurious oscillation appears around discontinuities in every high order
schemes.. The reason is that the solution of finite difference scheme is closer to a PDE
with higher order derivatives. The corresponding dispersion formula demonstrates that
oscillation should occur. Also, one may view that it is incorrect to approximate weak
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derivative at discontinuity by higher order finite differences. The detail spurious struc-
ture can be analyzed by the study of the discrete traveling wave corresponding to a
finite difference scheme.

To cure this problem, we have to lower the order of approximation near discontinuities
to avoid oscillation. We shall devote to this issue later.
A scheme cannot be high order near discontinuities

The approximate solutions may converge to a function which is not a weak
solution. For example, let us apply the Courant-Isaacson-Rees (C-I-R) method to
compute a single shock for the inviscid Burgers equation:

uy + uu, = 0.

The C-I-R method is based on characteristic method. Suppose we want to update the
state U ]”H. We draw a characteristic curve back to time t,. However, the slope of the
characteristic curve is not known yet. So, let us approximate it by U;". Then we apply
upwind method:

LymMUr, U itUr>0

J

UTZ—H -U} = { n(rrn n : n

Now, we take the following initial data:

[0 — 1 forj <0
J 0 forj>0

It is easy to see that U}' = UJQ . This is a wrong solution. The reason is that we use a
wrong characteristic speed U}' when there is a discontinuity passing z; from t" to ntt,

To resolve such a problem, it is advised that one should use a conservative scheme.
We shall discuss this issue in the next section.
The scheme is not conservative.

The approximate solutions converge to a weak solution, but not an entropy
solution. For example, consider the inviscid Burgers equation u; + uu, = 0 with the

initial data:
1o _ -1 forj <0
J 1 for 7 >0
We define the scheme by

Uj+1 = U; +E(F<Ujflan)_F(U]‘7 1))

[ FU) #U4V >0
F(U’V){f(V) UV <0

We find that F(U?', U7, ) = F(U ,,U}"). Thus, the solution is U* = U] for all n. > 0.
This is a non-entropy solution.

Need entropy satisfying numerical flux.

where
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7.1.2 Conservative schemes

1. Conservative schemes A finite difference scheme is called conservative if it can be
written as

n n At i1 nt1/2
Uit = U + &= (Fj—l/z - Fj+1/2> (7.1)

where F™/2 is called a numerical flux. The advantage of this formulation is that the

j+1/2
Y up=) urt (7.2)
J

total mass is conservative:

J

2. Numerical fluxes There is a nice interpretation of I if we view U as an approxi-
mation of the cell-average of the solution u over the cell (x;_4 /25 Tjq1 /2) at time step n.
Let us integrate the conservation law u; 4+ f(u), = 0 over the box: (x;_1/2,%;41/2) X
(tn,tnt1). Using divergence theorem, we obtain

@ = a4 2_;( o O e (7.3)
where
. 1 Tjt+1/2 d
Yi T Ar Tj1/2 et
tn
s = Ait t (i) .

Thus, in a conservative scheme (@), we may view

» U} as an approximation of the cell average u} and

Fﬁ:rll/; as an approximation of the flux average f]njll/;

This formulation is closer to the original integral formulation of conservation laws, and
it does not involve derivatives of the unknown quantity w.

3. Consistency A conservative scheme is consistent if Fj1/2(U) = f(u), where U is a

\r}e}(lztor with U; = u. For explicit scheme, Fj1/ is a function of U}, , -+, U},
at is
n+1/2
Fj+1/2 - F(Uf—éﬂv T Jn—i-m)

We usually assume that the function F' is a Lipschitz function.

An advantage of conservative schemes is the following Lax-Wendroff theorem. Which
says that its approximate solutions, if converge, must to a weak solution.

4. Conservative schemes guarantee weak solutions
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Theorem 7.1 (Lax-Wendroff). Suppose {U7'} be the solution of a conservative scheme
). Define un, = UD for [xj 1/2,%j11/2) X [tn,tni1). Suppose ua, is uniformly
bounded and converges to u almost everywhere. Then u is a weak solution of (6.9).

Proof. Letﬁl be a smooth test function with compact support on R x [0,00). We
)

multiply ( by ¢} and sum over j and n to obtain
= = n n+l n At n
> 2. 4 - Z S G1F ") = a0
n=0 j=—o0 n=0 j=—o0

Using summation by part, we obtain

S0 S S @ - e+ S S (B — 9 F (U = 0

j=—00 n=1 j=—o0 n=0 j=—o0

Since ¢ is of compact support and ua,, hence F'(U™), are uniformly bounded, we obtain
the convergence in the above equation is uniformly in j and n. If (z;,t,) — (z,t), then
from the consistency condition, Fji1/2(U") = f(u(x,t)). We obtain that v is a weak
solution. O

. Examples Below, we show that many scheme can be written in conservation form.

We may view F' J:rl /2 as a numerical flux at z;,,/ between ¢, and ¢,,;. All schemes

below have the form

n n o At 7 iy nt1/2
Ut = Up 4+ o (B = F) (7.4)
(a) Lax-Friedrichs:
Flh = Fur(U}.Uf) (7.5)
where |
FreU,V) =5 (f{U) + f(V) +aU = V). (7.6)
The constant o > 0 is chosen so that the eigenvalues
|f'(u)] < o,
(b) Godunov scheme:
FrE = Fa(UP, UL (7.7)
where B B
Fe(U,V) = f(U), U = Riemann solution,(0). (7.8)

For scalar cases, we claim that

o minUSuSV f(u) lf U S V
Fe(U,V) = { maxy<,<p f(u) if V <U.
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Let us prove this result only for the case U < V. Suppose U € (U,V). If the
solution to the Riemann problem is a rarefaction wave and across =/t = 0, then
f'(U) = 0 because it is the solution on the z/t = 0 = f'(U). The state U must be
a local minimum of f(u) because the wave structure near =/t = 0 is a rarefaction
fan across x/t = 0, where f'(u) is increasing near U. For other cases, we have
either U = U or U = V. You can check that the above formula for Fg is valid.

(¢c) Two-step Lax-Wendroff:

Y2 Ui + U/, At

n+1/2 n+1/2
Fj+1//2 - f(Uj—i-l//Q )-
n+1/2

Note that the state Uiy /9 is the solution obtained by the Lax-Friedrichs scheme

with At/2 and Ax/2. The Lax-Wendroff scheme is 2nd order accurate.
(d) MacCormack:

At

Up = UF + o () — F(U2)

n 1 n *
Fi =5 (FU7) + 1))

The MacCormick method is a two-step method. In the first step, the prediction
step, it is an upwind method if f’(u) > 0, or it is a downwind method if f'(u) < 0.
In the upwind case, it contains an advection + a diffusion. The second step, a
correction step, which removes this numerical diffusion. In the downwind case, it
contains an advection + an anti-diffusion, which is removed in the second step.
Note that we can switch the indices (j — 1) and (j + 1) in the above formulation.

Namely,
* n At n n
U;=U;+ Ar (f(Uj ) — f(Uj—l))
1
Fivijp =35 (F(UF) + £(U7)) -
Homeworks 7.1. 1. Construct an example to show that the Lax-Wendroff scheme may

produce non-entropy solution.

2. Find the modified equation for the MacCormack scheme for the linear advection equa-
tion.

7.1.3 Monotone schemes and entropy-satisfying schemes

1. Definition of Monotone schemes

187



Definition 7.1. A FD scheme expressed as
U;L+1 = G(Un—€7 T an+m) (79)

J

is called a monotone scheme if

oG
>0,k=—l,,m. 7.10
s = (7.10)

Note that we still need to require the consistency condition:

U=G(U,..U).

. Conditions of monotone schemes in flux form Let us consider the conservative
schemes:

We want to find the conditions on F' so that the corresponding scheme is monotone.

Note that

oG__ . OF(UYV)

>
v, =0 o =Y
7Je. OF(U, V)
> — <
T

Thus, F is increasing in the first argument and decreasing in the second argument.

We denotes this as F(1,]). Usually, the condition g—& > 0 corresponds to the CFL

condition for the scheme () In the above schemes,

¢ Lax-Friedrichs flux:

For(UV) = - (FU) + F(V) +aU — V), |f'()] < o

2
We see that the condition |f'(u)| < « is equivalent to Frr(T,J). The scheme is
G(Uj-1,U;, Ujr) = U; + 2—; [F(Uj-1,U;j) = Fup(Uj, Ujt1)]
=Uj+ 2—; % (fUj—1) + f(U;) + a(Uj = Uj)) — % (f(U;) + f(Ujs1) + a(U; = Uja))
=Uj+ 22—2 [(f(Uj—1) = f(Uj1) + (U1 — 2U; + Uj1a))]

The condition % > 0 is equivalent to
J

At
1——a>0.
A:c&_
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We see that the best choice of a is
a =max |f'(u)].

For such a choice, the above condition is equivalent to the CFL condition. If we

choose larger o, then the scheme has stronger numerical diffusion. The forward

Euler method for such diffusion equation, a stability condition is needed. The
t

condition 1 — %oz > 0 gives such stability constraint.

Note that the flux f can be decomposed into upwind and downwind part:

fu) = f(u) + [~ (u),
1

fHu) =5 (fl) £ au), [f/(w)] < o

The eigenvalues of f* are all non-negative, whereas the eigenvalues of f~ are all
non-positive. The Lax-Friedrichs flux can be expressed as

Fue(U,V) = (f7(U)+ (V).
e Godunov flux: for scalar,

. HliIlUSuSV f(u) if U < V
Fa(U,V) = { maxy<,<v f(u) ifV <U.

You can show that Fg(T,).
For system,

Fe(U,V) = f(U),

where U is the solution u(z/t)) of the Riemann problem (U,V) on the vertical
line x = 0.

+« Kinetic flux:

3. In the case of linear equation, a monotone scheme can be expressed as

m
n+1 __ n
vjt = § :ak Jtk

k=—1{

with a; > 0. The consistency condition gives ), ay = 1. Thus, for linear cases, a
monotone scheme produces an+1 as an average of U, -+~ U, . Indeed, monotone
schemes are generalization of such “averaging schemes” for nonlinear cases. A mono-
tone scheme has the following properties: the sup norm is non-increasing, the solution
operator is /!-contraction, and the total variation is diminishing. To be precise, let us
define the following norms for U = {U;}:

Ul = sup|Ujl
J
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WUl = > 1Uj|Az
J

TV.(U) = Y Ui = Ujl.
j

4. Properties of monotone schemes We have the following theorem.
Theorem 7.2. For a monotone scheme ), we have

(a) £>°- bound:
U™ oo < U0

(b) (*-contraction: if U, V are two solutions of ), then
U™t = v < Ut =Vl (7.12)
(c) total variation diminishing:

TV (U™ <T.V..(U") (7.13)

(d) boundedness of total variation: there ezists a constant C' such that

T.V.,.(U)<C. (7.14)
Proof. (a)
U]n—i—l = G(anféa T U]ner)
< G(maxU", .-+ ;maxU")
= maxU" ".© consistency

Hence, we have max U"*! < max U™. Similarly, we also have min U™ > min U".

(b) Let us denote the vector (U}') by U™ and express scheme (@) in operator form:
Uttt = GU").

The notations:

o U <V means that U; < Vj for each j.
o UV YV for the vector (max{U;, V;}).
« The monotonicity reads G(U) < G(V) if U < V.

(c) Clearly we have G(U v V) > G(V). Hence,
(GU) =GV <(GUVV)=GV)r=GUVV)=G(V).
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We take summation in j, and use conservative property of G, namely, > .(G(U)); =

>_; Uj, we obtain

> (GV) = GU)); < Z(V - U);.

Adding these two, we obtain the ¢*-contraction:

Z|G(U)j - G(V);l < Z'Uj — Vil

(d) Suppose U} is a solution of (@) We take V" to be U7, ;. Then V" also satisfies
(7.9). From the ¢'-contraction property, we have

DI = U < D U7 = U
J J
This shows the total variation dimishing property of (@)
(e) The total variation of U in z,¢ with 0 <t < T is defined by

= | U = Upl 107 = Uy
Az A
:ZOO Ax + At v At

Tvx,t(U) -

J

M= 114

[TV, U At + U — U"| 1]

3
Il
=)

N
< TVLUT 4> ||U = U

n=0

Here NAt = T. We claim that ||[U"™ — U"||;1 < O(At). If so, then we obtain
the result with C' < T+ NO(At) < T+ KT for some constant K. Now, we prove
this claim:

U™ = U = Ut - U Az

J

J
_ Z GU -+ U ) — GUR, -+ UM Az
J

J
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< LM+ m)T.V (U") Az
At
< L(f—l—m)T.V.x(UO)T
Here, A = At/Axz. We have used that G is Lipschitz continuous. Hence, we
conclude v
L/ T
Z U™ — U™ < %T.V.x(zjo).

n=0

]

The boundedness of total variation of U in (z,t) implies that we can substract a
subsequence ua, which converges in L'. Below, we show that its limit indeed satisfies
entropy condition.

. Monotone schemes give entropy solutions

Theorem 7.3. The limiting function of an approrimate solution constructed from a
monotone scheme satisfies Kruzkov’s entropy condition.

Proof. We choose n = (u — ¢)t = uV ¢ — c¢. The corresponding entropy flux is
q(u) = f(uV ) — f(e). It is natural to choose the numerical entropy flux to be
Q(Uj_g_H, ce ,Uj+m> = F(Uj_g_;_l Ve, --- 7Uj+m V C) - F(C, ce ,C). We have

(Un+1vc) — G( ]?'PL*E?..' ,U;L+m)\/G(C,"' ,C)

< GU', Ve, U, Ve

= Uj Ve + M [Q(Ujfb Tty Uj+m71) - Q(Ujf@rh e 7Uj+m)]
Multiply this inequality by ¢}, sum over j and n, and apply “summation-by-part”,
then take limit At, Ax — 0. We obtain that u is an entropy solution. [

. Monotone schemes can only be first order.

Theorem 7.4 (Harten-Hyman-Lax). A monotone scheme ) is at most first order.

Proof. We claim that the modified equation corresponding to a monotone scheme has
the following form

ur + f(u), = AL (u, \)ug), (7.15)
where A\ = At/Ax,

1 — 1, oG
ﬁ = 2_>\2 Z szk(ua e ,U) - §f (U)2, Gk =g <716)
k=—¢

auk
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and 8 > 0 except for some exceptional cases. Thus, monotone schemes are at most
first order.

To show (), we take Taylor expansion of G about (ug, -+, up):

= ug+ Azu, Z kG + %(ALI;)Zum Z e

k=—/¢ k=—/¢

+Z (Az)2u2jkG, 1, + O(Az)?

= ug+ Azu, Z kG, —|— (Az)? (Z k:QGkux>

k=—¢ k=—¢

1
+ Y 5 (An)*u(k = k)G + O(Ax)?
ik

On the other hand,
G(u—g, -+ um) = ug + A(F(a) — F(Tu))

where 4 = (u_g,,Upm_1), T4 = (U_g41, -+ ,uy). We differentiate this equation to
obtain

Gr = Oog + AlFk(u) — Fer (T'0)]
Gik = AlFjr(a) = Fjy g (T)]
We differentiate the consistency condition F'(ug,--- ,ug) = f(up) to obtain

m—1

> Fi(ug, -+ uo) = f(uo).

Therefore,
Y G =1
k=—/¢
Y kG = A (Fr— Feo)k = =Af(uo)
k=—¢
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DG kPCu = MY = kPGt — Gral = 0

Jk

Using this and the symmetry G;; = Gy j, we obtain
. 1 .
> Giilik — k) = —5 > Giili—k)>*=0.
gk

Hence we obtain

1
Gl i) = 1ty — Ao\ f ()i + (502 s 3 BG4+ O(A)?
k

Now, from the Taylor expansion:
1
u(l) = U ‘I— Atut + §(At)2utt + O(At)3
1
= wuy— Atf(u), + (§At)2[f'(u)2ux]x + O(At)?

Combine these two, we obtain that smooth solution of the finite difference equation
satisfy the modified equation up to a truncation error (At)?.

To show g > 0, from the monotonicity G > 0. Hence
2
2
A2 f(u)? = (Z ka) - (Z k:\/Gk\/Gk>
k
< Y KRG Y Gi=) kG
k

The equality holds only when Gg(u,--- ,u) = 0 for all k except 1. This means that
G(ug, -+ ,Up) = up. This is a trivial case.

]

7.2 Flux limiter methods

The main idea for flux limiter methods is to add a switch between a low order scheme and a
high order scheme such that the scheme becomes first order near discontinuities and remains
high order in the smooth region. For details, See Flux Limiter (Wiki ).
Suppose
F¥ a lower-order numerical flux

F a higher-order numerical flux

Define

e
+
[
<
+


https://en.wikipedia.org/wiki/Flux_limiter

_ pH L H
= P+ (=0 ) (Fhy — Fii).

Here, ¢, 1 is a limiter or a switch. It is required such that

~ . ~ L . . .
. gijr% 0 (i.e. Fj+% Fj+ ) near a discontinuity,

1
2

. H . .
RIS (i.e. Fya~ Fo ) in smooth region.

1
2

The term Fy — Fp, is an anti-diffusion flux. When ¢ ~ 1, this term cancels the numerical
diffusion inherited in the lower order flux F7.
Below, we devote to design criteria for ¢, 1

7.2.1 Total Variation Diminishing (TVD)

In this subsection, we will find a condition on the limiter ¢ so that the resulting scheme is
total variation diminishing (TVD). We consider the linear advection equation

us +au, =0, a>0.

We show the ideas by using

Fﬁrl = aU; (upwind flux)
Fﬁr% = aU; + 3a(1 — 24 (U;41 — U;)  ( 2nd order flux).

Note that the Fp, gives the upwind scheme. It produces a numerical diffusion %“A—A;(l — aA—A;)um

term in the modified equation. The higher-order flux contains the anti-diffusion flux:

1 alt
(FT = FE)jayo = (F = F5)jip0 = 50l = ) Uj = Ujmr) = Up = Uy,

which cancels the numerical diffusion produced by the upwind method.
The numerical flux of a flux limiter method is defined as

1 alt
F}+% :OJUj—F(ijr% 5@(1—E>(Uj+1 —UJ) y (717)
where
U, —U;_4
-1 = 9 1 y 9 1= 4
¢j+2 ¢< j+2) J+35 Uj+1 o Uj

Theorem 7.5. 1. If ¢ is bounded, then the scheme is consistent.

2. If (1) = 1, and ¢ is Lipschitz continuous( or C') at 6 = 1, then the scheme is second
order in smooth monoton regions (i.e. w is smooth and u, # 0).
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3. If0 < @ < 2 and 0 < ¢(0) < 2, then the scheme is total variation diminishing

(TVD).
Proof. 1. Fj+%(u,u) = f(u) = au.
2. Hint: Apply truncation error analysis.

3. From (), the next time step U}‘“ is

U”+1Un+—( -12 = Fjr1p)

= U+ v(Uj1 = Up) + |91 (1= ) (U = Uj-)| = [651110%

~ (=) Uy = Uy)]
= U} = cf (U} = UjLy),

where
o - 11/(1 ) ¢j+%(an+1 Un) ¢J—7<U}L - U;Ll) , alt
. = — — UV _ .
-1 9 Uur—ur, ’ Ax
In other words, U;““l is the average of UJ' and U} | with weights (1 — ¢} ;) and ¢}_;

Ugn++11 U;H = (Ul — U, = U7) = (U} = ;4 (U} = UjLy))

J

= (1=c)U, = U) + (U = Uy)

J

Suppose 0 < ¢} <1 Vj,n. Then

Ut — U;L+1|§(1_C?)‘Uf+1 Ul + ¢4 |U} = Ul |

J+1

Z\U]"ff U}H1| < Z(l_C?HU}lH_Uﬂ"‘ZC?fﬂU;L_U}Zﬂ
J

J

= S - U YU, - U
J

= S, - Ul
J

Thus, the computed solution U7 is total variation diminishing, provided 0 < ¢} <1

for all j,n
Next, we need to find conditions on ¢ such that 0 < ¢} < 1, Vj,n. Note that the
quantity
¢]+1(UJ+1 - UJ) - gbj—%(Uj - Uj—l) . ¢j+1/2 —é _ ¢(€ %) B ¢< )
U; — Uj—y T 0, TP e -3

196



0., 1
==, =v+ %V(l — ) <¢( J+§)

it3
Note that 0 < v < 1. A sufficient condition for (0 < ¢}, <1, Vj) is
(0,1
| ) 0, )| <2 (7.18)
0.1 I3
Jt3

Figure 7.1: The region in which ¢(#) should lie so that the scheme is TVD.

We summarize the criteria of a limiter ¢(0):

o ¢(1) =1, and ¢ is Lipschitz continuous( or C*') at § = 1. This gives second scheme in
smooth regions.

e »(0) =0, ¢(0) =0 for # < 0. This gives a first order scheme near discontinuities. Note
that if 0, 1 := gf _[ﬁ; < 0, then Uj is a local extremal. In this case, we should set
2 Jj+1 J
o(0;, 1 ) = 0 to avoid possible spurious oscillations.

e 0L @ < 2and 0 < ¢(f) < 2. This is a sufficient condition for TVD.

7.2.2 Examples of limiters ¢(6)

We list some limiters below. Case 1-3 are second schemes. For more examples of limiters,
see Flux Limiter, (Wiki).

1. ¢rw(0) = 1. This is the Lax-Wendroff scheme.

197


https://en.wikipedia.org/wiki/Flux_limiter

2. ¢pw () = 0. This is Beam-Warming.

3. Any ¢ between ¢pw and ¢y with 0 < ¢ < 2, 0 < @ < 2 gives a second order
scheme.

4. Van Leer’s minmod o110
+
P(0) = :

1+ 10|
It is a smooth limiter with ¢(1) =1 and ¢(0) =0

5. Roe’s superbee
¢(#) = max(0, min(1, 26), min(¢, 2))
() ¢(0)

o o
2 ' Beam-Warming

1t-- 1
0 1 2 0 0 1 2 0
o(0) o(0)
Roe’s superbee
2 e e 2 o -
/ van Leer’s minmod /

1 T 1
0 1 2 0 0 1 2 0

Figure 7.2: The solid lines are the limiters

7.2.3 Extensions

There are two kinds of extensions. One is the case a < 0 , and the other is the linear system
case.

Case: scalar flux with negative characteristic speed For a < 0, we choose !

1
Fin = 5@U+Upn) = [al Uy = Uy)

*Let us use f(u) = au. We decompose f(u) = f(u) 4+ f~(u), where f* = 1 (f(u) £ |AJu), A= f'(u).
Then Fp(u,v) = fT(u) + f~(v).
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B aU; ifa>0
N an+1 ifa<0
1
5

aAt
ﬂﬁ% = - (aUj+Ujn1) —va(Upn = Uj)), v= Aa
Then
L H L
Fii1 Fj+% ™ ¢j+%(Fj+% - Fj+§)
L .
= FJL_,_% + ¢j+%§(31gn(a) —v)a(Uj1 — Uj)

_ Uj’+1_Uj’

Where ¢;,1 = d)(ﬁj%), (9]-+% Pt and j' = j —sign(a) = j £ 1.

Linear system case In the linear system case, our equation is
uy + Au, = 0. (7.19)

We can decompose A so that A = RAR™ with A = diag(\(,- -+, \,) constituting by A’s
eigenvalues and R = [ry,--- ,7,] being right eigenvectors.That is, Ar; = A\;r;. We know that

n
Uj+1 - Uj = Z 5 kT, let
k=1

At
= My
ay L
O = 25§ =j—sign(\).
ozj’k

Therefore,

1 1
FY = AW +Up) = 5l AIU — U))

1 1 At
§A(Uj + Uji) — EA_:L,AQ(U]'-H - Uj)

FH
where |A| = R|A|R™!. The numerical flux is

1 .
Fyoy = F o+ 5 37 0030)(sian(\) — v ez
k

7.3 Higher-order Godunov methods

7.3.1 Piecewise-linear reconstruction (MUSCL reconstruction)

(1) Reconstruction
Given cell average {U}'}, we want to reconstruct a linear function @(z,t,) in each cell
(z;_ 1, %01 ) under following criterions
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— high order approximation in smooth regions.

— total variation non-increasing
(2) Find edge fluxes:
— Solve a linearized equation in (x;_1/2,241/2) X (¢, t"F/2) with the linear data
@(x,t") to find the solutions at (2;_1/2+, t""/?) and (zj41/2—, t"T1/?).

— Solve the Riemann problems and find the Godunov fluxes: define

n+1/2 ~ n ~ n
F]:l/g = Fo(u(zj12—,1 +1/2)>U(95j+1/2+7t T2y,

(3) Updating: We use midpoint rule for time integration

At
ntl _ prm n+1/2 n+1/2
Uyt =U5+ A_:E[Fj—l/Q - Fj-i—1/2]’

Scalar Case

(1) Reconstruction
Suppose u(z,t,) = a+b(z — ;) + c(x — x;)?, want to find a, b, ¢ such that the average

Uit —Ujq
:>a:Uj, b:%, c=0

Lemma 7.1. Given a smooth function u(z), let U; = 3= f;]*l% u(z) dx, and let u(x) =
i=3

U;+0U;5 5L, 0U; = (Ujza —Uj—1) /2, then |u(z) —u(x)| = O(Az)? forz € (71, 2541).

When u has discontinuities or u, changes sign, we need to put a “limiter” to avoid

oscillation of .

Examples of limiters

(a) Minmod limiter:

5Uj = miand(Uj+1 — Uj, Uj — Ujfl), (720)
. sign(a) min{|al, |b if a,b have same signs
minmod(a, b) ::{ Og (a) ming]al, [b[} otherwise. & (7.21)
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(b) A shaper minmod:

oU; = minmod(%ﬂ(ffj —U;-1),2(Uj1 — Uj)).

(2) A linear solver for half-time step
Consider the linear advection equation

u +au, =0, a>0,

with linear data

(o t,) = Uj + 0U; 75 T < Tjpl
AT U+ Ui =35~ &>
Then
nti ~
j+§ = u(:cﬁ% —a(t—t,),t,) (a>0)

= Uj+0Uj(w;p1 —altpy —tn) —25)/ A

1 al\t a/\t
= Uj+6Uj(§__2Ax) letV:_Ax
Fnt g 1 v
By = a0 et son - )

To compare with the TVD scheme (), let 0U; = minmod(U;+1 — U;,U; — U;_4)

1 v

By = it (3= DU = 0) 6y
5 ~ minmod(Uj41 — U, U; — Uj_y)
i+ Ujt1 — Uj
0 6<0 .
o) =1 0 o<o<1, p= izl
1 6>1 Ui =0,
If a < 0, then
sl aAt aAt
u]+§ == U]+1+6U]+1(_ QALE) |A$| Sl
1 v
F]Jr% = a(Uj + 5U,]+1(_§ - 5))

This second-order Godunov method reproduces the TVD scheme ()
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System Case

(1) Reconstruction
Construct @(z,t,) to be a piecewise linear function.

~ n nel — Ly
u(z,t,) = U} + 0U( ij)
The slope is found by U}" = minmod(U;—U,_1,U;11—U;). We can write it characteristic-

wisely: let

afy = 0(U; = Uj-1),
O‘fk = Ue(Ujr1 = Uj),

ajr = minmod( ]k,aRk).

Then (SUJ = Zaj,krk.

(2) A linear solver for half-time step
We trace back along the characteristic curve to get w in half time step.

1

W= ngu 11— A (12— 17), %)y,

J+3
1 Vi 1 1%4%
= > 6(U;+ 0U; (5 = 5 N + > l(Up + 0Ujsi(=5 = 5 )7
Ae>0 A <0
= initial state of Riemann data (U}, U]+1)
1 1%
+ Z(gk(§ - —)rk )OU; + > (le(—5) — 3’“)7~,€)5U]+1

A >0 AR<0

. . n+i . . n an
Another viewpoint. Let uj+§7L be the solution of () in (2j_1/2, Tjy1/2) X (7, tF1/2).
The solution at (z41/o+,t"/?) is given by

— N2
nl n( kS
uj+;L = uj + Zék(SU AL )rk
Ak>0
n Vi

— u —|—Z€k(5U ——?)Tk

Ak>0
)\kAt

where {, r are left / right eigenvector, \; is eigenvalue and vy, =
Similarly, we solve the linearized equation in (2,412, zj13/2) % (", el 2) and gives the
solution at (41 9+, t"F/?) as

1 - /\k — Tj41
un+12 = E €k5 2 2 i )rk

AL<0
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Vi
]_H Z €k5 — 2 )Tk

AL<0

n+i . L n+i
w. ¢ .) as the Riemann data. This gives u_ ;

Then we solve () with (u” j4d S UL g e
27 2

Therefore
At
n+3 n+l A5
. = u. + E 00U, 1 (——=)r
i+3 j+3,L ~= K J+§( Ax )
k=
n+3 Z Vk
: AR >0
n+; n—+ 14%
or u = u — g 00U, 1 (—=)r
j+1 j+iR — k04 2) k
k>
Un-‘r% +Un+%
or uwti = iyl TitgR 1 E sign(vy)lxdU ;
j+% 2 9 g k )tk ]+ 2
[
where (SUH% = Uj+%7R UH%,L

(3) We adopt the Godunov flux: Friz = fu n+1/2) Thus, the scheme is

J+1/2 j+1/2
n n At +3 n+3
Upt = U7 4 S0 — W),

7.3.2 Approximate Riemann Solvers

A detailed exact and approximate Riemann solver can be found in Toro, Riemann Solvers
and Numerical Methods for Fluid Dynamics, A Practical Introduction.
Some approximate Riemann solvers listed in Wiki.

1. Characteristic Riemann solver Consider the Riemann data (ur,ug). We look for
middle states ug = ur,u, ..., u, = ug. Suppose uy ~ ug, the original equation can be
replaced by

ur + A(a)u, =0,

where A(u) := f'(u) and @ = (ur + ug)/2. We will solve this linear hyperbolic
equation with Riemann data (ur,ur). Let A;, ¢;,7; be eigenvalues and eigenvectors of
A(u). Then the solution of the Riemann problem is self-similar and has the form

<—>—uL+Z (ur —up)) -7

One severe error in this approximate Riemann solver is that rarefaction waves are
approximated by discontinuities. This will produce non-entropy shocks. This is par-
ticularly serious for Godunov method which uses Riemann solution at x/t = 0. To
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cure this problem, we expand such a linear discontinuity by a linear fan. Precisely,
suppose A;(u;—1) < 0, A\;(u;) > 0, this suggests that there exists rarefaction fan crossing
2 =0. We then expand this discontinuity by a linear fan. At z/t = 0, we thus choose
the mid state w,, (the solution of Riemann problem at z/t = 0) as

_)\i(ui—l)
Al(ul) - )\z’(ui—1>‘

2. Roe’s Riemann solver A final remark, the above A(%) can be replaced by a Roe’s
matrix A(up,ug) in the application of gas dynamics. The matrix A(uy,ur) satisfies

o« Alu,u) = f'(u),
» flur) — f(ur) = A(u, —ug),
« A is diagonalizable by real eigenvalues with independent eigenvectors.

Um = (1 — Q)u;_ 1 + au;, o=

The advantage of the Roe matrix is that it is exact for shock representation. For gas
dynamics, such A exists. Indeed, we can express the conservative vector u (don’t be
mixed up with the velocity «) and the flux vector f(u)

p pu
u= |pul|, f(u)=|pu+p
E (E+p)u

as a quadratic functions of
w = p?[1,u, HY, pH:=E +p.
Note that the total energy density E = Lplul® + —£7. The expressions are

2

w? Wi Wo
U= Wiwy . flu) = “’T_lwlwg + E—?w%
el E—;lwg W3
Then
Urp — UL = B(UJR - wL),
flur) = flur) = C(wr — wi)
and
fur) = f(ug) = CB ' (ug — ug) == A(ug — ug),
where
2, 0 0 Wa Wy 0
B= W wq 01, C = ’%1@3 WTHUJQ VTfluh
e 0 @y
The w := %(wr, + wg). For detail, see Roe’s original paper (1981), “Approximate

Riemann solvers, parameter vectors and difference schemes”. Journal of Computational
Physics. 43 (2): 357-372.

3. Harten-Lax-von Leer (HLL, HLLC) approximate Riemann solver
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7.4 ENO/WENO schemes

This section is a summary of the following paper:

o Chi-Wang Shu, Essentially Non-Oscillatory and Weighted Essentially Non-Oscillatory
Schemes for Hyperbolic Conservation Laws, NASA, ICASE Report, 1997.

Let us consider a system of hyperbolic conservation laws:

Let us choose an 1D grid {x; 1/2}ez. Let I; := (xj_1/2,%;41/2) be the jth cell, z; be the
mid point of I; and U; the average of the unknown u on I;.
The ENO/WENO schemes consists of 3 steps:

 Reconstruction: given {U7'} ez, reconstruct a piecewise polynomial function 4" (z) =
p;(z) in each cell.

o Numerical flux: choosing an entropy satisfying numerical flux F'(u,v).
— Lax-Friedrichs flux: Frp(U, V)= fT(U) + f~(V), where we split the flux f into
flu)= frw)+ (), [5i=flu)£au, [f(u) <a

— Godunov flux: Fg(U,V) = f(U), where U is the solution to the Riemann problem
(U,V) on the array z/t = 0. We can use an approximate Riemann solver for
finding an approximation of U.

— Kinetic flux

« A TVD-ODE solver for updating: generate {Uf“}jez by using an ODE solver

for .
U; = Ar (F(ﬂj—l/z—; Uj—1/2,4) — F(Ujt1)2,—, ﬂj+1/2,+)) .

The ODE solver is required to be total variation diminishing (TVD). The forward
Euler ODE solver is TVD. The RK2 is a convex combination of two forward Euler
solvers, and thus is a TVD solver.

7.4.1 Reconstruction for smooth functions

Problem Let v(-) be a smooth function. Suppose we are given 7; := <= ﬁil//; v(x) dz, we

would like to find a piecewise smooth function v such that
e 0(x) = pi(x) in I;, a degree k — 1 polynomial
¢ U=
o 9(z) = v(z) + O(Az"*) in smooth region
« TVB (total variation bounded):
TV (9) < TV (v) + O(AzY).
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Method

L Let V(z) = [*_0(§)dE. Vigrye = V(wigrs2) = Yj- o 5AT;.

2. Let P be a polynomial of degree k£ which interpolates V' at x;_,_1/2, -+, Tits11/2
(r+s+2=k+1 points). B

3. Define p = P’, then
P (P(xj41/2) = Plwjap2)) = 5 —

J

(V(zjp2) = Vi(wj1p0) = 9

forj=1—r,...,i+s.
4. From interpolation theory,

P(z) =V (z) + O(Az*Y),  p(z) —v(z) = O(AzM), z € I,_,, ..., Iiy,.
Exact formula for edge states We are interested to evaluate p(x;;1 /2), denoted by ;11 /2,
in terms of U;_,, ..., U _pyp:

k

Vit1/2 = P($i+1/2) = E CrjVi—rij-
j=0

To find the coefficients ¢,;, j = 0, ..., k, we notice that

1. P has the expression:

k
P(z) = Z Vier—1j24m L (Tir—1/2, ooy Tisr1/2, T),
m=0

k
T — Tj—r—1/241
Lm(.l’i,r,l/g,....,Zlfi+3+1/2,ﬂf) = I I .
1=0,1#m Ti—r—1/24m — LTi—r—1/2+1

The polynomial L,, is the Lagrange interpolation polynomial satisfying L, (@;—r—1/241) =
5ml, 0 S l,m S k.

k
P(I) - V;—r—l/2 = Z(%—r—l/?—i—m - %—T—I/Z)Lm(x)
m=0
k m-—1
= Z Z @i—r+iji—r+ij(x)~
m=0 j=0

"Here, the location of the stencil is another degree of freedom. Let us use r to identify the location of
the stencil. Thus, P depends on two parameters: r and k.
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2. Taking derivative, we obtain p

k m—1
p(l‘) = Z @i—T-HA:BZ—T-HLm(x)
m=0 j=0
3. Evaluate p(z) at ;41/2, we obtain
k—1
Vip1/2 = P(Tip1/2) = Z CrjVi—r+j,
=0

k 27:0 Hquo ($i+1/2 - xi—r+q—1/2)
== % 1—r+7-
m=j+1 HZZ;O (wi—r+m—1/2 - iUz'—r+l—1/2)
m

er

For uniform grid,

G Zz o [T'=0 (r—gq+1)

_ #m_ q#ml

e m=j+1 Hll;(r)l( )
4. Examples: k = 3,
Vit1/2 = %@iﬂ - g@z‘+2 + %17143 + O(Az?),
— il))vl + ZUZH éﬁHg + O(Az?)
= —évl-_l + 27)2 + évm + O(Az?)
;UM ZU’ |+ 161@ + O(Az?).

The set of the grid points used to construct p(x) in I; is called its stencil, which is

Sf(l) = {SUzer; TP xifr+k71}-
In the first example above, the stencil set is S% | (1) = {@i11, Tiro, Tiys}-
Table 2.1 in Shu’s note has more examples for various r and j.

7.4.2 ENO approximation

The ENO approximation uses Newton’s divided differences to represent the interpolation
polynomial P. The construction of the stencil set is by successively adding stencil point
from left or right, which has the smallest divided difference.
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Table 7.1: The ENO coefficient table

n=2 n=3 n=4 n=>
. 2 3 3 3 3 4 4 4 4 4 5 5
F TP [T [ a0 [T [ &0 [T
ol I [T I 1 I I 1 [ L [I[ L
2 3 2 6 4 6 24 24 5 20
1L 2] 1 1 119 0 12| L
2 3 2 3 2 12 5 10

9l o | J1] 1 S S s U ¢ 1 17 1| L
3 2 6 14 (f 214 214 45 201
3101010 0 | 12| T || 5| 5
400010 0 0] 0 0 0 |—-%t| 1

1. Divided Difference In the theory of polynomial interpolation, we have the following
polynomial interpolation represented by the Newton’s divided difference. Let f be a
function and let {z;} be grid points. The Newton’s divided difference is defined as

flzo] = f(x0)

flao, o)) = flxa, -, xjij—_fx[aojo, s xj,l].

We notice that

f(x1) — f(z0)

flxo, 1] = S — f'(xg) as xy — xg
1— Zo
_ 1"
f[xo,iﬁ,aiﬂ _ f[l’l,l';] i[xovxl] N f ;:'EO) as x1, To — Tg
2 — g !

1 ) (7)
flxo, ..., zj] == o, 2] = flro, ., 231 — / .('xo)’ as &1, ...,T; = L.

XTj — Xo ¢

2. Examples of polynomial approximation

@) = ftao) + LEZLD) ) 1 oan
= f(x0) + flxo, 21](x — x0) + O(Az?)
= f(xo) + flxo, x1](x — m0) + flao, 21, 2] (x — 20)(x — x1) + O(Az?)

3. Representation of polynomial interpolant in terms of divided differences:

Theorem 7.6. Suppose Py(x) interpolates f at xo,...,xx. Then Py can be expressed
as

Py(z) = Zf[xo,...,mj] ﬁ(x—a:m). (7.23)
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Proof by induction. Let Py_; interpolates f at zy,...,xx_1 and Q(z) interpolates V' at
x1,...,x5. Then

j—1

k
Qz) = Z flz, ..., )] H (x — x,,) (by induction hypotheses)

—_

r — T

(Q(z) = Pr—1(2)) -

T — Xo

The second line follows from the fact that both sides take same values at zg, ..., r;, and
have the same degree k. From this formula and the induction hypothesis, we get the
coefficient of the term an_:lo(x — Tp) is (flz1, ooy 2] — flxo, ooy xpo1]) /(g — 20). O

4. ENO reconstruction: ENO scheme is to construct a stencil to determine the poly-
nomial interpolant. Let us use S for the stencil for V and S for the corresponding
stencil . For example, SZ(i) = {@i—1/2, Tiz1/2, Tiy3)2}, its corresponding stencil for ©
is S2(i) = {x;,ri41}. In general,

SEE) = {@icr_1j2s ooos Ticrrno12ts SE(E) = {@iry ooy Tipiha )y, 7 =0,k — 1.

o Let us first compute the divided differences of V' for degree 1, ...,k using v, that
is, V[z;_p, ..., x;_ryx]. Here, we use indices (i — r) and k with fixed i.

o Let us start from S := {Zi—1/2, Tiy1/2}. We approximate V' by

Pl(ﬂf) = V[IEZ‘—1/2] + V[xi—l/Qa $i+1/2]($ - iUz‘—1/2).

o We compare |V[{L‘i_312,l‘i_1/2,£L‘i+1/2]| and |V[z;_1/2, Tit1/2, Tirss2]|. We add one
side grid point into S* according to

— if |V[@i—g2, Tim1/2, Tig1y2]| < |V [Tic1/2, Tig1/2, Tiysyo)|, then

gz = S’l U {1'1'73/2}

P*=PpP'+ ViTi—s/2, Ti12, Tig1y2) (T — 2i—12) (T — Tig1)2),
— If V]zi_g/2, Tim1)2, Tiv1yo)| > |V{xic1/2, Tiv1/2, Tiyso]|, then

52 = S’l U {l‘i+3/2}

P? =P+ V[l’i—1/2, Tit1/2, xi+3/2]($ - Iz‘—1/2)(l‘ - 56’i+1/2)~

« We repeat the above procedure until S*, we obtain P* which has degree k. Let
us denote this P* by P, because the procedure starts from the cell I;.

e Define p; = P/ and compute
Vi—1/24+ = pi(xi—l/Z)a Vit1/2— = pi($i+1/2)-

5. Properties:

209



o Accuracy: P, = V(z)+ O(Az*!) if I; does not contain a discontinuity.
e Monotonicity: P; is monotone if I; does not contain a discontinuity.
« The reconstruction is total variation bounded (TVB), i.e.there exists a function

z which satisfying

z =P+ O(A*Y), TV (2) <TV(V)in I,.

7.4.3 WENO reconstruction
1. Recall that we have k stencils around a cell I;:
SF) = {&i_py oy Timgipr}, =0, k—1.
These produces k approximate values of v /:

k—1
T R ] —
Vit1/2 1= g CrjOimryj, T =0,...,k—1.
Jj=0
T
i+1/2
proximation of v(z;11/2), provided v is smooth around ;1 /s:

The WENO reconstruction takes a convex combinationof v to a higher order ap-

k-1

— T
Vit1/2 = E Wrlit/2-
r=0

k—1
wy >0, ZWT =1.
r=0

2. If v is smooth, then we should choose w, = d,, where d, are the coefficients such that

k—1
Vit1/2 = Z dri i1 js = 0(Tit12) + O(Az*1).
r=0
For k =2, 3,
d0:2/3’ d1:1/37 k:27

do =3/10, dy =3/5, dy=1/10, k= 3.
We always have d, > 0 and Zf;é d, = 1.
3. In the smooth region, we would like to choose
wy = d, + O(Az" ).

This would give
k—1
Vit+1/2 = Zwrvfﬂm = U($i+1/2) + O(szkq)_
r=0

r

In the non-smooth region, where |07, /2| is big, we would like to have w, ~ 0.
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4. Finally, we choose

,

wp=—5 <%, r=0.,k-1
Zs:O
d, e
oy = m, e=10"".

The coefficients 3, are called a smooth indicators. We require

5, — O(Az?)  in smooth region
"1 0Q1) in non-smooth region

This leads to w, = O(1) in smooth region, and w = O(Ax?) in non-smooth region.
For k = 2, we choose

For k = 3, B, are chosen as

13 _ ~ 1, _ _
fo = 12 (0 — 20301 + Uiy2)” + 4 (30 — 40ig1 + Tig2)”
13 L 1
pr = 19 (Di—1 — 205 + Ui+1)2 + 1 (vie1 — 'Ui+1>2 )
13 _ v 1 _ 2
P2 = I (Vo — 20,1 + ;)" + 1 (Viz — 40;1 + 30:)".

5. The case k = 3 has stencil set S? = {z;,_,. ;i 12}, 7 = 0,1,2. Tt involves 5 stencil

-----

points {z;_2, ;1 2}. Such WENO is called the WENOS5.

7.4.4 Finite Volume WENO

The WENQ produces an approximation of u at z;;1/2— and x;_1/+ in cell I; from the cell
averages {U;}. Let us denote them as Ujy1/24. Then we can use the Lax-Friedrichs flux
Fpp, or the Godunov flux Fg to compute the flux at z;;,/,. We reach

. 1
Ui= (F(Uj-1/2-, Uj—1j24) = F(Ujsrj2—, Ujpay2+)) -

Let us write this system of ODE by
U = L(U).
This ODE can be solved by RK2:
UM = U™+ AtL(U™)
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1
Ut = U+ SAL(LUT) + LUW))

1 1 1
= U+ -UY + ZAtL(UW).
U U+ AL

This time-advancing procedure is a convex combination of the forward Euler method. It can
be shown that such a method is TVD if a forward Euler method is TVD.
A TVD-RK3 is given by

UM =U"+ AtL(U™)

U® = %U” + }LU(” + iAtL(U(l))
1 2 2
Untt = SU"+ gU@) + §AtL(U(Q)).

This is a convex combination of a sequence of forward Euler methods. It is proven that
there are no further higher-order RK methods that are convex combinations of forward
Euler methods. For higher-order RK methods (which not convex combination of forward
Euler methods) and multistep methods with TVB property, see sections 4.2.1, 4.2.2 of Shu’s
Note.

7.4.5 Finite Difference WENO
1. In the finite difference approach, we discretize the flux derivative by finite difference:

_ fj71/2 — fi+1y2
Ax

U; = L(U). (7.24)
This method is a conservative method.
2. Computing fj+1/2(U):
(a) Flux splitting: We split the flux f into two parts: positive and negative fluxes
flu) = fP(u) + f™(u).

An example is the Lax-Friedrich flux:

fPu) =5 (f(u) +ou),  f™(u) = 5 (f(u) — au)

1
2

N | —

The coefficient « is chosen such that

max | f'(u)| < a.

Thus, f? is part of the flux f with positive characteristic speeds.
(b) Given U = (Uj)jez, we evaluate f}(U) := fP(U;) and fi*(U) := f™(Uj).
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(¢) Using ENO/WENO, we reconstruct f?
fiM(U).
(d) fj+1/2(U) = f;’+1/2_(U) + f;?.lg_1/2+<U)'
3. Use the TVD-RK2 method for temporal discretization:

i1/ (U) from f7(U) and f]" " 12y (U) from

W =y + Atﬁ(U”)
Ut = U At (z(U”) +£(U<1>))
1 ~
= U+ =UW + ZAtL(UW).
2U + 2U +3 (')
4. Remark. Without the WENO step, the fluxes f+1/2 fP(U;) and fiye = f™(Ujsr).

Fi1/2(Us, Ujir) = fP(U;) + " (Ujga)

%(f(U)‘l—OéU + f(Ujt1) — aUjy1)

Thus, the forward Euler gives

At
U”"‘1 U+ Ar (E] 12U 1, UY) = Fya 2(U7, UJ—H))
At 1
=Ui+ %, 13 (f(Uj—l) +aUj1 + f(Uj) — al) = 5 (f(U;) + aUj + f(Uj1) — aUjsa)
At
=Ul'+ AT [f(Uj—1) = f(Ujr1) + a(Uj—1 + Ujyq — 2U;)]

This is exactly the Lax-Friedrichs method.

With the WENO interpolation, the limiter of the interpolation is applied to the fluxes,
instead to the state variables. This is the same as the flux limiter methods.

7.4.6 A sample matlab code

A finite difference WENO5-RK3 code for solving the 1D Euler equation is available in
GitHub: WENOS5 for 1D gas dynamics.

1. The reconstruction can be applied to

« the conservative quantities: (p, pu, F),
o the characteristic coefficients: ¢; - (p,u,S), i =1,2,3

o the primitive variables: (p,p, u).

2. The parameters: r = 3, k = 3. The stencils are
So=A{zio,vi1, 1}, St ={mi 1,7, i1},  S2 = {7, Tit1, Tia}
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3. The coefficients are
Coj = [11/6,-7/6,2/6], c1j = [2/6,5/6,—1/6], Coj = [—1/6,5/6,2/6].

The weights are d = [1/10,6/10,3/10], &= 1079.

The B’s are
Bo = g (T; — 20i41 + Diya)” + i (30; — 40,11 + Tiya)”,
B = % (U1 — 20 + Ui41)” + i (Vi1 — vig1)”,
By = g (g — 20i_1 + 1) + i (Tig — 451 + 37;)°.

4. The boundary conditions:
o For the Dirichlet boundary condition, we set the correct boundary state after the
reconstruction step.

o For the wall conditions (Neumann boundary condition),we set the ghost states
before each reconstruction step.

5. The TVD-RK3 updating:
UM = U+ AtL(U™)
3 1 1 .
U® =ur 4 -uW ¢ —AtL(UW
(U U AU
1

2 2 .
n—l—l: ~rn = (2) = tL (2) )
U SU" 42U + ZAtL(U®)

The Sod tube problem is a standard test problem for 1D gas code. It has Riemann initial

Pl =11}, Pr 0.1
ur, 0 UR 0

The solution to the Sod shock tube problem is given in Figure @

7.5 Multidimensions

There are two kinds of methods.
1. Splitting method.
2. Unsplitting method.

We consider two-dimensional case.
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Figure 7.3: The solution to the Sod tube problem. The result was produced by a matlab
program coded by Manuel Diaz, 02.10.2012, NTU Taiwan, and last updated on 06.20.2018,
NHRI Taiwan.

7.5.1 Splitting Method

We start from
w; + Auy + Buy = 0. (7.25)

This equation can be viewed as
u = (—A0, — Bo,)u.

Then the solution operator is:
o~ t(ADu+B0y)
9

which can be approximate by e~*4%¢~B% for small ¢t. Let A = —Ad,, B = —BdJ,, we have

w = AT,

Consider e!A+B)

2
S = 14 (A4 B) + (AT B AB 4 BA) 4
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t? t?
et = (L4184 B 4 (L +tA+ S A+ )

2
= 1+t(A+B)+%(A2+62)+t28A+---

2
et(.A-‘rB) _ etB . et‘A = %(AB - BA) + O(t3)

Now we can design splitting method as:

Given {U};},
1. For each j, solve u; + Au, = 0 with data {U}'} for At step. This gives (_][fj.

At

U7, = Ul + S (F(U 3, UD) = F(U Ul )

where F'(U,V) is the numerical flux for u; + Au, = 0.
2. For each i, solve u; + Bu, = 0 for At step with data {U}";}. This gives U/},

n n At n rtn yrn
U 1= U ;T A—y(G(U,J 1) Ui,j) - G<Ui,j7 Ui,j+1))

The error is first order in time n(At)? = O(At).

To reach higher order time splitting, we may approximate e!**5) by polynomials P (e, e
or rationals R(e*A, e®). For example, the Strang splitting (or the Trotter product) is given
by

tB)
e~e2

pHA+B) _ eét““ tB, 1tA + O(tg)

For t = nAt,
A LAt A A LALA LAtA A 1LALA IAtA A LAtA
etl *B)uo = (65 tALAB 5 AL )~~(e§ LAGALB 5 AL )(62 tAAB 5 AL )uo

1 1
EFAANB MAABALA | ALANB S AA,

The Strang splitting is second order.

7.5.2 Unsplitting Methods

The PDE is
u+ f(u)y +g(u)y, =0 (7.26)

Integrate this equation over (z;_ 1, T 1) X (yjfé,yﬂ%) X (tn,tns1). We have

n n At nta e _n+i _n+s
Uit = Ul + (2 = P + 2@ 2 =305



where

- l 1 tn+1

f %j iy g f(u(a:iJr%,yj,t)) dt
tn+1

,n+% o i

gz,j-‘r% - At " g( (’x%y]—i-l t)) dt

We consider the second-order Godunov method.

1. Reconstruction
Yy — y])
Ax Ay
For example, 0,U; ; = minmod(U; j — Uiy1;, Uir1,; — Ui j).

)

a(x,y,t)_u +6U,]( )+6U,J(

in I'=(2;_1,21) ¥ (Y;_1,Y;41)

2. We need to solve
w(z,y,t,) for (z,y) €l

us + Aug + Bu, = 0 with data { 0 otherwise

For scalar case, where A = a and B = b, we have
At T, 1 — At _ . bAL

N - il T 5 i yi — 255 — Y
(241,95 5) = Ui + Y 8l A )+5in,j(A—y])

a>0

1% Uy
= (0, U —— )+ (5,U"
S+ U (5~ )+ G, (-2,
a>0
where v, = ‘Z—Amt, y = %‘t. For system case, the speeds a and b are replaced by A7, A},

which are the eigenvalues of A and B, respectively.

n+tsy n k T
Ui+;L7]_U Z _? )5 - 02U ) rk_"z (G - 6, Ui )y,
AZ>0
Similarly,
nty n x
Uy = Uty + D (= )65+ 8,Uier )15 + Z ) 8,Use )T
AL <0
n+2
Finally, solve Riemann problem u; + Au, = 0 with data P:_{’L’]
U’ .
z+2,R,]
n+1/2 n+1/2 n+1/2
fi+1/2,j = F(Ui+1/2,L,j7 Ui+1/2,R,j)‘
Similarly, we compute
n+1/2 n+1/2 ;rn+1/2
9ij+1/2 = G ’Ui,j+1/2,R)'
3. Updating step:
At At n—‘,—%

nt+l _ rn = . n+3 = .
U U _'_A.T(fl*%] fz+2,])+ Ay( ’],, 917]4,%)
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7.6 Boundary treatments

7.6.1 1D boundary conditions for hyperbolic conservation laws

1. Let us consider a linear hyperbolic system
u + A(z)u, =0 on [a,b].

We need to impose proper boundary conditions in order to determine the solution in
the interior uniquely. Let us discuss the left boundary only. The right boundary can
be treated in a similar way.

At x = a, suppose the eigenvalues of A satisfy
)\1§§>\r<0<>\r+1§§)\n

By the method of characteristics, there are r pieces of information that enter the
boundary x = a from the interior. We need to impose n — r boundary conditions to
comprise full information at x = a. The boundary condition has the form:

n
E bipur, =d;, 1=7r+1,..,n,
k=1

The matrix (bix)m—r)xn has full rank in order to have n — r independent boundary
conditions.

For example, for the linear advection equation
ut +au, =0, on[0,1], a>0.

we should impose u at z = 0. But we can not impose any boundary condition at z = 1
because the value of u at x = 1 is determined from the interior.

2. For nonlinear scalar conservation laws, we need to have consistent boundary conditions.
Let us consider the inviscid Burgers equation

u +uu, =0, on [0,1].

At the boundary z = 0, if we impose the value u, then u has to satisfy v > 0. For
example, we can impose boundary condition

u(0,t) =1, wu(l,t)=—1.

This will form a shock wave with speed 0 in the interior. However, depending on the
initial state, the location of this standing shock may or may not stay in the region
[0,1]. Think what will happen when the shock approaching to the boundary. Another
similar case is

u(0,t) =3, wu(l,t)=—1.
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The asymptotic shock has speed 2, which will eventually leave the computational
domain [0, 1]. Suppose we want it moves away from the boundary, what should you
do?

Note that we cannot impose a boundary condition «(0,¢) with «(0,¢) < 0, nor u(1,t) >
0 with u(1,¢) > 0, because they are inconsistent to the characteristic direction at the
boundary, that is, we can only impose left boundary condition when A(u) > 0 and
right boundary condition when A(u) < 0.

Indeed, if we impose a boundary data u, then the corresponding flux at the boundary
is determined. However, this flux has to be consistent to the flux computed from the
interior.

3. Boundary conditions for the Euler equation. In a finite gas tube, the boundary condi-
tions are classified into

o Inflow boundary condition: we impose p,p,u. A consistent condition is
u—c>0.

With this, all characteristic speeds u — ¢, u, u + ¢ are positive, which is consistent
with the three conditions p, p, u we impose.

e Outflow boundary condition: if v — ¢, u,u 4+ ¢ are all positive, then we cannot
impose any more conditions. However, if u — ¢ < 0 but u > 0, then we should
impose one themo condition, say p.

o Wall condition:
u =0 on the wall.

In this case, we impose a reflection boundary condition. This means that we
take even function reflection for p, p, and odd function reflection for u about the
boundary x = 0. The Riemann problem to such reflection states gives correct
boundary state, i.e. u = 0. Thus, the corresponding solution in the extended
domain satisfies the wall condition.

4. General hyperbolic conservation laws: u; + f(u), = 0. Suppose u has n components.
How many boundary conditions we should impose depending on how many characteris-
tic directions go inward to the interior. At the left boundary, the boundary conditions
look like

b L(u) = O,

where by, is an (n — r)-valued function, it satisfy the following consistent conditions:

o there are exactly n — r positive characteristic speeds for f’(u).

o« The Jacobian %LUL has full rank.

Alternatively we can use the Riemann problem to count on how many waves move into
the interior to determine the interior states. The boundary condition can be imposed
in terms of the wave strengths of inward waves.
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7.6.2 Multidimensional boundary conditions for the Euler equa-
tion

Let us consider the 2D case. The unknowns are p,p and the velocity v. On the boundary,
let us denote the normal velocity by v, and the tangential velocity by v;.

o Inflow: we impose p, p, v,, and set v; = 0.

e QOutflow: if the flow is subsonic but v, > 0 at the outlet, we need impose p, which
is set to be the surrounding pressure. If it is supersonic, then we don’t impose any
boundary condition.

e Wall: The condition is
v, = 0.

We extend the domain for few grid points. The extended grids are called ghost grid.
The state at the ghost grid is set to be the reflection of the interior state, which is
P, D, vy are even reflection, v, is odd reflection. The Riemann problem to such reflection
states gives correct boundary state, i.e. v, = 0.

In the ENO/WENO methods, we should set the reflection state at the ghost grids
before every ENO/WENO reconstruction steps. For instance, in the splitting methods
using splitting WENO-RK2, during the z-sweeping procedure, there are two recon-
struction steps, one for LU", one for LUM, we should determine these ghost states
before the reconstruction steps. There are two such procedures for the x-sweeping, and
another two for the y-sweeping.

However, for the unsplit WENO-RK2, we only need two such reflection procedures.

Project

1. Implement a WENOS5 code to solve the Mach reflection problem for gas dynamics.
Imagine a shock impinging a wedge in 2D. We set up initial time is the impinging
moment. Set the tip of the wedge to be the origin. At this moment, the data is
homogeneous in each array from (0,0). Since the equations and the initial data are
invariant under (x,t) — A(x,t) for all A > 0, we expect the solution has the form
U(x/t). We also expect the solution should be symmetric about the axis of the wedge.
Thus, we choose the one wedge side to be the z-axis, the computational domain is
[—2,5] x [0,3]. The shock is 60° to the bottom wall. A computational result from
Shu’s note is the figure. See

o Sec. 5.1, example 5 of Shu’s note (pp. 57).

e This benchmark problem was proposed in Paul Woodward and Phillip Colella,
The numerical simulation of two-dimensional fluid flow with strong shocks, Jour-
nal of Computational Physics, vb4, 1984, pp.115-173.
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30 contours from 1.731 to 20.92 Grid: 480x119 cfl=0.6 t=0.2

Figure 7.4: Double Mach reflection. The figure is quoted from a Shu’s ENO, WENO note
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Chapter 8

Finite Element Methods for the
Poisson Equation

8.1 Variational formulation of the Poisson problem

8.1.1 Poisson problems in physics

1. Electric potential induced by charge density: Let p(x) be the charge density. It
induces an electric potential in the space. The governing equation is

—Lo=p

If there is a closed conductor with boundary 9€) which coberns the support of p, then
the boundary condition of ¢ is

at¢ == 0
Or equivalently, ¢ = const. on 0f2.

2. Streamline of incompressible flows The incompressible flow satisfies
V-v=0.

The vorticity w is defined by
VXv=uw.

Given vorticity field w, we can recover a stream function by solving
V x(Vxy) =w.
The streamline is constant on the boundary.

3. Elasticity Let u be the displacement of an elastic material. The infinitesimal strain
corresponding to u is defined as

e:=Vu+ (Vu)"
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The stress is a response to the strain. For linear material, it is

The material is under an exterior force f. The force balance equation is

o= Fe

-V-.o=1.

There are two kinds of boundary conditions: Dirichlet and Neumann. The boundary

oN=T=TpUly.

e Dirichlet: v =0 on I'p,

e Neumann: o -v =t on I'y. v is the outer normal of 0.

4. Heat balance. Let u be the temperature of a material in domain 2. The variation

of the temperature will induce a heat conduction q defined by

The energy balance equation is

Here, f is the external heat source.

q = kVu.

V.q=Tf.

5. Hodge decomposition in differential geometry.

8.1.2 PDE formulation

Consider a domain §2. The boundary 0f2 is decomposed into two disjoint boundaries I'p and

I'y. The Poisson problem we consider is

—Au:finQ,‘

u=gp on I'p,

ou

ov

= gn Oon FN.

8.1.3 Weak form of the Poisson equation

1. Let us introduce some function spaces.

(8.1)

(8.2)

o L2(Q) = {fl| [o|f(@)]?dz < oco}. In L*(Q), we introduce the inner product

structure:

(f,9) :/Qf(w)g(x) dz.
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« Sobolev spaces:
H™(Q) = {f|f,.... D € L*(Q),]a] = m}
The index o = (@, ..., ) is a multi-index. |af := 3" | ;. The derivative

al T
P fa) 2@

Ot 9pan
0x] Oxon

In H™(Q)), we have the inner product structure

m

(fag)Hm = Z(Daf7 Dag)'

laf=0

2. We introduce variational formulation for the Poisson problem (@), (@) with gp and
gy = 0. First, we introduce the space V'

V={veH(Q): v, =0}

We take inner product of the Poisson equation with any v € V:

(— Awu,v) = (f,v).

The left-hand side is 5
U
— Au,v)=alu,v —/ —uvdS,
(- duw) =a(we) - [
where
a(u,v) := / Vu(z) - Vou(z)dx
Q
is called the Dirichlet integral. In this step, we have used
—(Au)v = =V - (vVu) + (Vu)(Vo),

and the divergence theorem

/V-(UVu)dx—/ vWVu-vdS = U@ds.
Q o0 a0 OV
The boundary term
ou ou ou
—uvdS = —uvdS —vdS =0
a0 5VU T'p 8UU * T'n al/v ’

because v =0 on I'p and du/dv =0 on I'y.
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. Thus, (@) (@) implies the following variational formulation:

Find v € V such that  a(u,v) = (f,v) for all v € V. (8.3)

This is called the weak form of the Poisson equation. Its solution is called a weak
solution to (@), (@)

. Strong solution and weak solution. Note that a weak solution is only in H'(Q2), while
a C? solution of (@), (@) is called a classical solution. A weak solution in H?(2) is
also called a strong solution.

Q

. Suppose u is a strong solution, then u satisfies (@), (B-2).
Proof. We choose those v € V and v|go = 0. Then v € H*(Q), v € H}(Q) and
a(u,v) = (f,v) lead to

(= Au— f,v)=0 for all v € Hy(Q).

This implies — Aw = f. This together with u|r,, = 0, and a(u,v) = (f,v) forallv € V
imply

O:a(u,v)—(f,v) — (—Au—f,v)-i—/FD %Uds—’— o avdS: . gvds

This implies Ou/0v = 0 on I'y.

. General boundary conditions. The variational formulation for general Dirichlet bound-
ary data gp and general Neumann data gy is: define

Vop :={ue H'(Q), u=gponTp} (8.4)

(V) | Find u € V,, such that .a(u,v) = (f,v) +/ gyvdS forallv e V.| (8.5)

'y

One can show that this variational formulation is equivalent to the PDE formulation,
provided u € H?(2).

. Existence and uniqueness. The elliptic PDE theory uses coerciveness of a and the
Lax-Milgram theorem (or Riesz representation if a is symmetric) to show the existence
for weak solution. The uniqueness theory can be obtained by energy estimate, or L*>
estimate using the maximal principle.

. The strong solution is obtain by regularity theorem which shows that v € H?if f € L?
and 99 € C.
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8.1.4 Variational problem as a minimization problem

1. The above variational problem can be thought as a minimization problem. We consider

a functional defined on V' by

Fv) = %a(v,v) —(f,v) —/ gnvdS = %a(v,v) — (f,v)— < gn,v >

'y

We look for

(M) |min{F(u)[u € Vg, }

2. We show (M) = (V). If  is a minimum of F'in V),
F(u) < F(u+ ev).

Differentiate in ¢, we get
a(u,v) — (f,v)— < gn,v >=0.

This shows that (M) = (V).

3. Next, we show (V) = (M). For any w € V,

op, we have v :=u —w € V. Thus,

a(u,v) — (f,v)— < gn,v >=0.
Now,
(a(w,w) — a(u,u)) = (f,w —u)— < gn,w —u >
(a(w,w) — a(u,u)) — alu, w — u)

(a(w,w) + a(u,u) — 2a(u, w))

N RN =N =N -

a(u —w,u —w) > 0.

8.2 1D finite element method

8.2.1 Finite element method

1. Let us consider the Poisson equation in one dimension:
—u" = f on (a,b), u(a) =u(b) = 0.
We shall find an approximate solution by finite element method.

227

(8.6)

(8.7)

then u+ev € V,, for v € V and

(8.8)



. First, we discretize the space [a,b] and define the finite element functions. We choose

ann > 0. Let h := (b — a)/n the mesh size, xr; = a +ih, i = 0,--- ,n the grid point.

Each cell K; := (x;,2;41) is called an element. We consider linear functions P; in K;.

There are two such functions: x? = (241 — x)/h and x! = (x — x;)/h, satisfying

X¢(r:) = 1 and xj(2i41) = 1.

. Define the finite element function ¢;(x) to be ¢;(x;) = d;; and ¢(x) is continuous and
1

11—

piecewise linear. In cell I;, ¢; = xb, while ¢; = X7 in cell I;_;.
. Let
Vh = Span{(bl? te 7¢n71}-

It is called the finite element space. An element v € V}, is a continuous and piecewise
linear function and is uniquely expressed by

n—1

(@) =Y vla)i(@).

i=1

. Next, we find an approximate solution u; € V. We express u; by
n—1
i=1

We project f onto V), by

n—1

mf(x) = fla)di(x).

i=1
We project the equation (@) onto Vj:

(—u" — f,v) =0, forall v €V,
This leads to the following equations for U = (Uy,--- ,U,_1)T:
(un, @)1 = (f, di)yi=1,---,n—1
Or

—_

n—1

(050U =Y flag) (g, ¢1),i=1,-+ ,n—1.

=1 j=1

n—

<
Il

. The matrix A = (¢}, #})m-1)x(n-1) is called the stiff matrix. The matrix M :=

(¢4, ¢j)(n71)x(n71) is called the mass matrix. We compute A and M using the rep-
resentation of ¢; in terms of y; in each cell. Finally, we obtain

1 h
A = Edlag(—l, 2, —1), M = g dlag(1,4, 1)

The FE equation reads
AU = MF.

This can be inverted.
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Let us consider another boundary condition:
u(a) =0, u'(b) = wu.
The variational formulation is
a(u,v) — (f,v) —upv(b) = 0.

The trial and test space
Vi, = Span{ ¢y, ..., o}

The approximate solution is
n
Up = Z Uj¢j~
j=1
The last row of the stiff matrix is

(¢;’L—17 gb;) = _1/h7 (¢;m ¢:z) = 1/h

The last row of the mass matrix is

(¢n—17 ¢n) =

The last row on the right-hand side is

h

) (¢n,¢n) = g

o>

8.2.2 Error analysis

1. True error is controlled by an approximation error Let u be the exact solution
and ej := u — uy be the true error. Since both u and uy, satisfy

(W', = (f,v), (up,v") = (f,v) for all v € Vj,

we obtain
(ep,,v") =0 for all v € V},.

That is, (u — up) Ly Vj. B This is equivalent to say that wy, is the (-, -);-orthogonal
projection of u on V}. Thus,

| — uylls < ||u" —V'||2 for all v € V.

In particular, we can choose v € V}, that equals u at xy,--- ,2,_1. That is,
n—1
V= Tpu = ZU(%)@,
i=1

*We define (u,v); := (u/,v'). This is an inner product in the space Hg (a,b). The zero boundary condition
gives (u,u); = 0= u=0.

229



then
" = lla < flu" — (mhu) |2 (8.9)

Thus, the true error is controlled by the approximation error.

. Approximation error in terms of ||u"||
It is easy to see that m, is a projection. If u € C?, then in each cell (z;,z;,1), the
projection error w(z) = wu(z) — mpu(x) satisfies w(z;) = w(x;41) = 0. By applying
Rolle’s theorem twice, we get that for any = € (x;, x;11), there exists an & € (x;, T;41)
such that

w” (&)

w(e) = =7 (@ — )@ = Tin).

This leads to )

lw(z)] < —  max |w(§)].
§€(zi,aivt)

()P de = Z " () 2 da
/ [
< Zh( ) max |w(z)]?

s SCZ,CCZ+1)

Hence

< (b-a) <%2)2 max | (z)|2.

z€a,b]

Here, we have used that w”(x) = u”(x) on each subinterval (z;, z;.1). Hence,

h2
e = mulle < VB —a "l

We can also estimate u' — (mu)’ by mean value theorem. First, there exists a (; €
(4, ;11) such that v'((;) = (u(xip1 — u(x;))/h. For any = € (x;,x:41), there exists
(2 € (w4, wi11) such that v'(z) — v/ ((1) = v () (z — ¢1). Therefore, we get

() = () () = o) = I o ),

Notice that (mpu)'(x) = w for x € (x;, xi11). Hence, we obtain

b n—1 Tit1
/|u'—(7rhu)'|2d:c _ Z/ W — (mpu)' |2 da

< Zth max |u”(z)[?

z€[a,b]

= (b —a)h?u"|5,
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3. Approximation error in terms of ||u”|| The estimate above is in terms of ||u”||.
It is desirable to estimate in terms of ||u”||s. That is, we want to estimate ||u — m,u||2
in terms of ||u”||>. To do so, we should use the integral representation of error. We
recall that for w(z;) = w(x;41) = 0, w has the representation:

e (r -y -
w(x)=h2/ g< — >w”(y)dy

L —xy oy —
w’(x)zh/ gx< T )w”(y)dy

K3

where g is the Green’s function of d?/dz? on (0, 1) with zero boundary condition. That

is,
] —x)2 ite <y
g(x,y)—{ —y+z/2 ifxr>y

Thus, we can estimate ||w]|2 in terms of |w”||2 on (x;,x;+1). Namely,

Tit1 -1 Yy — 1 Tit1
wersn ([ (S ra) ([ wwra).
Tit1 Titl [LTitl T — — Tit1
[ e < [ (S8 Payas [T wwPay

= ih4/%1 lw” (y)|* dy
= 00" /. '

As we sum over 1 =1,--- ,n— 1, we get

1
lwlls < —=h?[lw"]..

V90
Similarly, we get

1
lw'llz < —=hllw”|l2.

NG

Theorem 8.1. For uw € H?*(a,b) N H{[a,b], the interpolation error has the following
estimates )
lu — mhully < —=h2||u"|,

V90

1
| — (mpu)'||2 < —=h||u"|,.

V6

4. True error of the finite element method

231



Theorem 8.2. For the finite element method for problem ), the true error u — uy,
has the following estimate

1
lu" =l < flu’ = (maw)lla < —=hju"|l2,

V6

1
le = unll> < S22l

Proof. The first estimate follows from the previous theorem. For the second, the trick
is called a duality argument. Let e, = u — u,. We find the function ¢, such that
1 = —ep and ¢(a) = ¢(b) = 0. Then

(en, en) = —(en, dh) = (€h, P1) = (€h, O — (Tndn)’)-

Here, I have used
(e),,v") =0 for all v € Ran(my,).

Applying interpolation estimate to ¢, we get
1

6/ h " —
lenll Pllenll = ==

lenll* < llehlllI(én — mnen)'l| < hlen]l llenl

. |
V6
Hence, we get
1

1
lenllz < —=hllehll: < &

V6

2.

Homeworks

1. The error function w on each interval (z;, x;11) satisfies w(z;) = w(x;41) = 0. w can be
estimated in terms of w” in (x;, x;41). This is indeed a generalized Poincaré inequality.
You can get best estimate via Fourier sin expansion. Find the best constant and the
get the best error estimate.

Given zg < x1 < x2. Let w be a smooth function satisfying w(z;) = 0 for i = 0,1, 2.
Find an integral representation of w in terms of w” on (zg, x2).

8.3 Finite element methods for the Poisson problem in
2 dimensions

8.3.1 Framework of finite element method

1. Triangulation. This give 7 = UK} a partition of the domain 2. The partition
consists of nodal points N' = {Ny, ..., N,,} and triangles K := {K1, ..., K;}. The nodes
include interior nodes and Neumann boundary nodes, denoted by A/ and NV, respec-
tively.
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2. Delaunay triangulation algorithms: Given a set of points P, the Delaunay trian-
gulation is a triangulation 7 = UK, such that no point in P is inside the circumcircle
of any triangle in 7.

3. Finite Element We associate a triangle K with nodes N := { Ny, Ny, N3} and piece-
wise linear functions Py := {x1, x2, X3} such that x;(N;) = ¢;;. The triple (K, N, P}
is called a finite element.

4. Nodal function ¢; is a continuous function and ¢;|g; is a linear function. Moreover,
¢i(Nj) = 4.
o Interior nodal functions
e Nodal function on Neumann boundary

e Nodal function near Dirichlet boundary

5. The Finite element space
Vi, = Span{¢s, ..., ¢, }.

6. Representation of the Poisson equation on V},: The unknown u is approximated by
p
Up = ZUzQSz eV,
i=1

The test function v is also in V},. We will uses basis ¢;, © = 1,...,p as test functions.
The equation in V}, reads

P p Ny,
O UV Vé) = (O Fibs,é1) + (O gnwde, é:)
Jj=1 J=1 k=1

In matrix form:

SU=MF+TG

7. The mass matrix M.

(66, ;) = /Q b, d

!
= ; . Gipj dx

l 3 3
- Z/ (Z CimXkm(T) - chzxk,z@)) dx
k=1 " K

k' m=1 =1

8. The stiff matrix.
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