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Chapter 1

Convex Analysis

Main references:

1.1

Vandenberghe (UCLA): EECS236C - Optimization methods for large scale systems,
http://www.seas.ucla.edu/~vandenbe/ee236c.html

Y. Nesterov, Introductory Lectures on Convex Optimization, A Basic Course 1998.

Parikh and Boyd, Proximal algorithms, slides and note.
http://stanford.edu/~boyd/papers/prox_algs.html or

Neal Parikh and Stephen Boyd, Proximal Algorithms, Foundations and Trend in Op-
timization Vol. 1, No. 3 (2013) 1237231.

Boyd, ADMM
http://stanford.edu/~boyd/admm.html

Simon Foucart and Holger Rauhut, Appendix B.

Ahmad Bazzi’s youtube on convex optimization

Motivations: Convex optimization problems

Some examples of optimization problems In applications, we encounter many con-
strained optimization problems. Examples are

Basis pursuit: exact sparse recovery problem
min ||x||; subject to Ax = b.
or robust recovery problem

min ||x||; subject to |[Ax — b||3 < e.

3


http://www.seas.ucla.edu/~vandenbe/ee236c.html
http://stanford.edu/~boyd/papers/prox_algs.html
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https://www.youtube.com/watch?v=SHJuGASZwlE&list=PL-DDW8QIRjNOVxrU2efygBw0xADVOgpmw&index=2
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* Image processing:

min || Vx||; subject to |[Ax — b5 < e.

* Sometimes, the constraint can be described as a convex set C. That is,

min fy(x) subject to Az € C.

Define the indicator function

{0 dfrec
L= 400 otherwise .

We can rewrite the constrained minimization problem as a unconstrained minimiza-
tion problem:

min fo(z) + te(Ax).
This can also be reformulated as

min fo(z) + te(y) subject to Ax = y.

z,Y
* In abstract form, we encounter the optimization problem:
min f(x) + g(Ax)
This can can also be expressed as

min f(z) + g(y) subjectto Ax =y.
* For more applications, see Boyd’s book.

A general form of convex optimization problems A standard convex optimization prob-
lem can be formulated as

min fo(x)
subjectto Ax=Yy

and filx)<b;, i=1,...M

Here, f;’s are convex. The space X is a Hilbert space. Here, we just take X = RY.
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1.2 Convex sets

 Convex set A set K C RY is called convex if for any x,y € K, the line segment
(1 —t)x +ty € K forany t € [0, 1]. One can show that K is convex if and only if
for any x4, ..., x,, € K, their convex combination Z?:l tix; € K, where t; € [0, 1]
and ) .t; = 1.

* Convex hull Let 7 C R”. The convex hull conv(T) is defined to be the smallest
convex set containing 7. Indeed,

conv(T) = {Ztixﬂxz- eT, t;€[0,1], Zti — 1}.
i=1 -

The convex hull of an open (closed) set is open (closed).

» Extreme points of a convex set: a point p € K is called an extreme point of K if it
does lie in the interior of a segment of two points of /. Every compact convex set is
the convex hull of its extreme points.

* Convex cone: A set K € R"isacone if x € K implies tx € K forall ¢t > 0. If K
is a cone and a convex set, we call it convex cone.

* Dual cone: for a cone K C RY, its dual cone is defined as

K*={y e RY|(x,y) > 0forall x € K}.

* Examples:

1. Second-order cone:

C={xecRV

* Hahn-Banach Theorem: Convex sets can be separated by hyperplanes. Given two
convex sets K, K, C RY whose interiors have empty intersection. Then there exists
w € RY and )\ € R such that

Ky C {x|{x,w) < \}
Ky C {x|(x,w) > \}

e Let K C R” be a convex set. A point x € K is called an extreme point of K if
x=ty+(1—t)zfory,z € K,theny =z = x.

* Any compact convex set is the convex hull of its extreme points.
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1.3 Convex functions

Goal: We want to extend theory of smooth convex analysis to non-differentiable convex
functions.
Let X be a separable Hilbert space, f : X — (—o0, +o0] be a function.

* Proper: f is called proper if f(x) < oo for at least one =. The domain of f is defined
to be: domf = {z|f(z) < oo}.

* Lower Semi-continuity: f is called lower semi-continuous (l.s.c.) if lim inf,, .z f(x,) >
f(Z). This definition is to guarantee that if 2, — Z and f(x,) — inf f(x), then Z is
a minimum.

— The setepif := {(x,n)|f(z) < n} is called the epigraph of f.

— Proposition: f is l.s.c. if and only if epif is closed. Sometimes, we call such f
closed. (https://proofwiki.org/wiki/Characterization_of_|
Lower_Semicontinuity)

— The indicator function ¢¢ of a set C is closed if and only if C is closed.
* Convex function

— fis called convex if dom f is convex and Jensen’s inequality holds:
f((1l=0)z+0y) < (1—0)f(z)+0f(y) forall0 <0 < 1andany z,y € X.

— Proposition: f is convex if and only if epif is convex.

— First-order condition: for f € C*, epif being convex is equivalent to
fy) = f(@) + (Vf(z),y —x) forall z,y € X.
Proof. If epif is convex, then by Hahn-Banach theorem, epif lies on one side
of the tangent plane {(y, z)|z — f(z) — (Vf(z),y — x) = 0}. This leads to
fy) = @) = (Vf(z),y —x) = 0.

— Second-order condition: for f € C?, Jensen’s inequality is equivalent to V2 f(z) =
0.

- If f, is a family of convex functions, then sup,, f, is again a convex function.
* Strictly convex:

— f is called strictly convex if the strict Jensen inequality holds: for x # y and
te€(0,1),
J(1 =tz + ty) < (1— 1) f(x) +t1(y).

— First-order condition: for f € C', the strict Jensen inequality is equivalent to
fly) > f(z)+ (Vf(z),y —x) forall z,y € X.


https://proofwiki.org/wiki/Characterization_of_Lower_Semicontinuity
https://proofwiki.org/wiki/Characterization_of_Lower_Semicontinuity
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— Second-order condition: for f € C?, (V2 f(x) = 0) = strict Jensen’s inequal-
ity is equivalent to .

* Examples

- f(x) = |zfb, with p > 1. When p > 1, f is differentiable. However, |z|; is not
differentiable at z = 0.

— f(x1,73) = x%. The function is degenerate (minimum) at {(0, z3)|z2 € R}

— Consider the underdetermined system:
Ax =1

where A € R™" x € R" and b € R™. We assume m < n. The least square
fit is to find 2" which

1
min f(z) := iHAx —b|]%.
The functional f(x) is a convex function. In particular, consider
1 2
f({L‘hl'Q) = 5(&11‘1 + a9y — b) .

The minimizer is not unique.

- Let Q C R™. H} () be the Sobolev space, the completion of C3(2) under the
norm

Julf = [ lu@) + [Vuta) .

The Dirichlet integral

Dlu] := /Q Vu(z)]* — u(x)p(x) dx

is convex inu € Hi(9).

— The Schmidt integral

Dlu] = / Kz — y)u(z)uly) dz dy

represents self-interaction of u with kernel k().

— Blurred image. Consider an observed image z(z), * € Q C R% Suppose the
observed image is blurred. An image deblurred problem is to recover a “true
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image” u(z) operator Consider u(z) from the blurred image z. An image model
is
z=Ku+n

where

Ku(z) == /k(:v —y)u(y) dy.

is called a blur operator. Typical blur kernel is the Gaussian kernel

1
k(x) = 56"‘”‘2/’3.

the function n is the Gaussian noise. ||n|]3 < e.
The image deblur problem is to minimize

fw) = al|Vully + || Ku — 2||*.

Radon transform is an integral operator K.

In support vector machine, given training set (z;,;) € R*™, ¢ = 1,..., N,
where y; = +1, we want to train a classifier which is a function f(z) such that
f(z;) > 1ify; = 1 and f(x;) < —1if y; = —1. It is used to classify a new
incident z. The function f has the form

y=wlz+b

The parameters w = (wy, ..., w,)T and b € R are the training parameters to be
found. The training problem is to solve

min ||w|, subject to y;(w'x; —b) > 1fori=1,.., N.

The loss function is

l(w) = Zmax (1 —yi(w" d(x;) +b),0) .

i=1
This is a convex function.

Let * € RP be a parameter to be estimated. The estimation is done by n
independent measurements Y; with outcomes y;, = 1, ..., n. It is modelled by
the Poisson distribution:

_exp(=A) A

P(Y; = y:|07) = T A = exp(—(a;,07)).
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This means that Y7, ..., Y,, are independent random variables depending on ag, ..., a,
and parameter 0*. Let A = [ay, ..., a,,| be a chosen measurement matrix. It can
be deterministic or stochastic. Let us denote (v, ..., y,)? = . Thus,

Y =ylo) = HP i = 1il0) = Cexp (—fu(0))

where .
Ful®) = 3 [y, 0) + exp(—a1, ),

i=1

which is the loss function. It is a convex function.
Proposition 1.1. A convex function f : RN — R is continuous.
See google proof.
Proposition 1.2. Let f : RY — (—o0, 00| be convex. Then
1. a local minimizer of f is also a global minimizer;
2. the set of minimizers is convex;

3. if f is strictly convex, then the minimizer is unique.

1.4 Gradients of convex functions

Definition 1.1. Let X be a separable Hilbert space. An operator F' : X — X is called

monotone if
(F(x) — F(y),x—y) >0, Vzr,yeX.

Proposition 1.3 (Monotonicity of V f(x)). Suppose f € CL. Then f is convex if and only
if domf is convex and V f(x) is a monotone operator:

(Vf(z) =V f(y),>—y) >0.

Remark This implies that the directional derivative of f is nonnegative.

Proof. 1. (=) From convexity

fy) > f(x) +(Vf(x),y —x), [flx)>fly)+(VI(y),z—y).

Add these two, we get monotonicity of V f(z).



10 CHAPTER 1. CONVEX ANALYSIS

2. (<) Let g(t) = f(x + t(y — x)). Then ¢/(t) = (Vf(x + ty — 2)).y —2) > ¢'(0)
by monotonicity (i.e. (Vf(z + t(y —x)) — V f(x),t(y — x)) > 0). Hence
f(y) = g(1) = 9(0) + / J(t)dt > g(0) + / §(0)dt = f(z) + (V(x),y — )

]

Remark The p-Laplacian with p > 1 is the gradient of the convex function

D, [u] ::/Q|Vu(x)|pdx

It is a monotone operator.

Definition 1.2. Let X be a Banach space. An operator ' : X — X is called Lipschitz
continuous with parameter L if

[1F(z) = Fyll < Lz —yl, Va,yeX.

Example
* Consider a blur operator K with max | K (x)| < co. Then Kwu is Lipschitz.

* Consider the function: f(z) = 3||Az — b||%, where A € R™" with m < n. The

gradient of f is F'(z) := Vf(x) = A*(Az —b).
[1F(x) = Fy)ll = [[A" Az = y)|| < [[A"Alll|lz - y]|.

One can show that || A*A|| = 02 ., where 0y, is the maximum of the singular value
of A.

Proposition 1.4. Suppose f is convex and in C'. The following statements are equivalent.

(a) Lipschitz continuity of V f(z): there exists an L > 0 such that

IVf(z) =Vl < Llz -yl forallz,y € domf.

(b) g(z):= L|z||* = f(x) is convex.

(c) Quadratic upper bound

F(0) < F@)+ (VF()y =)+ 5y — ]
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(d) Co-coercivity
(V@) = Vily)o— ) > T IV@) - VI
Proof. 1. (a) = (b):
(V) =V Iy),z =y <VF(2) = Villz -yl < Lz -yl
< (Vg(z) = Vg(y),z —y) = (L —y) = (Vf(z) = Vf(y),z —y) 2 0

Therefore, Vg(x) is monotonic and thus g is convex.

2. (b) & (o)
g is convex
& gly) = g(x) +(Vg(z),y — )

& 2y~ ) > Slel? ~ @) + Lo~ VS (@)y — o)
& ) < F@) + (Vi) y— ) + 2wyl

3. (b) = (d): From (b), (L/2)||z||* — f(2) is convex, so is (L/2)Hz||2 fz(2), where
fz(2) == f(2) = f(x) = (Vf(x),z — x) with minimum at z = z. Thus from the
proposition below

1 1
F)=f@)=(Vf(z),y—2) = Ly = fol@) 2 FIVEOI® = 7 V@) -V @]
Similarly, z = y minimizes f,(z), we get
F(@) — F) ~ (VI ) — ) > o=V 5 ) — V@)
Adding these two together, we get the co-coercivity.

4. (d) = (a): by Cauchy inequality.
O

Proposition 1.5. Suppose f is convex and in C* with V f(x) being Lipschitz continuous
with parameter L. Suppose x* is a global minimum of f. Then

1 . L .
S IVI@I° < fo) = f") < Slle =27
Proof. 1. Right-hand inequality follows from quadratic upper bound.

2. Left-hand inequality follows by minimizing quadratic upper bound

fa) = int £) < nf () + (V1) =2+ 5l = al?) = F@) =3IV A
0
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1.5 Strong convexity

f is called strongly convex if dom f is convex and the strong Jensen inequality holds: there
exists a constant m > 0 such that for any x,y € dom f and t € [0, 1],

m
— —t

241 = 1)z — g,

fltz+ (1 —t)y) <tf(z)+(1—1t)f(y)

This definition is equivalent to the convexity of g(x) := f(x) — Z||z[|*. This comes from
the calculation

(L= )ll=l* +tllyll* = 11 = )z +tyl* = t(1 — )|z — yII”
Whenf € C?, then strong convexity of f is equivalent to
V2f(z) =mI foranyz € domf.
Proposition 1.6. Suppose [ € C. The following statements are equivalent:
(a) fis strongly convex, i.e. g(x) = f(x) — Z|x||? is convex,
(b) forany x,y € domf, (Vf(x) = Vf(y),x —y) > mlz —y|*.
(c) (quadratic lower bound):

F) = f(@) + (V@) y =)+ Z e =yl

Proposition 1.7. If f is strongly convex, then f has a unique global minimizer x* which
satisfies

1
Tle = < J@) = f*) < V@ forallx € dom .
Proof. 1. For lelf-hand inequality, we apply quadratic lower bound

f(@) 2 fa) + (V") =) + Tz = | = Zlle a2

2. For right-hand inequality, quadratic lower bound gives

fla) = inf fly) 2 it () + (VF@)y = 2)+ Dy = 2l) 2 f@)— - V)P

Here, we take infimum in y to get the left-hand inequality.
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Proposition 1.8. Suppose f is both strongly convex with parameter m and V f(z) is Lips-
chitz continuous with parameter L. Then f satisfies stronger co-coercivity condition

1

— V(@) = V)

lo = yll* +

(Vf(x) =V fly),r—y) > ———

Proof. 1. Consider g(z) = f(x) — %|«||*. From strong convexity of f, we get g(x) is
convex.

2. From Lipschitz of f, we get g is also Lipschitz continuous with parameter L — m.
3. We apply co-coercivity to g(z):

IVg(z) — Vg(y)|*

(Vg(x) = Vg(y),z —y) >

L—m
(Vf(z)=Vfly) —m(x—y)z—y) = L_lmHVf(w) —Vf(y) —m(z—y)|?
(1 + L2_mm> (Vf(2)=Vfy),z—y) =2 7 _1 - IV f(z)=V f(y)|*+ (L”j —+ m) lz—y]|>.

]

1.6 Subdifferential

Definition 1.3. Let f be convex. The subdifferential of f at a point x is a set defined by
Of (x) = {u e X|(Vy € X) f(2) + (u,y —x) < f(y)}

Of (x) is also called subgradients of f at x.

Remark Geometrically, the hyperplane f(y) = f(z) + (u,y — z) is a supported hyper-
plane of epi f at x.

Proposition 1.  (a) If [ is convex and differentiable at x, then 0f (x) = {V f(x)}.

(b) If f is convex, then O f (x) is a closed convex set.
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Examples
1. Let f(x) = |z|. Then 0f(0) = [—1, 1].
2. Let C be a closed convex set on RY. Then OC is locally rectifiable. Moreover,

Ote(x) = {An | A > 0, n is the unit outer normal of OC at x}.

Proposition 1.9. Ler f : R" — (—00, 00| be convex and closed. Then x* is a minimum of

fifandonly if 0 € Of(x*).

Proposition 1.10. The subdifferential of a convex function f is a set-valued monotone
operator. That is, if u € 0f(z), v € Of(y), then (u — v, x — y) > 0.

Proof. From
f) = f@) + (uy =), fl@)=fy)+ v,z —y),

Combining these two inequalities, we get monotonicity. ]
Proposition 1.11. The following statements are equivalent.

(1) f is strongly convex (i.e. f — 2||x||? is convex);

(2) (quadratic lower bound)

) 2 J@) + (wy —a)+ Tl =yl foranya.y
where u € 0f (x);
(3) (Strong monotonicity of Of):

(u—v,x—y) >mlz—y||>, foranyx,ywithanyu € Of(x),v € Of(y).

1.7 Proximal operator
Definition 1.4. Given a convex function f, the proximal mapping of f is defined as
: 1 2
prox;(x) := arg min,, | f(u) + §||u —z||*).

Since f(u)+1/2|ju—x|* is strongly convex in u, we get unique minimum. Thus, prox ;(z)
is well-defined.
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Examples

* Let C be a convex set. Define indicator function ¢c(x) as

gy = [0 dfrec
7Y oo otherwise .

Then prox, . (z) is the projection of z onto C.

Fex € Cand (Vz € C), (2 — Pe(x),x — Pe(x)) < 0.
* f(x) = ||z[[: prox; is the soft-thresholding:

prox;(z); = q 0 if |z;| <1
Properties Let f be convex function.

* Proximal operator prox  is a resolvent operator:

prox,(z) = z = (I + 8f) " (x).

Let .
z = prox,(z) = arg min,, (f(u) + §||u - $||2)
if and only if
0€df(z)+z—x
or

r € z+40f(2).

Sometimes, we express this as
prox,(z) = z = (I +0f) ' (x).
* Co-coercivity:
{prox ;(x) — prox;(y), = — y) = [[prox(z) — prox(y)||*.

Let 2t = prox,(z) := argmin,_f(2) + 3|z — z||>. We have x — 2t € df(z™).
Similarly, y* := prox,(y) satisfies y — y* € df(y"). From monotonicity of 9f, we
get

<U—U,$+ _y+> >0

forany u € df (%), v € f(y"). Takingu = = — 2" and v = y — y*, we obtain
CO-COErcivity.
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* Non-expansive: The co-coercivity of prox, implies that prox is 1-Lipschitz contin-
uous, which is also called non-expansive.
Iprox () — prox,(y)||* < |{z — y, prox ;(z) — prox ;(y))|
implies
[prox ¢ () — prox ()| < [l —yl|.

1.8 Conjugate of a convex function

e For a function f : RY — (—o00, 0o], we define its conjugate f* by

f*(y) = sup ((z,y) — f(x)).

xT

Examples
L f(z) =(a,z) = b, [*(y) =sup,((y,z) — (a,2) +b) = { [c))o ioftl?{er:wcilse.

ar ifx <0
2. f(x){bx —— ,a<0<b.

0 ifa<y<bd
oo otherwise.

() :{

3. f(z) = 3(z, Az) + (b, z) + ¢, where A is symmteric and non-singular, then
* 1 —
Fy) =5—=bA"y—b) —c

In general, if A > 0, then

f*(y) = 1(:(/ - b,AT(y — b)> —c, AT — (A*A)—lA*

2
and dom f* = range A + b.
4. f(x) = jllzl’.p = 1. then f*(u) = -|luf|”", where 1/p+1/p* = 1.
5. f(z) = e*,
ylny—y ify>0
f"(y) =sup(zy —e”) = ¢ 0 ify =0
@ 50 ify <0
6. C = {z|(Az,z) < 1}, where A is s symmetric positive definite matrix. i, =

V(A u, u).
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Properties

e f*is convex and Ls.c.
Note that f* is the supremum of linear functions. We have seen that supremum of a
family of closed functions is closed; and supremum of a family of convex functions
is also convex.

* Fenchel’s inequality:
f@)+ () = (2,y).
This follows directly from the definition of f*:

[ (y) =sup ((z,y) — f(z)) > (z,y) — f(x).

T

This can be viewed as an extension of the Cauchy inequality
1 1
§||$||2 + §||y||2 > (2,y).

Proposition 1.12. (1) f**(x) is closed and convex.
(2) [ (x) < f(2).
(3) f*(x) = f(x) if and only if f is closed and convex.
Proof. 1. From Fenchel’s inequality
(z,y) = ["(y) < f(2).
Taking sup in y gives f**(z) < f(x).

2. f*(x) = f(z) if and only if epif** = epif. We have seen f** < f. This leads to
eps f C eps f**. Suppose f is closed and convex and suppose (z, f**(z)) & epif.
That is f**(z) < f(x) and there is a strict separating hyperplane: {(z,s) : a(z —
x)+b(s — f*(x)) = 0} such that

<< Z)(S_Z;x(x) )> <c<0 forall (z5) € epif

with b < 0.

3. If b < 0, we may normalize it such that (a,b) = (y, —1). Then we have

(y,2) —s— {y,z) + f*(x) < c<0.
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Taking supremum over (z, s) € epif,

sup  ((y,2) —s) =sup ((y,2) — f(2)) = [*(v)-

(z,8)€epif z

Thus, we get
[ (y) = (y,x) + [ (x) < e <.

This contradicts to Fenchel’s inequality.

4. If b = 0, choose y € dom f* and add €(g, —1) to (a, b), we can get

<(af€€§)v(sf}%))>§q<o

Now, we apply the argument for b < 0 and get contradiction.

5. If f** = f, then f is closed and convex because f** is closed and convex no matter
what f is.
]

Remark. When f is closed and convex, f(z) = sup,(—f*(y) + (y,x)), the supremum
of its linear supporting functions.

Proposition 1.13. [f f is closed and convex, then

y€of(x) e xedf(y) < (x.y) = flz)+ [ (y)
Proof. 1.
y€of(x) & f(2) = flz) + {y.z2 — )

< (y,z) — f(z) = < z) — f(z) forall z
& (y,z) = f(x) =sup ((y,2) — f(2))
(

& (y,2) — f(z) = f*(y)
2. For the equivalence of x € 0f*(z) < (z,y) = f(x) + f*(y), we use f**(z) = f(x)

and apply the previous argument.
O
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1.9 Method of Lagrange multiplier for constrained opti-
mization problems

A standard convex optimization problem can be formulated as

inf fo(z)
subjectto  fi(x) <0, i=1,...m
and hi(x)=0 i=1,..,p.

We assume the domain

D .= ﬂdomfi N ﬂdomhi

is a closed convex set in R". A point z € D satisfying the constraints is called a feasible
point. We assume D # () and denote p* the optimal value.

The method of Lagrange multiplier is to introduce augmented variables A\, p and a
Lagrangian so that the problem is transformed to a unconstrained optimization problem.
Let us define the Lagrangian to be

L(z, A p) = folz) + Z Aifi(w) + Z#zhz(f)

Here, A and p are the augmented variables, called the Lagrange multipliers or the dual
variables.

Primal problem From this Lagrangian, we notice that

sup <Z Aifi($)> =1c,(z), Cr= ﬂ{az\fl(as) <0}

A0 i—1

and

(2

Sl;p <Z mhi(x)> =10, (x), Cp= m{x|hz(x) =0}.

Hence

sup L($7A7N) = fo(x) + ch(l‘) + Lch(l‘)
A=0,4

Thus, the original optimization problem can be written as

p = ;2% (folz) + te, (@) + e, (7)) = ing) Asg]l?uL(% A ).

This problem is called the primal problem.
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Dual problem From this Lagrangian, we define the dual function
9\ ) = mf Lz, A, p).

This is an infimum of a family of concave closed functions in A and p, thus g(\, ) is a
concave closed function. We assume that this minimization problem is much simpler than
the original one. The dual problem is

d* = sup g(\, ).
A=0,u

This dual problem is the same as

sup g(A, )  subjectto A = 0.
A

We refer (A, 1) € dom g with A > 0 as dual feasible variables. The primal problem and
dual problem are connected by the following duality property.

Weak Duality Property

Proposition 2. For any A\ > 0 and any p, we have that
g\, p) < p.

In other words,

Proof. Suppose z is feasible point (i.e. € D and f;(x) < 0, h;(z) = 0). Then for any
A; > 0 and any p;, we have

i Aifi(z) + Ep: pihi(z) < 0.
i=1 i=1
This leads to
Lz, A, 1) = fo(z) + i Aifi(z) + iﬂihi(@ < folz).
i=1 =1
Hence for any feasible pair A > 0, p,
g\ p) = ai;ggL(:c,)\,,u) < fo(x) for all feasible z.

Since p* = inf{ fy(z)|x feasible}, we get

g\, p) < p*

for all feasible pair (A, ). Taking supremum over all feasible pair (A, 1), we get d* <
p*. [
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The property d* < p* is called weak duality property. It can also be read as

sup inf L(z, A\, u) < inf sup L(x, A, p).
Azol?ufeD o200 fﬂGDAzOI,)u 000

Definition 1.5.  (a) A point x* is called a primal optimal if it minimizes supyy , L(x, A, ).

(b) Adual pair (\*, i*) with \* = 0 is said to be a dual optimal if it maximizes inf e p L(x, A, i1).

Strong duality

Definition 1.6. When d* = p*, we say the strong duality holds.

Counter-example that strong duality does not hold Consider

min e~” subject to 22 /y < 0.
z,y>0

D = {(z,y)ly > 0}. Both fo(z,y) = e ® and f(x,y) = 2*/y are convex in D. The
Lagrangian L(x,y, \) = e~* + \x?/y. The dual function is

. 0 ifA>0
o = int 2w ={ 0 120

(z.y)€D
We have p* = 1 while d* = 0.
Ref: https://inst.eecs.berkeley.edu/~ee227a/fall/login/1_dual_
strong.html

Slater condition A sufficient condition for strong duality is the Slater condition: there
exists a feasible « in relative interior of D°, fi(x) < 0, ¢ = 1,...,m and h;(z) = 0,
t=1,...,p. Such a point z is called a strictly feasible point.

Theorem 1.1. Suppose fy, ..., fn, are convex, h(x) = Ax — b, and assume the Slater con-
dition holds: there exists x € D° with Av —b = 0and f;(x) < 0foralli=1,...,m. Then
the strong duality

sup inf L(z, A\, p) = inf sup L(z, A, u).

A0, TED 2ED X0,

holds.

Proof. See pp. 234-236, Boyd’s Convex Optimization.


https://inst.eecs.berkeley.edu/~ee227a/fa10/login/l_dual_strong.html
https://inst.eecs.berkeley.edu/~ee227a/fa10/login/l_dual_strong.html
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Complementary slackness Suppose there exist 2%, A* > 0 and p* such that x* is the
optimal primal point and (\*, 1*) is the optimal dual point and the strong duality gap p* —
d* = 0. In this case,

fo(z") =p* =d" = g(\", ")
= inf (fo(x) Y N file) + ) ufhi(w)>
=1 i=1
< Sol@™) + DN Sl + Y ihi(a)
=1 1=1
< fo(z").

The last line follows from
m p
i=1 i=1
for any feasible pair (x, A, it). This leads to
m p
Z A fi(x™) + Z,u;‘hz(:v*) = 0.
i=1 i=1

Since h;(z*) =0fori=1,...,p, \; > 0 and f;(z*) < 0, we then get

X fi(z*) =0 foralli=1,...m.

This is called complementary slackness. It holds for any optimal solutions (z*, \*, u*).

KKT condition

Proposition 1.14. When fy, f; and h; are differentiable, then the optimal points x* to the
primal problem and (\*, 1i*) to the dual problem satisfy the Karush-Kuhn-Tucker (KKT)
condition:

filz*) <0, i=1,...,m

AF >0, 1=1,...,m,

A fi(x*) =0, i=1,...m

hi(x*) =0, i=1,...,p
m p
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Remark. If fy, f;,7 =0, ..., m are closed and convex, but may not be differentiable, then
the last KKT condition is replaced by

0€fo(a™) + Y Nofia") + Y ui0gi(x").
=1 i=1

We call the triple (z*, \*, *) satisfies the optimality condition.

Theorem 1.2. If fo, f; are closed and convex and h are dffine. Then the KKT condition is
also a sufficient condition for optimal solutions. That is, if (z, A\, 1) satisfies KKT condition,
then T is primal optimal and (), [1) is dual optimal, and there is zero duality gap.

Proof. 1. From f;(Z) < 0 and h(Z) = 0, we get that Z is feasible.

2. From ); > 0 and fi being convex and h; are linear, we get
L(z, A, 1) = fo(w) + Z Aifi(x) + Zﬂihi<m)

is also convex in z.

3. The last KKT condition states that Z minimizes L(x, A, /i). Thus

g\, )

I
=
=
\'>,>
=

This shows that 2 and (5\, ft) have zero duality gap and therefore are primal optimal
and dual optimal, respectively.
O]
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Chapter 2

Minimizing f(z)

2.1 Gradient Descent Method

Cauchy, Polyak,

Assumptions
s f € CY(RY) and convex
* V f(x) is Lipschitz continuous with parameter L

* Optimal value f* = inf, f(z) is finite and attained at z*.

Gradient descent method

e Forward method:

o =2 4, V(2

This is the forward Euler method to solve the ODE: & = —V f(x).

— Fixed step size: if ¢ is constant

— Backtracking line search: Choose 0 < [ < 1, initialize ¢, = 1; take t; := [ty
until

fle ~ 697 (@) < f(2) ~ Sl V)P
— Optimal line search:
ty, = arg min, f(x — tV f(x)).

25
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¢ Backward method

o = 2Pt — 1,V f(2").

This is the backward Euler method to solve the ODE: & = —V f(z).

* The forward gradient method can be expressed as
tk
o —argmin, (00 + (V7,0 =t 4 Gl - a2
* The backward gradient method can be expressed as
tk
2% = arg min,, (f(a:) + EHm — xk_1||2)

Analysis for the fixed step size case

Proposition 2.15. Suppose [ € C*, convex and V [ is Lipschitz with constant L. Suppose
the optimal value f* := inf, f(x) is finite and attained at x*. Consider the fixed-step
size gradient descent method. If the step size t satisfies t < 1/L, then the fixed-step size
gradient descent method satisfies

Remarks

e If in addition f is strongly convex, then the sequence {z*} converges to the unique
optimal solution z* linearly.

Proof.
l. Leta™ :== 2z —tV f(x).

2. From quadratic upper bound:

F() < F@) + (VF()y =) + 2y — 2l

Choosing y = " and t < 1/L, we get

2

1) < g+ (<04 52 ) IVS@IP < 1(0) - 1951
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3. From
F) 2 (@) + (V). =)
we get
fa*) < 1) = SIVT@)?
< (V@) - o) — L9 @)P
=+ o (e = = o — " =695 @)P)

* 1 * *
=f +§(H$—$ I = ll=™ —2"[|*) .

4. Define '~! = x, 2' = 2™, sum this inequalities from i = 1, ..., k, we get

k

k
. 1 . . N
S ()~ 1) < 0 3 (Il =t~ ot =)
=1 =1
1
= o (12—~ la* — 2*|1?)
< Dha® — o
2t

5. Since f(z') — f* is a decreasing sequence, we then get

Proposition 2.16. Suppose f € C*' and convex. The fixed-step size backward gradient
method satisfies

Here, no assumption on Lipschitz continuity of V f () is needed.
Proof.

1. Define 2t = x — tV f(a™).

2. For any z, we have

f(z) > f@®) +(Vf(ah),z—a") = fa*) + (Vf(zh), z —a) + |V f(a)]*
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3. Take z = x, we get
f@) < fx) =tV f(a™)?
Thus, f(x%) < f(x) unless V f(x*) = 0.

4. Take z = z*, we obtain
Fat) £ 5 + (VI (at)w = 2) = (9]
< @) + (V) x = 2) = VS
= @) = glle =2 — V)P + ol — P
1

= [@) + 5 (lz ="l = [l2" = 2[%) .

Proposition 2.17. Suppose f is strongly convex with parameter m and V f(x) is Lipschitz
continuous with parameter L. Suppose the minimum of f is attended at x*. Then the
gradient method converges linearly, namely

I — 27[|* < ¢ fja” — 27|

k
Fa) — 7y < SE N — |

where
2mL

m+ L

Proof. 1. For0 <t <2/(m+ L):
lz* = 2*||* = |z — tV f(z) — 2"||?

= ||z —2*|” = 26(V f(2), 2 — ") + ||V ()|

. mL . 1
<l -l =2t (22 o - P+ IV S@IR) + 19

(1= 22 ) e - e (1= 2 ) Vsl

c=1-—1t

< 1 ifthe step size t < .
i P Siz “m+ L

m + L m + L
2mL
< <1 —tm"_”;L) e —2*|2 = clle — |

k

t is chosen so that ¢ < 1. Thus, the sequence " — x* converges linearly with rate c.

2. From quadratic upper bound
L ML
@) = fla®) < Slla* =2 < Ffla® — 2|

we get f(z*) — f(z*) also converges to 0 with linear rate.
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Example: least-squares method Let A : R” — R™ be a linear map and b € R™. We
look for

min || Az — b||*.
xX

Suppose A*A has eigenvalues 07 > 02 > --- > 02 > 0 with normalized eigenvectors
v, © = 1,...,7. Suppose the kernel N(A) is spanned by the orthonormal set {v;|i =
r+1,...,n}. Then {vy,...,v,} form an orthonormal basis in R". Let u; € R™ defined by
Av; = oyu;, t = 1,...,r. Then {uy, ..., u, } is an orthonormal set in R(A). We expand them
to U1, ..., Uy, to form an orthonormal basis in R™. We have

e Av, =oyu;, 1=1,..r

o A*u; = o, 1=1,..r

e N(A) =< vp41,..,vp >, R(A) =< uy,...,u, >

o N(A*) =< Upi1, ey U >, R(A*) =< vy,...,0, >.

The least-squares solution ' satisfies the normal equation

A*Ax = A™b
Ifb = 2111 biui, then
T bz
IT = —V;
0;
=1
and
Azt =) = D bl
i=r+1

The gradient of the map f(z) = L[| Az — b||? is
Vf(z) = A"(Ax —b).

The gradient descent method gives
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where
n
k k
"¢ = E i v;.
i=1

These give

k_ .0  _
=z, 1=r+1..,n.

b, )
¥ Zask —oo, i=1,..r
0;
Thus, ¥ — x*, where

T

n b n
i
¥ = E riv; = E —uv; + E x?vi.
1 o
1=

=1 r+1

We have

b — a2 = (1 —toeD) (2" — 2D, i=1, ..

which gives the convergence

,
2% — 2| =Y (1 —toF)**|a] — i P,
i=1
provided
2
o L’

Here, L is the Lipschitz parameter corresponding to V f (x) = A*(Axz—b), which is exactly

2
0-1-

1 T
f@h) = f@") = SllAz® — Ax|® = > o1 —tof)*|a] — i,
i=1

2.2 Subgradient Descent Method

Assumptions
e fisclosed and convex

* Optimal value f* = inf, f(z) is finite and attained at x*.
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Subgradient method
oF = 2" — ey, ve1 € Of (271,
ty is chosen so that f(2*) < f(z*71).
* This is a forward (sub)gradient method.
* [t may not converge.
* If it converges, the optimal rate is

f(@®) = f(z*) < O(1/VE),

which is very slow.

2.3 Proximal point method

Assumptions
» fisclosed and convex

* Optimal value f* = inf, f(z) is finite and attained at x*.

Proximal point method:

a* = proxtf(xk_l) = 2"t — Gy (2™ ‘

where
prox, () := arg min, (tf(z) + %Hz — a:||2>
Let 27 := prox,(z) := ¥ — tG(z). From the Euler-Lagrange equation, we get
Gyi(z) € Of (x™).
Thus, we may view proximal point method is a backward subgradient method.

Proposition 2.18. Suppose f is closed and convex and suppose an ptimal solution x* of
min f is attainable. Then the proximal point method x* = prox, f(a:k‘l) witht > 0 satisfies
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Convergence proof:

1. Given z, let 27 := prox,;(v). Let Gi(v) := (2% — x)/t. Then G¢(z) € Of (z). We
then have, for any z,

f(2) 2 f(2) +(Gelx), 2 — 27) = f(27) + (Ge(), 2 — z) + ]| Ge()||".

2. Take z = x, we get
f@®) < fla) =tV ()
Thus, f(z1) < f(x) unless V f(x*) = 0.

3. Take z = z*, we obtain
Fa*) < @)+ (Gule), o = a7) = H|Gule)
< @)+ {Gula), @ = %) = ZIGula) P

o * 1 * 2 1 * |12

= f@") + 5 lle — 2" = tGy@) P = Sl — 7|
* 1 * *

= 1)+ 5 (I = 2P = o = " ).

1

4. Taking x = i~ 2t =o', sumoveri =1, ..., k, we get

k

D (k) = fa") < % (l2° =2l = fJa* = 2™]) .

i=1

Since f(z*) is non-increasing, we get

=

2.4 Accelerated Proximal Point Method

The proximal point method is a first order method. With a small modification, it can be
accelerated to a second order method. This is the work of Nesterov (1984). It was shown
to be the best algorithm (Nesterov). The idea is to use an extrapolation from z*~! to z*.
The acceleration algorithm reads

' = (0 = 12"+ (2= 0)at, 2T = prox,(y"),

1 = Xog-
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Here, the parameters 6 and ¢ will be chosen properly so that the slow convergence term will
be cancelled. In fact, there is no constraint on ¢. The parameter 6 is chosen as

2
O = ——.
S
Then we have the following theorem
Theorem 2.3. Assume f is closed and convex and the optimal value f* is attainable. Then
the above acceleration algorithm with 0, = 2/(k + 1) converges as
Fa) - < B a2

— 2t

Proof. From the extrapolation formulation

y' = (0 — 1)z + (2 — 02"
= (1 — Gk)xk + (l’k + <9k — 1)1']671)
= (1 — Qk)l'k + kak

where

1
oF = aF Tt ——(aF — M),

9k-1(

Let us estimate the amount of decreasing of f(x) — f* in one step. Let us call z* by x, x
by 2, v* by v, v by v, ¥ by y and ), by 6. We have

k+1

y=(1-0)x+ bv,
LL'+ = proxtf(y)a

1
viP=o+ (2t — 1)

0
Let Gy(x) := (z* — y)/t. Then from z* = prox,(y), we have Gy(x) € 0f(z*). Then for
any z, we have

£(2) 2 ) +{Gula), = — 77) = f@) + 4 (@™ =g,z — o).

Thus,
F) < JE) 4y — ot )

We take » = z* and 2 = x, make a convex combination of these two inequalities with
weights 0 and (1 — ), we get

F) < S Tl -yt - )
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f) < Tt —yo =)

1

f@®) = f =1 =0)(f(z) - f) = ;($+—y,993*+(1—9)56—56+>
1 1
< Ly (L= ) — o) £ et
1
=5 (ly = (1= 0)z — 0z*||* — [|l=* — (1 = 0)x — O2*|?)
= o= w2 = o — o)
2t '
Now, we take 6, = 2/(k + 1), it satisfies
1—6, 1
91 == 1, S PO ]{7 Z 2
0; 07,
We have with ¢, = ¢,
ti i * 1 i * (1 — 91' li i— * 1 i— *
I o R T L G R O L
Using (1 —6;)/6? < 1/6% |, we obtain
/ L1 (=6t N L1 .
3 (1) = 1 gt <SS (1) - oy G =i = Gt =P
This shows
PP e Y PP ORI
— 2t ~tk+1)2 '

2.5 Mirror Descent Method

Vector-Covector view

1. The convergence rate of a gradient descent method depends on the inner product. In
the gradient descent flow:
&= -V f(z),

the decay of f is

d . 2
@) =V @) i=—[Vm)

The rate depends on the inner product. We can change another inner product to speed
up the convergence as the follows.
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2. Let us use the following notation: df,(v) is the directional derivative of f at x in the
direction v. We call v a tangent vector. The term df,, is called the differential of f at
2. It is a linear functional on the tangent space at x. Let us call the tangent space V/,
its dual, the cotangent space V' *. Thus, df, € V*. It is a co-vector.

3. We can associate V' an inner product (-, -) (or a metric). In our case, V' = R™ and
the metric can be presented as g;; = (e;, €;), where e; is the unit vector in the x;
direction. In V* = R", we use {e'} as its dual basis. That is, e'(e;) = J;.

4. With the inner product structure, the Riesz representation theorem states that for any
functional o € V*, there is a unique a# € V such that

The operator « + o is 1-1,onto and linear. It is called the sharp operator, which
maps a covector to a vector. Its inverse b, which maps V' to V*, is called a flat
operator. Suppose o = Y a;e'. Let us express o = a#'e;. We want to find the
expression of a**. For any v = )~ v/e;, we have

a(v) = ai’e'(e;) = ap' = (@, v) = gia™ .
Let (¢"/) be the inverse matrix (g;;)~'. We get
ot = gla;.

5. The gradient V f(z) is defined to be

Vf(x) = dff
Note that
—~ 0f(x)
Vi)=Y g¢g7——>¢"
z’zzl: axj
6. Using this metric, we have
dtf(x> n - ozt T izjg ort Ozl

Thus, the convergent rate of f(z) depends on the choice of the metric g%/.

7. The metric (¢*) can be designed as a preconditioner to speed up the convergent rate.
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8. In the above discussion, we should distinguish vector and covector. The basis in V'
is {e;} and its dual basis is {¢’} in V*. The correct way to write V f is

" 0f(x) .
Vf=dff = 0 et
f=df; 2 9" o,
Itis equal to (f,1, ..., f») only because we choose g = §%.
9. Another example to modify the gradient is to use the inverse of a Hessian. This leads
to the Newton’s method.
Mirror map and mirror descent algorithm

1. In the above discussion, all we need is a sharp operator. We can design a nonlinear
sharp operator, called a mirror map.

2. The mirror map is determined by a strongly convex function A : V' — R with con-
stant . The differential dh : © — dh, isamap V — V*, where V is the tangent
space, V'* the cotangent space. Since h is strongly convex, dh is 1-1 and onto.

3. Examples:
o h(z) = 3||z||% dh, = .

2

* h(z)=> (xilnz; — x;). dh, = (Inzy,...,Inx,).
4. The mirror descent algorithm is

o Yk = dhg,
* Yt = ok — tdfor
. l.kJrl — (dh)fl(ylﬁrl)

Proximal point view The gradient descent
2" = aF — 4,V f(2F)

can be thought as

1
2F*! = arg min, ((Vf(x’“),a:) + §||:v — a:k||2)

The last quadratic term is a regularization term. We can replace it by the Bregman diver-
gence (distance): Dy, (x||z*), where

Dp(yl|x) := h(y) — h(x) — (Vh(z),y — z).
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Then the proximal point method is

2" = arg min, ((Vf(2"), z) + Dy, (z]|2"))

Set the gradient to be zero at z*+1

t*V f(2®) + Vh(z"™) — Vh(aF) = 0.

, we get

This gives
Vh(z*T) = Vh(2*) — t°V f(2F),

or
"= (Vh)™H (Vh(2®) — t*V f(2)) .

2.6 Fixed point method

The goal of this section is to show that a minimal sequence of a fixed point method con-
verges.

Definition 2.7. Let X be a Hilbert space. A mapping T' : X — X is called nonexpansive

if
1Tz =Tyl < llx—yl, forany z,y € X.

It is called firmly nonexpansive if it satisfies one of the following two equivalent conditions:
Tz — Ty|* < (Tw — Ty,x —y) forany z,y € X,
1Tz = Tyl* < |l = ylI* = I(1 = T)z — (I = T)y|I*.

Remark 7' is nonexpansive < —7' is nonexpansive. A firmly nonexpansive operator is
also a nonexpansive operator.

Lemma 2.1. T is nonexpansive if and only if (F = (I + T')/2 is firmly nonexpansive) or
(G := (I —T)/2 is firmly nonexpansive.)
Proof.

1Tz — Ty|* < [la - yl|*

< Slz—yl?

1 1
el =yl + 71Tz = Ty)? <

2
1 , 1 , 1 1 , 1
S—llz —yl* + 2 |Te = Ty|* £ S (v -y, To = Ty) < S|z —y|* £ S(x —y, Tz — Ty)
4 4 2 2 2
{

1 1 1
Sl +T)e -5 Ty < (z(I£T)zx - U ET)y,x—y).

1
2
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Examples

1. f: X — R* be aproper closed convex function and V f is Lipschitz continuous with
Lipschitz constant L. Consider

F=I-tV/.

Then F' is nonexpansive provided 0 < t/L < 1. In this case, the operator G :=
(I — F)/2 =1t/2V f is a gradient operator.

2. Let f : X — R* be a proper closed convex function. Let
F(x) :=prox,(z), G=1-F
Then both F' and G are firmly nonexpansive. Further, 7' = 2F — I is nonexpansive.

Proof. x* = prox,(r) = F(x), y* = prox;(y) = F(y). G(v) =z — 2" € df (z7).
From monotonicity of df, we have

(G(z) = G(y), =" —y") > 0.

This gives
(@ =yt e —y) = [la" =y

That is
(F(z) = F(y),z —y) > |[F(z) = F(y)|*

The proof for G = I — F being firmly nonexpansive follows from the Lemma above.
O

3. Let f : X — R* be closed convex and proper. We denote Of = A. Then A is a
maximal monotone operator. Let

Fia:=1—1tA, ,Jia=prox, = (I + tA)~L
Solving min f(x) can be obtained by finding the time asymptotic limit of the ODE
T+ Az = 0.
The ODE can be discreted by

e Forward Euler: 2% = oF — tA(2%), that is 2%t = Fj4(2%)

o Backward Euler: 2F1 = zF — t A(2*1), that is 2! = Ji4(2")
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* Crank-Nicholson: "1 — z* = L (Az* + Az**'). This is equivalent to
gt = JtA/2FtA/2Ik-
We claim this is the same as the extraoplation (reflection):
" = Ryaa®, Ry = 2Jiap0 — 1.
This is because

(I + %A)(xk“ +ab) = 20k o (14 %A)W _ (1= LAyt

Algorithm Now, we are given a nonexpansive map 7" : X — X. Our goal is to construct
an algorithm and to show it generates a weakly convergent sequence to a fixed point of 7'
find fixed point of 7". We consider the algorithm:

t t
zk = (1 - ég) AT Ekak_l = (1 =)o+ 4 F (21 = 281 — .G (™).

Here, ' = (I +T)/2and G = (I — T')/2. G plays the role as a gradient. We may think
this is a general gradient descent algorithm.

Theorem 2.4. Let X be a Hilbert space, T' be a nonexpansive operator on X. Suppose a
fixed point x* of T exists. Consider the algorithm:

t t
k= (1 — g) 2P EkT(a:k_l), z° arbitrary

with
tk S [tmma tma:c]a 0< tmm S tmaz < 2.

Then {x*} converges weakly to a fixed point of T.
Proof. 1. Let F:= (I +1T)/2,G := (I —T)/2. The algorithm can also be written as
ot =P 1, G Th).

We have seen that both F' and G are firmly non-expansive. Further, (z* is a fixed
point of T') < (z* is a fixed point of F) < (G(z*) = 0).
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2. From firmly nonexpansive property of F' and G, we get (with x = %=1, 2+ = 2F,

t=1tg)

B e e e e e et el e

=2zt — 2,0 — ) + ||zt — 2|

= 2(—tG(z),z — 2*) + *|G(2) |

= 2(=t(G(z) — G(z7)),z — ") + *||G(2) ||
< =2t)|G(x) — G(a)|]* + (|G ()|

= —t(2-1)[|G(2)|”

< -M|G@)|* <0,

|

where M = t,,,n(2 — timaz). We get that ||z — 2*|| is non-increasing; hence {z*} is
bounded; and ||z* — 2*|| — C as k — oo.

3. Let us sum this inequality over k:

o0 o0
—a® =P <Y ([ = o — et —a|?) < =M Y IGE)P <0
=0 =0

= M) |G| < [l — |
=0

This implies
IG(z")|| =0 ask — oo,

4. Since the sequence {2*} is bounded, it is weakly precompact. Suppose Z* be a subse-
quence of {z*} that converges to Z weakly. We have that z* — 7 and ||G(z%)|| — 0.
We claim that

G(z) = 0.
This is a lemma due to Opial. Such property for G is called “demiclosedness.”

Lemma 2.2. Let F' be nonexpansive in a Hilbert space X. Let G = I — F. Suppose
" = x and G(z") — 0. Then G(z) = 0.

From nonexpansion of F', we have

2" = z||* > | Fa") = F()[I = || - 2" + F(2") + 2" — F()]*
= [|GE")|* = 2G(@"), 2" — F(x)) + [l2" — F(a)]*
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We take limit inf on both sides to get
liminf ||2" — 2||* > liminf ||2" — F(z)]?.
The right-hand side can be expressed as
2" —=F()|* = ll2"—z+2—F(2)|* = l|2"—z|*+|a—F(2)[|*+2(z" —2, 2— F ().
Take liminf both sides, we get
liminf ||2" — 2[|* > liminf ||2" — F(2)||* > ||z — F(z)|]* + liminf ||2" — z|?,
This leads to F'(z) = z, or equivalently G(x) = 0.

5. We claim that there is only one weak limiting point of {z*}. Suppose 7, and 7, are
two cluster points of {*}. Then by the previous argument, both sequences {||z* —
1]/} and {||z* — ||} are non-increasing and have limits. Since #; are limiting points,
there exist subsequences {k!} and {2} such that 2% — §, and z¥' — 7, as i — oc.
We can choose subsequences again so that we have

kP, <ki<ki<ky, foralli
With this and the non-increasing of ||z* — #|| and ||z* — || we get
la¥ = gl < |2 = gl < e = gal| = Oas i — oc.
On the other hand, AT 2. Therefore, we get 41 = y». This shows that there is

only one limiting point, say z*, and 2% — z*.
]

Remark When ¢, = 1, we get the proximal point method.
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Chapter 3
Minimizing f(z) + g(z)

Problem Minimize h(z) := f(x) + g(z).

Assumptions:

* g € C' convex, Vg(x) Lipschitz continuous with parameter L

» fis closed and convex
Monotone inclusion problem Let Ax = 0f(x) and Bx = dg(z). They are monotone
operators because both f and g are convex and closed. The minimization problem is to

solve
0¢c Az + Bx.

Gradient flow formulation We want to find the equilibrium of the gradient flow

T = —Ax — Bx.

We can derive numerical method for the above gradient flow. The basic idea is operator
splitting. The operators associating with f are

 forward gradient descent operator: Fy4 := I — tA,
e backward gradient descent operator J; 4 := (I +tA)~1.
Here, ¢ is a small time-step size. In the case when f is an indicator function f = ¢, then
prox, () = arg min, o u — o[> = Pe(x),

where Pp is the projection onto C.
To reach the minimum of f(z) + g(x), we apply the above forward or backward oper-
ators for f and g alternatively. We have

43
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¢ Forward-forward method

2" = F Fypa"

* Forward-backward method (or called proximal gradient method)

xn—l—l — JtAFthn

¢ Backward-backward method

xn+1 — JtAJtB«rn

* Peaceman-Rachford algorithm: From J4, we can define over-relaxation operator
Ry=2J4— 1.

In the case when J, 4 is a projection P, the operator R4 is a mirror image of « with
respect to C. The Peaceman-Rachford algorithm is

xn-i—l — RARB(.’L‘”)

* Douglas-Rachford algorithm

1
anrl — §(I+RARB)(.TTL)

The Douglas-Rachford method can also be written as

2" = (I — Jy— Jp+2J4JB)(z")
= (JA(2JB —I) — JB+I) (C(]n)

This can be written as

ynJrl — JB.CUn

Zn-i—l _ JA(Qyn—i-l o l,n)

n+1 _ xn 4 Zn+1 . n+l

x )

We can start from updating = first, then

2= T, (2y" — ™)

n+1 :$n_|_2,n+1 _.n

z Y

yn—l-l — JBIn+1
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By switching x- and y- updating, the above algorithm can also be written as

2= 2y — ™)
ynJrl — JB<£L'n =+ Zn+1 - yn)

n+1 :xn+zn+1_ n

x Y

In general, we have

T:=(1-a)l+aRsRp, 0<a<l;
Ry = (1—OzA)]+OéAJtA, 0<ay <2,
Rp = (1 — OéB)[—i-OéBJtB, 0<ap <2.

The Douglas-Rachford method can also be derived from the splitting of the ODE:

= —Ax — Buz.
In one step, it is approximated by
k41 k
™t t_y — _Aghtl Byt
k41 _ okl
) x — _Byk+1 + Byk

If we call t By* = u*. Then we can rewrite Douglas-Rachford method as

l,kJrl — ([ + tA)il(yk . uk)

yk+1 — (I _i_tB)fl(karl + uk)
uF = ok + JoLa yk—i-l'

By comparing with earlier formula

= Ja(y" = (" =)
yn—i-l — JB<Zn+1 + (ZL‘” - yn>>

anrl = " 4 ZnJrl - yn

The last equation is
(xn—&—l - yn+1> _ (l,n . yn) 4 Zn+1 o yn—i-l

We see these two formulations are identical with u <> (z — y) and = > z.
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This method can be viewed as a gradient flow below. We consider
min f(z) + g(y) subjecttox =y.
The consider the Largrage method

The gradient flow is

t=—-Ar—u
y=—By+u
U=1x—1y.

3.1 Proximal gradient method

This is also known as the Forward-backward method

z* = proxtf(xk’1 —tVg(z" 1))

We can express prox,; as (I + t0f )~L. Therefore the proximal gradient method can be
expressed as

¥ = (I +tof) (I —tVg)z"
Thus, the proximal gradient method is also called the forward-backward method.
Theorem 3.5. The forward-backward method converges provided Lt < 1.
Proof. 1. Given a point x, define
o' =z —tVg(x), a7 = prox,(z').
Then
- xt —a

Combining these two, we define a “gradient” G;(z) := —ﬁT_x. Then G,(z) —

Vy(z) € 0f («7).

€ of(z™).

2. From the quadratic upper bound of g, we have
g9(z") < g(z) + (Vg(a),2" —2) + S [a" — |
= g(z) +(Vg(2),2" — z) + —||Gi(2)|

< g(@) + (Vg(z), o+ — 2) + 2| Gu()]]%,
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The last inequality holds provided Lt < 1. Combining this with

g(x) <g(2) +(Vy(r),x = 2)

we get
9(e7) < (=) + (Va(a), 2" = 2) + ]|Gal)]

3. From first-order condition at ™ of f
f(z)> f(@™)+ (p,z—xt) forallp e df(z™).
Choosing p = Gi(z) — Vg(z), we get
f@®) < f(2) + (Gilx) = Vg(x), 2" — 2).
4. Adding the above two inequalities, we get
hz®) < h(z) +(Gi(x), 2" — 2) + %I!Gt(%’)H2

Taking z = z, we get
t
h@™) < hw) = S| Gil)I.

Taking z = z*, we get
t
h@™) = h(@) < (Gi(e), 2" —a7) + S[|Gi() |

1 * *
57 (a7 =2 +1G@)|” = [la™ = 2"[")

1= llat —27|?)

3.2 Augmented Lagrangian Method

Problem
min Fp(x) := f(z) + g(Az)

Equivalent to the primal problem with constraint

min f(z) + g(y) subjectto Ax =y



48 CHAPTER 3. MINIMIZING F(X) 4+ G(X)

Assumptions

e fand g are closed and convex.

Examples:

0 ify=05b

* 9W) =) = oo otherwise
The corresponding ¢g*(z) = (z, b).

* 9(y) = we(y)
* g(y) = lly —bJI*.
The Lagrangian is

L(z,y,z) = f(z) + g(y) + (2, Az — y).

The primal function is

Fp(z) = infsup L(z,y, 2).
Yy oz

The primal problem is
inf Fp(z) = infinfsup L(x,y, 2).
T Ty

The dual problem is

[inf (f(x)+ (z, Az)) + inlf (9(y) — (2, y>)}

T

supinf L(z,y, z) = sup
Y

z ’ z

~ sup {—sup<<—va,m>——f(m»-—sup<@ay>——g<y»}

z T Y

= sup (—f* (=A%) — g7(2)) = sup (Fp(2))

z

Thus, the dual function Fp(z) is defined as

Fp(2) i= inf L{z,y.2) = = (' (~A") + ¢'(2)).

and the dual problem is
sup Fip(2).

We shall solve this dual problem by proximal point method:

k

1
2 = prox,, (2"71) = arg max,, | —f* (=A%) = g"(u) = ol = 2
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We have

u

sup (=" (4% = ") - g = =17

1
—sup (inf L(ov.) = 5o — =17
Ty 2t

u

= supin ( 1(a) + 9(0) + (u, Ao ) 5~ =IP)
z,y

u

= inf sup (f(:c) +9(y) + (u, Az — y) — Q%HU - ZHQ)

.Y

. t
—inf (J0) + o) + {21 Ax = ) + 3142 =)
Here, the maximum u = z + t(Ax — y). Thus, we define the augmented Lagrangian to be

t
Li(w,y,2) = [(2) + 9(y) + (2, Av —y) + 5| Av =y’
The augmented Lagrangian method is

(z*,y*) = argmin,  Ly(x, y, 2*7")
2P = (AR — o)

Thus, the Augmented Lagrangian method is equivalent to the proximal point method ap-
plied to the dual problem:

sup (—f*(=A*z) — g"(2)) .

z

3.3 Alternating direction method of multipliers (ADMM)

Problem
min f1(£L'1> + fQ(IL‘Q) subject to AllL‘l + AQ.%’Q —-b=0.

Assumptions

* f; are closed and convex.

Primal problem and dual problem Define the Lagrangian:

L(ZEl,ZL’Q, Z) = fl(l’l) + fQ(ZL‘Q) + <Z, AlIl + AQJIQ — b>
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The primal problem is

inf sup L(xy, 29, 2).
T1,82

The dual problem is

Sup Iilr}a}f2 L(x1,29,2) = sup [ifcllf(fl(xl) + (2, A1) + iggf(fg(xg) + (2, Agza)) — (2, b)]
= sup [(—fi(A12) — (2,8)) — f5(432))
= sup [—hi(z) — ha(2)].

z

Now we solve this dual problem by proximal point method:

1
o4 = prox,p, (571) = arg max, |~ (2) — ha(e) = gl =

We have

1
sup (== 4500 = £5(430) = (u.t) = gl 512

u

1
= sup (inf L(zy, 29, u) — QHU — ZH2>

u Z1,2T2

Z1,T2

. t
= inf <f1($1) + fQ(l’Q) + <Z, All‘l + AQZEQ — b> + §||A1[L’1 + Agl‘g — b||2) .
We thus define

t
Lt<I1, T2, Z) = f1(131> + f2($2) + <Z, All’l + AQl’g - b> + 5”1411’1 + AQIQ - b||2

ADMM:
zy = arg min, L;(zq, 257", 257
. t _ 1,
= arg min,, <f1(171) + 5”141?[71 + AQIS r_ b+ ;Zk 1||2)

k_ : k
Ty = arg min,, L, (77, 29, 2

k71>
. t 1
= arg min,_ <f2(1’2) + §|\A1x’f + Agzy — b+ ;zk1H2>
2F = R (A + Ajah —b)
ADMM is the Douglas-Rachford method applied to the dual problem:

max (—(5,) — f1(=AT2)) + (~f5(=AL2)) = —h(=) = hal2).
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Douglas-Rachford method
min hy(2) + ha(z)

2" = prox, (y* ')
k

P =y 4 proxh2(2zk — yk_l) — 2",
If we call (I + Ohy)™" = P, and (I + Ohy)™! = P,. These two operators are firmly
nonexpansive. They are sort of projections in the case when h; are indicator functions. We

also define the reflection operators I?; = 2F; — I. The Douglas-Rachford method is to find
the fixed point of 3% = Ty,

1

3.4 Primal dual formulation
Consider
inf (f(2) + g(Az))

Let
Fp(z) := f(z) + g(Az)

Define y = Az consider inf, , f(z) + g(y) subject to y = Az. Now, introduce method of
Lagrange multiplier: consider

Lp(xv% Z) = f(:L‘) +g<y) + <27Ax - y)

Then
Fp(z) =infsup Lp(z,y, 2)
Yy oz
The problem is
inf infsup Lp(z,y, 2)

x Yy z

The dual problem is
supinf Lp(z,vy, 2)
z Y

We find that

inf Lp(z,y,2) = = (~A"2) = g"(2). 1= Fp(2)
By assuming optimality condition, we have

supinf Lp(z,y, z) = sup Fp(z).
z TY z
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If we take inf,, first
inf Lp(z,y,2) = inf (£(2) + 9(y) + (2, Az —y)) = f(2)+(z, Az) —g"(2) := Lpp(2, 2).

Then the problem is

infsup Lpp(z, 2).

On the other hand, we can start from Fpp(2) := — f*(—A*z) — g*(2). Consider
LD(Zv w, :E) = _f*(w) - g*(Z) - <ZL’, —A"z — ’LU>

then we have
supinf Lp(z,w,z) = Fp(2).

w

If instead, we exchange the order of inf and sup,

sup Lp(z,w, x) = sup (—f*(w) = g"(2) = (v, =A™z —w)) = f(2) + g(Az) = Fp(z).

R Z,Ww

We can also take sup,, first, then we get

sup Lp(z,w, x) = sup (—f*(w) = g"(2) — (v, =A™z —w)) = f(2)=g"(2)+ (A, 2) = Lpp(z, 2).

w w

Let us summarize

Fp(z) = f(x) + g(Az)
Fp(z) = =f(=Az) — g"(2)
Lp(z,y,2) = ( )+ 9(y) + (z, Az —y)
Lp(z,w,x ff(w)—g*(z) = (z, - A"z — w)
Lpp(z, 2 mf Lp(z,y,2) =sup Lp(z,w,z) = f(x) — g*(2) + (2, Az)

)=

) w
Fp(z) = sup Lpp(z, z)
Fp(z) =

z 1nprD(cc z)

By assuming optimality condition, we have

inf sup Lpp(x, z) = supinf Lp(z, 2).
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