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Ptolemy's model
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Geocentric Model (I, 257

* |In the 4th century BC, two influential Greek
philosophers, Plato and his student Aristotle,
wrote works based on the geocentric model.
According to Plato, the Earth was a sphere,
stationary at the center of the universe. The stars
and planets were carried around the Earth on
spheres or circles, arranged in the order
(outwards from the center): Moon, Sun, Venus,
Mercury, Mars, Jupiter, Saturn, fixed stars, with
the fixed stars located on the celestial sphere.




* |n the Ptolemaic system, each planet is moved by
a system of two spheres:
one called its deferent, the others, its epicycle

 The deferent is a circle whose center point, called
the eccentric and marked in the diagram with an
X, is removed from the Earth. The original
purpose of the eccentric was to account for the
differences of the lengths of the seasons (autumn
is the shortest by a week or so), by placing the
Earth away from the center of rotation of the rest
of the universe.




* Another sphere, the epicycle(/E#E[H]), is
embedded inside the deferent sphere and is
represented by the smaller dotted line to the
right. A given planet then moves around the
epicycle at the same time the epicycle moves
along the path marked by the deferent
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Tycho Brahe was a Danish nobleman known for his accurate and comprehensive
astronomical and planetary observations.

http://en.wikipedia.org/wiki/Tycho_Brahe



* Tycho realized that progress in astronomy
required systematic, rigorous observation,
night after night, using the most accurate
instruments obtainable. This program became
his life's work. Tycho improved and enlarged

existing instruments, and built entirely new
ones.



* The king of Denmark gave Tycho tremendous
resources: an island with many families on it,
and money to build an observatory. (One
estimate is that this was 10% of the gross
national product at the timel)



 Tycho Brahe was granted an estate on the
island of Hven and the funding to build the
Uraniborg, an early research institute, where
he built large astronomical instruments and
took many careful measurements, and later

Stjerneborg, underground, when he
discovered that his instruments in the former

were not sufficiently steady.




* The observatory had a large mural quadrant
affixed to a north-south wall, used to measure
the altitude of stars as they passed the
meridian. This, along with many other
instruments of the observatory, was depicted
and described in detail in Brahe's 1598 book
Astronomiae instauratae mechanica.




Accuracy

 He aspired to a level of accuracy in his estimated

positions of celestial bodies of being consistently

within 1 arcminute of their real celestial
ocations, and also claimed to have achieved this
evel. But in fact many of the stellar positions in
nis star catalogues were less accurate than that.
The median errors for the stellar positions in his
final published catalog were about 1'.5, indicating
that only half of the entries were more accurate
than that, with an overall mean error in each
coordinate of around 2'.
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* After disagreements with the new Danish king
Christian IV in 1597, he was invited by the
Bohemian king and Holy Roman emperor
Rudolph Il to Prague, where he became the
official imperial astronomer. He built the new
observatory at Benatky nad Jizerou. There,
from 1600 until his death in 1601, he was
assisted by Johannes Kepler who later used
Tycho's astronomical data to develop
his three laws of planetary motion.




Eduard Ender's portrait of 1855 showing Tycho demonstrating
a celestial globe to the Emperor Rudolph Il in Prague.



http://en.wikipedia.org/wiki/Armillary_sphere




Tycho’s model of solar system

Brahe's Model of the Solar Syste
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* Tycho’s observations were accurate enough
for Kepler to discover that the planets moved
in elliptic orbits, and his other laws, which
gave Newton the clues he needed to establish
universal inverse-square gravitation.
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e Initial: Y (0)

o Repeat: for n = ]., y eeny N Leonhard Euler

1707-1783

Y(nAt) = (1 4+ aAt)Y ((n — 1)At) — aAtK.

o Output: Y(NA?).
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PRINCIPLE OF POPULATION,

AS IT AFFECTS

THEFUTURE IMPROVEMENT OF SOCIETY.

WITH REIMARKS

ON THE SPECULATIONS OF MR. GODWIN,

M. CONDORCET,

AND CTHER WRITERS.

LONDON:

FRINTED FOR J. JOHNSON, IN §T. PAUL'S
CHURCEH-YARD.

1708,

Thomas Robert Malthus
(1766-1834)



N CEmHYEEAH AL (Malthus, 1798)

P(t+ At) = P(t)(1 + rAt)

P(nAt) = P(0)(1 + rAt)"
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P(t + At) — P(t)
At

Pierre Verhulst (1804-1849

— rP(t) — BP(t)’




WUE A AL
* tIR1E P(0)

« KA forn=0,...,.N—1

P((n+ 1)At) = (1 + rAt)P(nAt) (1 PO;?@)

. semrs P(NAt)

P(t) - R as t — oo.
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Collaborative Filtering

@ Given (incomplete) data of rating

@ Determine whether Albert will like or dislike item 5

Albert 3 4 5 3

Userl 5 2 4 4 3
User2 3 2 2 1 5
User3 2 5 5 3 4
Userd 4 1 3 4 2



Rating by correlation-weights
@ Define similarity between two user a, b by the correlation

Z (Tap )(Tbp — Tb)
\/Z Tap — \/Z Top —

@ Define prediction of rating of user a on item p by

ZbeN sim(a, b) * (rp, — Tp)
ZbeN sim(a, )
| teml | Item2 | Item3 | Item4 | Item5 |

S|mab

pred(a,p) = 74 +

Albert 3 4 5 3 ? :
N Sim=0.55
Userl 5 2 4 4 3 N
/ I\  sim=0.00
User2 3 2 2 1 5 <
/| sim=0.87
User3 2 5 5 3 4 \///
e Sim=-0.4
User4 4 1 3 4 2

Reproduce from Powerpoint-Slides for Recommender Systems - An Introduction




Netflix Problem UG
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Data format: <user, movie, date of grade, grade>

Training data: Training set (99,072,112 ratings not
including the probe set, 100,480,507 including the probe
set)

Quiz set (1,408,342 ratings), used to calculate
leaderboard scores

Test set (1,408,342 ratings), used to calculate
competition scores
On September 18, 2009, Netflix announced team

"BellKor's Pragmatic Chaos" as the prize winner (a Test
RMSE of 0.8567)



A Matrix Completion Approach

* Given less than 1% of movie ratings
e Goal: predict missing ratings

3 5 1 2
4 2
1 N
1
5 2 3 4 >
—
5
2 5 3
1 2 3 5 c
&
a - 1 3 =
3
2 2 2 1
1

3 .
S x 10° movies 105 queries
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How google works

* NEZEH (Crawling)

21725 (Indexing) 60 trillion pages

i

e HEFZ(Search algorithm and page ranking)



How google works

Three steps to make search engine work *

@ Googlebot: Google's web crawling robot
It crawls, downloads and fetches webpages in the

cyberworld to the indexer.

@ Indexer: sorts and indexes every word on every page, and
stores them in a huge database

@ Query processor: perform page ranking algorithm upon

your query

1. Lars Elden, Matrix Methods in Data Mining and Pattern Recognition, SIAM
2. PageRank, Wiki
3. GoogleGuide, how google works



Query Processor--PageRank

@ It is a link analysis of webpages

@ |t was first suggested by Gabriel Pinski and Francis Narin
in 1976 for ranking scientific journals.

@ Two Stanford graduate students Sergey Brin and Larry
Page developed PageRank as a new kind of search engine

in 1996. They founded Google Inc. in 1998. PageRank is
the basis of google's search tools.




PageRank: A link analysis

e Each page (with inquiry words) a node of a graph and is
ordered from 1,...,n

@ N,: the number of pages that j is linked to (out-link).
@ Define Q;; = 1/N; if there is a link from j to .

> Q=1

@_>@ ‘ 0 0 1/2 0
XL ey
1

0 O




@ Weight r; > 0: the importance of page 7 to the inquiry.
o Normalized by » ., r; = 1.
@ The importance r; is weighted by

T, = zj: ;[—]] = Zj:QUTi'

@ It is an eigenvalue problem!

Qr=r.




A random walk interpretation

T

® (ry,---,r,)" is a distribution of the importance of each

page for a particular inquiry.
o Start from, say (@ = (... 1)T perform Qr°.

n’

@ We can continue this process
T.(n-l—l) _ Q’r("),

This is called a random walk.

o Hopefully 7™ converges to r with

Qr =r.

If so, then the ranking is determined by the order of
magnitudes of 7;.



Two problems

* We may get stuck at some page

* The random walk may not converge



If column j is zero, which means that ;5 does not link to
any other page. To avoid the random walk gets stuck at
page 7, we modify () to P by: if the jth column is zero,
replace this column by ¢/N, where e := (1,---, 1)1,

P is called a stochastic matrix, that is > . p;; = 1.
Find the eigenvalue of P with largest eigenvalue 1

It does not change the order of r?!
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Perturbation

Let P be a stochastic matrix. Let 0 < € < 1. Define
1
A= (1"—e)P eNeeT.

Then A > 0 is an irreducible stochastic matrix. Thus, there
exists a unique r such that Ar = r. Moreover, let

rrtl) .— Ap(®)

r® > 0,[r9L =1,

then r™ — r.




Challenges

* 60 Trillions of individual pages

e Size of stochastic matrix can be hundreds of
thousands

e Fast algorithm
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How to reduce imaging time for MRI

* Motivation from medical imaging
— Low dose
— Fast imaging
— High resolution

* A breakthrough: Compressed Sensing



Magnetic Resonance Imaging (MRI)

MRI Scanner Cutaway

Radio
Frequency
oil




MRI images

Typical resolution: 256 x 256 or 512 x 512



MRI history

¥ The Nobel Prize in Physiology or

48 The Nobel Prize in Physics 1952 Medicine 2003

"for their development of new methods for nuclear magnetic
precision measurements and discoveries in connection
therewith"

Paul C. Lauterbur Sir Peter Mansfield
Felix Bloch Edward Mills Purcell @ 1/2 of the prize @ 1/2 of the prize
@ 1/2 of the prize @ 1/2 of the prize . .
USA United Kingdom
USA USA ) ) o ) ) )
University of Illincis University of Nottingham,
Stanford University Harvard University Urbana, IL, USA ?chccl of Physics and
Stanford, CA, USA Cambridge, MA, USA Astronomy

Nottingham, United
Kingdom



Basic Principles of Nuclear Magnetic
Resonance

Atoms with odd number of protons and/or neutrons poss
nuclear spin angular momentum S

Associated with S is a magnetic dipole moment

Magnetic dipole moment rotates under external magnetic
field, exhibit magnetic resonance phenomena

The variation of rotation of spins generate magnetic fluxes
and can be recorded

Hydrogen H+ atoms are abundant in biological specime



MRI:
use magnetic fields to perform

*Relaxation: Main field BO
*Excitation: Radio Frequency (RF) field B1

*Fourier transform: Gradient field G

MRI Scanner Cutaway

EM waves (B

Scanner




BO Cail

G, Coil

Radiofrequency Cail

B(t) = By + B1(t) + G(t)

selective
B RE excitation
1 -t

Gz .,_l

Gy tyw phase encoding
readout

Gx




Principle of MRI

*Relaxation: Main field BO
Excitation: Radio Frequency (RF) field B1

*Fourier transform: Gradient field G

MRI is a Fourier integrator




Compressive sensing

@ In MRI, we want to reconstruct an N x N image [ from

~

f(w) defined by

f(w) _ Z f(t)e—Qmiwt/N
teZ?,
with w € Q with #Q << N2
@ Suppose N = 512. We choose (2 consisting 22 radial

lines with 512 uniform sample points on each line.
@ The reconstruction can be exact if f is sparse.

E. Candes, J. Romberg, T. Tao 2006
David Donoho 2006



Compressive sensing

(a)

(d)

Fig. I. Example of a simple recovery problem. (a) The Logan-Shepp phantom test image. (b) Sampling domain U} in the frequency plane; Fourier cocfficients are
sampled along 22 approximately radial lines. (¢) Minimum encrgy reconstruction obtained by setting unobserved Fourier coefficients to zero. (d) Reconstruction

obtained by minimizing the total variation, as in (1.1). The reconstruction is an exact replica of the image in (a).
Candes,Romberg,Tao 2006



Compressive sensing in Fourier space

@ The result of filtered backprojection is poor if €2 is sparse.

@ The result of TV regularization is exact if f is sparse:

flw),w e Q.

min ||Vu||; subject to 4(w)
u

IVully =) [wip1; — wigl + [wigen — ugl
ij
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@ Image model: z=u+n
@ True image u, observed image z, noise n (impulse)

e Data fitting functional
|2 —ully =) 2 —
]

@ Prior functional ||Vull;.

min || Vul|; subject to ||u — 2|1 <.
u



73

Denoising

70% Salt-and-Pepper
Noise

Chan, Ho, Nikolova



= iE R (Image Inpainting)

“Image Inpainting :
An Overview”,
Guillermo Sapiro

“Fast Digital
Image Inpainting”,
Manuel M. Oliveira,
Brian Bowen,
Richard McKenna
and Yu-Sung Chang

Chiu-Yen Kao



@ z: observed image, D missing inpainting domain
@ Energy functional:
E(u, D):7Ep+/ lu — 2z|*
Q\D

@ Prior functional:

TV: E,= |, |Vul
Elastica: E, = |, ¢(x)|Vul

where

d(s) = a + Bs?, nzv-[v“].

|Vl



Image Processing

B < |
~& ‘4“ o
: » A i o
L " N 1 y :
i3 P~ (o
] I /-'4 : \ - ',a
SN S
y. e
%\ ]
A\ \\

O
AN

X
Stanley Osher Tony F Chan David Mumford

Some Applied Mathematicians in Image Processing



Compressive Sensing (2004)

David Donoho Emmanual Candes Terence Chi-Shen Tao

Candes, Romberg, Tao, Robust uncertainty principles: Exact signal reconstruction from
highly incomplete frequency information, IEEE TRANSACTIONS ON INFORMATION
THEORY, VOL. 52, NO. 2, FEBRUARY 2006 cited 4894

DL Donoho, Compressed sensing, Information Theory, IEEE Transactions on, 2006,
cited 6716
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Exploring the universe, following our curiosity.
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This scene from the panoramic camera (Pancam) on NASA's Mars Exploration Rover
Opportunity looks back toward part of the west rim of Endeavour Crater that the
Rover drove along, heading southward, during the summer of 2014.
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Cornell University has a couple of sites for high school students
http://www.math.cornell.edu/~mec/
http://www.math.cornell.edu/~numb3rs/

COMAP has High school Math Contest for Modeling
http://www.comap.com/highschool/contests/h

SIAM M3 challenge
http://m3challenge.siam.org/

WPI CIMS Industrial Mathematics Project for High School Students

https://www.wpi.edu/academics/math/CIMS/IMPHSS/
projects.html
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RELE R RS0 5

COMAP MCM/ICM
http://www.comap.com/undergraduate/contests/

UCLA RIPS

http://www.ipam.ucla.edu/programs/student-research-
programs/research-in-industrial-projects-students-
rips-2014/?tab=overview

WPI CIMS REU
https://www.wpi.edu/academics/math/CIMS/REU/

NCSU REU
https://www.math.ncsu.edu/REU/
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" Moody’s Mega Math Challenge®

A CONTEST FOR HIGH SCHOOL STUDENTS

Registration will open and up-to-date information for the 2015 Challenge will post here in
November. Stay tuned!

News & Announcements...

Challenge dates set for 2015! | : <

Video Galle

AUGUST 27, 2014

Dates for Moody's Mega Math Challenge 2015 have been
set. Challenge weekend will take place February 28-March
1, 2015. The final round of judging, including top six team
presentations and awards ceremony, will be held Monday,

April 27, 2015. M,l ANNE LEE

| WC SCHOOK OF SCIENCE AND MATHEMATICS TEAM #1377, DURMAM, NC

Registration opens in November. Stay tuned for a new look
to our website and more 2015 information to be posted in

October. Photo Galle

raan mnra




Lunch Crunch: Can nutritious be
affordable and delicious?

First Lady Michelle Obama spearheaded an initiative on good nutrition
that led to passage of the Healthy, Hunger-Free Kids Act of 2010.
Implementation of the act, however, revealed the competing
preferences of the school lunch program’s three major stakeholders.
Students care most about taste and quantity; school districts are
concerned about affordability; and the federal government, which
provides financial support, wants to promote lifelong healthy eating

habits.

Schools have seen the cost of offering lunch go up (since healthier
foods are often more expensive), while participation goes down
(students are less satisfied with school lunch, either because it doesn’t
taste as good or

it isn’t filling enough), causing a fiscal crisis for some school districts1.

The USDA has asked your consulting firm to provide a report with
mathematically founded insights into the problem; you should address
at minimum the following three concerns.



1. You are what you eat? Students’ caloric needs at lunch depend on how active
they are, whether they eat breakfast, and a host of other factors. Develop a
mathematical model that takes as input a student’s individual attributes, and
outputs the number of calories that a student with those attributes should eat at
lunch.

2. One size doesn’t necessarily fit all. The guidelines dictated by the Healthy,
Hunger-Free Kids Act of 2010 are based on meeting the needs of an “average
student”2. However, meeting the average need may not necessarily be the right
amount for many students. Now that you’ve identified attributes that affect caloric
needs at lunch, create a model to determine the distribution of U.S. high school
students among each of these categories. If every student eats the standard
school lunch, what percentage of students will have their caloric needs met at
lunch?

3. There’s no such thing as a free lunch. A sample school district has a weekly
budget of $6 per student

for the purchase of food only. Leverage math modeling to develop a lunch plan
(using food categories) that stays within the budget, meets the nutritional
standards and appeals to students. What changes would you make if your budget
was increased by $1?



You may want to take into account how your model could be applied
across different geographic and/or socio-economic regions.Your
report to the USDA should include a one-page summary of your
findings.

You may find the following websites helpful:

http://www.globalrph.com/estimated_energy requirement.htm
http://www.cdc .gov/mmwr/pdf/ss/ss5905.pdf
http://www.cdc.gov/growthcharts/charts.htm#Set3
http://www.amstat.org/censusatschool/about.cfm
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