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1. A function f : R™ — R is called measurable if the set {f > a} is measurable in R™ for any a € R.
Now, suppose f, g and {f,}52, are measurable functions. Prove that
(1) (5%) f + g is a measurable function.
(2) (5%) max{f, g} is a measurable function.
(3) (10%) The set {lim,,_, f, exists} is a measurable set.
2. For a nonnegative measurable function f: R™ — R, the Lebesgue integral of f over R" is defined as
follows:
(a) For a simple function f = Ejzl aix(E;), we define [, f = Ele a;|E;|1, where x(E;) is the
characteristic/indicator function of the measurable set E;, {a;};/_; is a finite collection of some
nonnegative real numbers and |E;|; is the n-dimensional Lebesgue measure of E;.

(b) For a general nonnegative measurable function f, we defined

f= SUP/ g,
R™ geSy JR™

where Sy = {g is a simple function such that 0 < g < f}.
For a nonnegative measurable function f, if [, f < oo, we call f a Lebesgue integrable function.

(1) (10%) Use the above definition of Lebesgue integral to show that, for a nonnegative integrable
function f, if a sequence of nonnegative simple function g  f pointwisely as k — oo, then

lim / gk = f
n—oo n R™
Warning: In this step, you shall NOT use any integral convergence theorem such as monotone

convergence theorem, Fatou’s lemma or dominated convergence theorem.

(2) (5 %) Show that, for any nonnegative integrable function f, there is an increasing sequence of
simple function {fj}72 ; such that f; ~ f pointwisely as k — oo.

(3) (15 %) Use the above definition and the results of (1) and (2) to prove the monotone convergence
theorem : Suppose {f;}%2, is a monotonically increasing sequence of nonnegative integrable

function. Then
/ Tk =/ lim fy.
n Rn™ k—o0

3. Let {E;}7, be a finite collection of measurable sets of finite Lebesgue measure, i.e., |E;|; < oo for
1=1,2,---,n. Show the following inequalities :

(a)(10%)
UL Bl > ) EiLi— ) IENE
i=1 1<i<j<n
(b)(15%)
U™, Ei|l§Z|Ei|l_ Z |Ei N Ejl+ Z |E; N Ej N Egli.
i=1 1<i<j<n 1<i<j<k<n

4. (25 %) Prove the following Vitali covering lemma : Let E be a set of finite outer measure on R and
F'is a collection of closed bounded intervals that covers F in the sense of Vitali. Then for any € > 0,
there is a finite disjoint subcollection {1 }}_; of F' for which

1B\ Tilo < e,

k=1

where |E\ U;_; Ix|o is the outer measure of E\ J;_, Iy.



