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1. Let X be the Lebesgue measure in R. Assumé that the following is true: There ex-
ists a continuous, strictly increasing function f : [0,1] — [0,1] with f(0) = 0, f(1) = 1.
Furthermore, there exists a measurable set A € [0,1] with A(A) = 0 and \(f(4)) = 1.
(1) (15%) Show that there exists a Lebesgue measurable set but is not a Borel set. (You
can assume the existence of a nonmeasurable set in [0, 1]).

(2) (15%) Prove that the restriction of A to the Borel sets in R is not complete. (Definition:
Let (X, A, 1) be a measure space. The measure p is said to be complete if every subset
of every null set is measurable.)

2. Let v be a finite Borel measure on R, and define f,(z) = v((—o00,z]) for —0co < z < 0.
Show that

(1) (10%) f, is continuous from the right. Is f, necessarily continuous from the left as
well?

(@) (5%) lim f(@) =0.

(3) (15%) If v < A, then f, is an absolutely continuous function in R, where X is the
Lebesgue measure in R.

3.(20%) Let k € C°(R™\ {0}) be a given function satisfying k(A\z) = A\™"k(z) for 0 # z and
A > 0. Prove that the principal value

DV, / k(@)p(z)dz = im |  k(@)é(z)ds, ¥ ¢ € C2(RY)

e—0t |z|>e

exists if and only if
/ K(0)dw(8) = O,
Sn—1

where dw is the usual surface measure on the unit sphere S"™'. Here C°(R") is the set of
smooth functions with compact supports.

4. Let (X, A, 1) be a measure space and let { f,},>1 be a sequence of measurable functions.
(1) (10%) Assume f, > 0 for all n. Prove that
/ liminf f, du < lim inf/ fndp.
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(2) (10%) Give an example of nonnegative measurable functions {f,} on (R,S,)\) such
that
/liminffn d\ < liminf/fn dA.
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