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1. (15%) Given f € LP(R) for some 1 < p < oo. Given ¢t € R, define fi(z) :=
f(z —t). Show that lim; o ||f: — f||, = 0.

2. (15%) Assume that {f;} is a sequence of measurable functions in LP(R™) for
some 1 < p < oo and fy converges in LP norm to some f. Now given a sequence
of measurable function {gi} so that ||gi||lcc < M < 0o and gx — g almost every-
where. Show that frgx also converges in LP to fg.

3. (15%) Suppose f(x) is real-valued and bounded on R, and is of C?(R). Show
that there must exist a point zg such that f”(x) = 0.

4. (10%) Suppose f(z) is of bounded variation on [0, 1]. Show that g(z) := f(z?)
is of bounded variation on [—1.1].

5. (15%) Let E denote the set of real numbers in [0, 1] without digit 9 in their
decimal expansion, that is, € E then z =}, % and none of a; is 9. Show
that F has Lebesgue measure zero. a

6. (15%) If f > 0, show that f € L? if and only if >, 2¥Pw(2¥) < oo, where w
is the distribution function.

7. (15%) Suppose f(z) € L*(R). Does the limit limp o0 [ |f(:1:)|%dac exist ? Jus-
tify your result.



