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2015 Spring, Real Analysis
You have to write your calculations and reasonings clearly.

(

1)

(a) (3%) State and prove the Young’s inequality.

(b) (3 %)State and prove the Holder inequality for measurable functions.

(c) (4%)Prove the triangle inequality for L*(Q2), where 1 < p < co and {2 is a measur-
able subset of R™.

(d) (15 %) Assume that 1 < p < oo and Q is a measurable subset of R*. Show that
LP(Q) is complete.

(2) Prove the following inequalities.
(a) (10 %) Let 1 < p < 400, f € LP(R™) and g € L}(R"™). Then f x g € LP(R™) and

I1f * glls < Wl fllpllglh-

(b) (10 %) Let p and ¢ satisfy 1 < p,g < co and 1/p+ 1/¢g > 1, and let r be defined
by 1/r=1/p+1/g—1. If f € LP(R™) and g € LI(R"), then f x g € L"(R") and

I * gllr < 1I£1lpllgllq-

(3) Given K € L}(R™) and € > 0, let
K (z) = e_"K(—f—).

Prove that
(5 %) [gn Ke= [gn K
)fz[>5 |K| — 0 as ¢ = 0, for any fixed § > 0.
%) Let f. = f* K., where K € L\(R") and [, K = 1. If f € LP(R™),
p < o0, then

()(
(iii) (10
1<
|fe— fllp >0 ase—0.

(4) (15 %) State and prove the Lebesgue’s point theorem for f(z) € L. (R™).

(5) (10 %) Suppose f(z) € L}(R™) and f[;. f(z)p(z)dz = 0 for all ¢ € CZ°(R™). Show
that f(z) = 0 for almost every z € R".
(6) (10%) Let f(z,&) € C°(R x [—m,7]) be a real continuous function such that f(z
1,€) = f(z,£) for all (z,€) € R x [~,7]. Suppose '

[ et e =0

for all x € R. Show that f(z,£) =0 for all (z,£) € R x [—m, 7).



