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2015 Spring, Real Analysis 
You have to write your calculations and reasonings clearly. 

(1) 
(a) (3%) State and prove the Young's inequality. 
(b) (3 %)State and prove the Holder inequality for measurable functions. 
(c) (4%)Prove the triangle inequality for V(D.), where 1 < p < oo and n is a measur­

able subset of ]Rn. 

(d) (15 %) Assume that 1 < p < oo and n is a measurable subset of JRn. Show that 
LP(O) is complete. 

(2) Prove the following inequalities. 
(a) (10 %) Let 1 ~ p ~ +oo, f E V(JRn) and g E L1 (1Rn). Then f * g E V(JRn) and 

II!* 91lp ~ ll!llpllgiJI. 
(b) (10 %) Let p and q satisfy 1 ~ p, q ~ oo and 1/p + 1/q ~ 1, and let r be defined 

by 1/r = 1/p + 1/q- 1. Iff E V(lRn) and g E Lq(lRn), then f * g E Lr(JRn) and 

II!* gllr ~ llfllpllgllq· 

(3) Given K E L 1(1Rn) and t > 0, let 
X 

KE(x) = t-n K(- ). 
€ 

Prove that 

(i) (5 %) fJR.n KE = fJR.n K. 
(ii) (5 %)~xl>o1Kfl --+ 0 as t--+ 0, for any fixed 6 > 0. 

(iii) (10 %) Let JE = f * KE, where K E £1(1Rn) and JJR.n K = 1. Iff E V(lRn), 
1 ~ p < oo, then 

lifE - flip -t 0 as € -t 0. 

(4) (15 %) State and prove the Lebesgue's point theorem for f(x) E Lfoc(JRn). 

(5) (10 %) Suppose f(x) E V(JRn) and JJR.n f(x)¢>(x)dx = 0 for all ¢> E C~(JRn). Show 
that f ( x) = 0 for almost every x E JRn. 
(6) (10%) Let f(x, ~) E C 0 (1R x [-1r, 1r]) be a real continuous function such that f(x + 
1, ~) = f(x, ~) for all (x, ~) E lR x [-1r, 1r]. Suppose 1: eix~ f(x, Od~ = 0 

for all x E JR. Show that f(x, ~) = 0 for all (x, 0 E lR x [-1r, 1r]. 
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