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. (15% = 444+7) Let X, X7, X5, ... be random variables defined on the same probability
space (2, %, P).
(a) State the definitions of convergence in probability and almost sure convergence.
(b) Prove that if X,, — X almost surely then X,, — X in probability.
(c) Show that X, — X in probability if and only if E[min{1,|X,, — X|}] — 0 as

n — oQ.

. (20% = 10+ 10) Let (X,),>1 be a supermartingale relative to the filtration (F,)n>1
such that X,, > —2023 almost surely for all n € N.

(a) Show that X,, converges almost surely to an integrable random variable X.

(b) Is it true that X, = E[X | F,] for all n?

. (20% = 5+ 54 10) Let (B;)i>o be a standard Brownian motion. Define a filtration

(Ft)i=0 by
Fir=0({Bs:0<s <t}

the o-algebra generated by the random variables By for 0 < s <t. Define, for s > 0,
Fr=*
t>s
(a) Show that (F;");>o is a filtration and F;t 2 F; for all t > 0.
(b) Is 77 = F?
(¢) Prove the Blumenthal 0-1 law: if A € F; then P(A) € {0,1}.
. (25% = 5+10410) Let (X, )n>1 be a Markov chain on S = {0,1,2,...} with transition

matrix P. Recall that a nonzero measure p on S is said to be invariant if p satisfies
p({i}) < oo for all i € S and

w({ih) =) u({i})P,; foralljeS.

1€S

Now, let (pk)7, be a sequence of real numbers such that py = 1, 0 < p, < 1 for all
k> 1 and [, pr > 0. Suppose that for £ > 1, the transition probabilities from the
site k are given by
jo iftm==~k+1,
Pk,m: l—pk ifm:O,

0 otherwise.

(a) Is this Markov chain irreducible?
(b) Determine whether this Markov chain is recurrent or transient.

(c¢) Does this Markov chain have an invariant measure? If yes, find such a measure.



5. (20% =8+ T7+5)

(a) Let X and (X,),>1 be random variables such that X, converges to X in distri-
bution as n — oo, and let r > 0. Show that if (|X,|"),>1 is uniformly integrable
then E|X,|” — E|X|" as n — oo.

(b) Let (Yy)n>1 be a sequence of i.i.d. exponential random variables with parameter 1.
(So Y satisfies P(Y; > t) = e " for all t > 0.) Define

_ i Y —n
U, = NG .

Show that
lim E|U,| = 1/ 2.
n—oo T
(¢) Using (b), prove the Stirling formula
_(®)"Venr
lim =< =1.
n—00 n!

Hint: You may use the fact that >  ¥; has density

1
(n— 1)!33

n_le_zl(o,oo) (x) .

Write E|U,| as an integral in terms of the above density, split the integral into
two at x = n, and substitute u = x/n.



