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1. (25 pts) Let 2 C R™ be open and let u be a harmonic function in €.
(a) Show that for any B(z,r) € €2,
(@) = S W) dy
e fB(m) ldy
(b) Show that u is a constant if v is non-negative and 2 = R™.

(c) Assume Q = {(z,y) € R? : y > 0}, u € C?*(Q) is bounded in Q, and u(x,y) = 0 for y = 0.
Show that v = 0 in 2.

2. (15 pts) Let u € CH(R™). Prove the Gagliardo-Nirenberg-Sobolev inequality for n = 3,
2n
n—2
3. (10 pts) Let © C R™ be open and bounded. Show that the equation
{ —Au+ Uy, — Uy, + (24 |2]*)u =sin]z|, z € Q
u=20, x €N

[lullLogny < CllDull2@n), where ¢ =

has a weak solution in Hg(€2).

4. (35 pts) Solve the following equations:
(a) uy + uy + 2u, = u,u(x,y,0) = z + 3y.
(b) uzu, = 2u* u(0,y) = ev.
(©) { Uy — Uz = 2 for (z,t) € R x {t > 0},
7l u=0,u; =sinz forxz e R,t=0.
5. (15 pts)

(a) Find the bounded solution u(z,t) of the heat equation
U — Upe =0, (z,t) € R x {t > 0},
u(z,0) =sinz, x€R.
and show that u(0,¢) = 0 for ¢ > 0.
(b) Let v(z,t) be a bounded solution of the following equation
Uy — U =0, (2,t) € {x >0} x {t >0},
vy — 3uy, =0, (x,t) € {x <0} x {t >0},
v(z,0) =sinz, xz€R.
Assume v is C! in a neighborhood of {(z,t) : x = 0,¢ > 0}. Show that v(0,¢) # 0 for some
t> 0.



