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1. (25%) Assume that u > 0 is a C? solution of Au =0 on ), where Q C R? is an open set.
(a) Show that w is a constant if Q = R?.
(b) Let Q = {(z,y) |z > 0,y > 0}. We further assume that u(x,0) = 0 for x > 0, u(0,y) =0
for y > 0, u(z,y) < 2%*, and u is continuous on the closure of Q. Show that
(bl) u=0if0<a<1,
(b2) w is non-unique if a > 1,
(b3) u=0if a > 1 and the L?(£2) norm of u is bounded

2. (25%) Solve the following equations:
(a) (u+ug)?+ul = 1,u(z,0) =0,
(b) ug + uy + u; = y*u, u(0,0,2) = 2.

3. (25%) Consider the heat equation:
Up = Uy, (x,t) € (—o0,00) x (0,00)
u(z,0) = f(z), z€eR,
where f(z) is continuous and 0 < f(z) < 1.
(a) Show that the equation has a solution u which satisfies lim; ,o+ u(x,t) = f(x) for x € R.
(b) Show that there is an f(x) with 0 < f(x) < 1 such that the equation has a solution u
satisfying
limsupu(0,¢) =1 and liminfu(0,¢) = 0.
t—o0 t—o0
4. (25%) Consider the equation
{ Upy — Uz = 0,  (z,9) € R?
U(an) :yvuy(ovy) =1-y, yeR
Solve the equation with @ = 0 and o = 1 respectively.



