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1. (20%) Solve the following equations: 

(i) ux -uy +uz = zu, u(x,O,O) =ex. 

(1010) u2 + 2 - 2y (o ) 0 x uY - e , u , y = . 

20 (30%) Let B = {x ERn: JxJ < 1}. Assume u E C2 (.B) and 

!1u ::;; 0 in B . 

(i) Show that u ( x) ~ min u for x E B 0 

as 

(ii) Assume further that u is a function of lxl and !J.u < 0 

in B 0 Find the location of ffi£LX u . 
B 

w = !1. w = 0 on 8B 0 Show that w = 0 in B . 

3. (30%) Let H = H(x,t) be the heat kernel for the circle i.e. the 

solution of heat equation with the following form: 

for x E [ 0, 1], t > 0, 
n=-oo 

and an ( 0) = 1 for n E z ' where i = H . 

(i) 

(ii) 

(iii) 

Find an(t) for neZ. 

I 

Prove that J!_!_ x2 1H(x,t)l
2 

dx = o( Ji) as t ~ o. 
2 

Does lim x H ( x, t) exist for 0 < x < 1 ? Prove or disprove 
t~O f 

your answer. 



4. (20%) Let u =u(x,t) be the solution ofthe following problem: 

u3 
U 11 = ~U + r 2 for X E 0, t > 0, 

l+u 
U (X, t) = 0 for X E 80, t > 0, 

u(x,O) = f(x), ut (x,O) = 0 for X En, 

where r e lR is a constant, f e H 1 
( n) and n is a 

bounded smooth domain in lRn . Prove that there exists 

a constant r > 0 such that sup lluiiH' (n) < 00 for r < r. 
1>0 ' 

Is there any convergence of solution u as t ~ oo ? 
Prove or disprove your answer. 


