R B & S
1+ BEp P EHE L ITFRY B
ook
2007.09

Notations:

R: the field of real numbers,

QQ: the field of rational numbers,

M, (F): the set of n x n matrices over a field F'.

If A € M,(F) is a matrix of rank r, what is the nullity of the linear
transformation L4 : X — AX on M,(F)?

Let K be an algebraically closed field, and T be a linear transformation on
an n-dimensional vector space whose matrix relative to a basis is

r o 0 0 AT
0 0 Az 0
0 )‘71.—1 0 0

L An 0 0 0

Show that 7' is diagonalizable if and only if for each k, 1 < k < n, if A, = 0,
then A,i1_3 = 0. [Consider T?]

Let G be a group and p, : * — a~lza be the inner automorphism de-
termined by a € G. Let ¢ be an endomorphism of G such that ¢ o p, =
Pa © ¢,Ya € G. Show that:

(a) H = {z € G : h(h(x)) = h(z)} is a normal subgroup of G.

{b) G/H is an abelian group.

Let G be a group of order p°, p is a prime. Show that G must have a
maximal abelian normal subgroup with order > p?.

Let R be the ring of all continuous real valued functions defined on the
interval [0, 1].

(a) Give an example of a nonzero proper ideal of R.

(b) Show that R is not a ring direct sum of its proper ideals.

Find all prime ideals of the ring R[z,yl.
Find the Galois group of the polynomial x'® — 1 over Q.

Let / C E C Rbefields. If £/F is a radical extension [ = F(ay, - ,a,),a}"
F{ay,--- ,a;,_;) for some n;| of odd degree mn > 1, show that E is not a
normal extension of F.
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