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Do all the problems. The total is 100 points.
Z: denotes the ring of integers.

Q denotes the field of rational numbers.

- denotes the field of 7 elements.

(1) (15 points) Classify groups of order 39 up to isomorphism.

(2) (15 points) Consider a group homomorphism f : Z* — Z* de-
fined by f(e1) = 8ey + 16e + 4deg, f(ex) = —4de; — 32e5 — 8es
and f(e3) = 24e; + 48ey + 12e3, where {eq, €2, €3} denotes the
standard basis of Z3. Determine the group structures of the
kernel, image and cokernal.

(3) (20 points) Determine the Galois group of z* — 5 over the field
Q, Q[v/5] and FF; respectively.

(4) (15 points) Let (R, m) be a commutative local ring with identity.
Let k := R/m be its residue field.

(a) For any R=module M, M/mM is a k-vector space.

(b) Let M be a finitely generated R-module and {z1,...,x,} C
M forms a k-basis of M/mM. Show that {xy,...,z,}
forms a generating set of M.

(5) (15 points) Let R be an integral extension over S, where both

R and S are a commutative rings with identity.
(a) Show that R is a field if and only if S is a field.
(b) For any prime ideal q <05, there exists a prime ideal p < R
such that pN .S =q.
(¢) Suppose that there are prime ideals p; C ps <1 R satisfying
pi NS = q. Prove that p; = po.

(6) (20 points) Consider the group SL(2,7), which consists of 2 x 2
matrices over F; with determinant 1.

(a) Determine its center Z(SL(2,7)).

(b) Let PSL(2,7) be the quotient group SL(2,7)/Z(SL(2,7)).
Determine its order.

(c) Show that PSL(2,7) acts on P}(F;) transitively.

(d) Show that PSL(2,7) is a simple group.



