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Problem 1 (10pts). Recall that the quaternion group () is the finite group of order

8 defined by

Qs = {1, 41, £j, ij} € GLy(C), i= ((1) ‘01> j= (V(? \/0__1>

Prove that every subgroup of () is a normal subgroup.

Problem 2 (15pts). If G is a finite group and a € G, denote by Cg(a) the conjugacy
class of a and Z;(a) the centralizer of @ in G

(1) Find the set of conjugacy classes of Ss.
(2) For o € Ay, show that

Cay (o) = Css (0) <~ Z s (o) & Zss (o).
(3) Show that C4,((123)) = C4,((132)) and
Cs,((12345)) = C4,((12345)) U C4,((21345)).

(4) Show that As has 5 conjugacy classes containing 1, 20, 15, 12 and 12 elements.
(5) Let H <0 A5 be a normal subgroup of As. Prove that the only possible |H| can

be only
1,13, 16,21, 25, 28, 33, 36, 40, 45, 48, 60.

Conclude that H = {1} or As.
Problem 3 (15pts). Let M C Z3 be the subgroup defined by
M = {(z,y,2) €Z° | =3z +5y+32=0, =62+ 20y + 92 =0, =3z + 25y + 92 = 0} .
By the structure theorem of modules over PID, we have an isomorphism
Z3/M ~Z7/)a\Z D DL)a,Z DL,
ap |ag -+ |ay, a;>1, k>0

as Z-modules. Determine a4, ...,a, and k.

Problem 4 (15pts). Let
Z[V3] = {x+y\/§ | z,y € Z} C R.

be a commutative unital ring.
(1) For any a,b # 0 € Z[v/3], show that there exists ¢ € R such that

g_q’§ 1—|—2\/§‘

Deduce that
a=bg+r, reZ[V3]and [N()| < |N(Ob).

Use this division algortithm to use that Z[v/3] is a PID.
(2) Prove that (Z[v/3])* = £(2 4+ v/3)Z.



Problem 5 (10 pts). Let

a=1\/3+V7, B=43-VT

Determine if Q(a) = Q(5).

Problem 6 (15pts). Let F' = C(x) and let K = F(t) with t* = 2 — 23, Consider the
subring
A :=Clz,t] ¢ K = C(x,1).
(1) Show that if @ € K such that « is a root of a polynomial 2% 4+ az + b with
a,b € Clz], then a € A.
(2) Prove the element x is irreducible in A. That is, if z = a8 with a, 8 € A |
then either « € A* or f € A*.

(Hint: Use trace or norm from K to F).

Problem 7 (15pts). Let E = Q(v/2,v/3,u) where u? = (9 — 5v/3)(2 — v/2). Prove
that £'/Q is Galois with Gal(E/Q) ~ Qs the quaternion group.

Problem 8 (15pts). Let m be a positive integer. Let
X = Homp_us(C, Rlz]/((2* + 5)™))

be the set of unital ring homomorphisms which are R-linear. Prove that |X,,| = 2
for all m.

(Hint: you must first prove there exists an element a € R[x]/((2? +5)™) such that
a’* = -5.)





