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= 1,--- ,n, where ¢;’s are uncorrelated with zero mean and constant variance o%. Let
B= (ﬁo, ﬂl, o ,,BP)T be the least squares estimator of 8 = (8o, B1, -+, 5p)T-

(1a) (10%) Let e;(;)’s and di;’s denote separately the residuals computed based on the re-
gression models Y; = Bo; + Z#J Bizi+mn; and z;; = '70+Zz¢g nwry+&,i=1,---,n;j=
- ,p. Show that Var(5;) increases as R:=1- (3, d5)/ (e, ef(;)) increases.

1. Consider the multiple linear regression model Y¥; = Sy + fizyg + -+ + ,Bpx,,, + €,
i

7

(1b) (10%) Let R? be the coefficient of determination and r be the sample correlation
coefficient of (Y1,Y1), -, (Ya,Yn), where Y; = fo+ f1zir +- - -+ BpZsp, i = 1,- - - ,n. Show
that r2 = R2.

(1c) (10%) Assume that €1, - ,€n %t oy (0,0?). Derive the distribution of the studen-

tized residual of the first observation r} = e1//MSE)(1 — hy1), where e; and hy; are
separately the residual and the leverage point of the first case and MSE;) is the mean

squared error obtained after deleting the first case.

2. Consider the linear model Y = X3 + €, where € ~ N,(0,0%I,) and Xisan x p
full rank matrix. Let 8 and e be separately the maximum likelihood estimator and the
residual vector.

(2a) (10%) Show that 8 and SSE = eTe are independent.

(2b) (7%) (8%) Construct a 1 — a, 0 < & < 1, confidence interval for zI 3 and a 1 — a
prediction interval for the future independent run Yy = I8 + ¢ with ¢ ~ N (0, 0?).

3. (5%) (5%) Consider the growth curve model YO =XB+e? i=1,-.,n, where X

is a m x p full rank matrix with p < m and E1 R el Tis (0, Q(‘ ). Find the estimated
generalized least squares estimator of 8 and an unblasecl estimator of Q.

4. (5%) (5%) (5%) Consider the model y; = o+ Brzu + - + Bpyp + €, t = 1,--- 1
where €, = pe;_1 + u; with u;’s s KN (0,2). Find the consistent estimators of p and az,
and the estimated generalized least squares estimator of 3 = (8, 61, - , Bp)-



5. Consider the centered and scaled regression model ¥ = 2(s)ﬂ(s) + €, where Z(s) =
(1,Z) with Z) being a n x p standardized covariate matrix, B = ,370 ), and
0)

€ ~ (0,021I,). Assume that an approximate linear relationship exists among the column
vectors of Z.

(5a) (10%) Show that (R™1),;; = VIF;, j=1,---,p, where R = (Z(TS)Z(S)) and VIF; is
the variance inflation factor associates with the jth covariate.

(5b) (10%) Let B(o) and ,5(0) r denote separately the least squares estimator and the

ridge regression estimator of 3. Show that Var(B(o)) - Var(inR) is at least positive
semi-definite.
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