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Let @, b € N and a, b are relatively prime. Consider the set S = {za + yb| $x$and $y$ are
nonnegative integers }. Show that @b — @ — b & S. Forany integer ¢ > ab—a — b+ 1,

showthat ¢ € S.

If f(z) € Z[z] is a monic polynomial of degree 72, show that f(z) = 0 cannot have n real

roots, multiplicity counted, between two consecutive integers.

Let F' be a field of characteristic 7 2 and V' a vector space over F'. If B(u,v) isanonzero

skew-symmetric bilinear function defined in V', show that it cannot be expressed as a product of
two linear functions: B(u,v) # fi(u)fa(v), where fi, fo : V- — F are linear functions.

Show that the ring Z[L‘ZE] is a Euclidean domain.

(@) If p is prime and G is a subgroup of the symmetric group S,D that contains a transposition and

a p-cycle, prove that G = S,,.

(b) Determine the Galois group of the polynomial 2z° — 5z* 4+ 5 € Q[z].
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