1. (20 %) For a square matrix A, we define
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where [ is the identity matrix. To solve the harmonic oscillation equation
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2"(t) + 2(t) = 0

with initial condition 2(0) = a,2’(0) = b, we set up
and consider the linear system

yi(t) =

(t), ya(t)

(1),
y1(t) = y2
>
with initial condition (y1(0),42(0)) = (a,b)

One may rewrite Eq (2) as

Y'(t) = AY (t),
Y (0) = (a,b)T.

Note that (a,b)” means the transpose of (a,b). It is known that the solution formula for Eq(3) is
You have to show your calculation in a comprehensive way.
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Y (t) = €AY (0). Now, you carry out the computation of e*4 and give the solution formula for Eq(1).
2. (20%) Solve the inhomogeneous equation

with initial condition z(0)

3. (20%) For the differential equation

2 (t) — 2/ (t) — 6z(t) = =6t — 2t — 4
3,2/(0) =1

2 ()

(4)
() - 2%()
with initial condition z(0) = ¢ > 107!, show that there exists a threshold b > 0 which does not
that z(t*) = 10~ 1°. Note
4. (20%) Set the vectors v; =
5. (20%) Let

depend on ¢ such that : for any solution of (5) with x(0) = ¢ > 107!, there exists ¢, € (0,b) such

()

althought b does not depend on ¢, t* shall depend on c.
A= (a,ij)QOXQO with ajj =< V;, Vj >R20. Show that det(A) 75 0.

(1,4,5%,---,7) € R? for j = 1,2,---,20, and the 20 by 20 matrix

1 2
A=14 5
Find all the eigenvalues and the corresponding eigenvectors of A.
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