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(1) (15 pts) Find the length of the spiral given in polar coordinates by r = exp(8),
—00 < 8<0.

(2) (15 pts) Determine whether or not the following limit exists, and find its value

if it exists:
) n 1\"
lim |[n——[14+ = .
n—00 € n

(3) (15 pts) Determine the maximum and minimum values of the function f(z,vy, 2) =
cos(m(z + y + z)) subject to the constraints 22 +y> 4+ 22 = 1,z > 0,y > 0,
z 2> 0.

() (15 pts) @ (5 pts) Derive 1/n + ["(1/[z] — 1/z)dz where [] is gauss symbol.

(b) (10 pts) Present a proper argument to prove the existence of the limit

lim 1+1+1+ +1—10
n—oo \ 1 2 3 n gn )
You might consider using (a) to answer (b).

(5) (15 pts) A real-valued function f defined on (a, b) is said to be convex if
fOz+ (1= My) < Af(z)+ (1 - A)f(Y)

whenevera < z < b,a < y < b,and 0 < A < 1. Prove that every convex
function is continuous, and prove that every increasing convex function of a
convex function is convex.

(6) (25 pts) (Newton Iteration) Suppose that f is a smooth real function defined for
all real z, such that | f'(z)| > ¢ > 0 and | f?(z)| < M for all z where M > 0.

(a) Show that f(z) = 0 has a unique root 7.

(b) Given zg, define a sequence by 2,41 = z, — }J;% Show that

|Zns1 — 10| < |2 — TO'ZM/E.

(c) Show that the sequence {z,} converges to 7o provided that |f(zo)| <
€2/ M.




