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. (20%)
(a) Let A € Mmxn(F), B € Mpxp(F) where F is a field.
Show that rank(AB) < min{rank(A), rank(B)}.
Moreover, if n = p and B is invertible, show that rank(AB) = rank(A).
(b) Let A € Mpmxn(C). Show that rank(A* A) = rank(A) where A* is the conju-
gate transpose of A.

2. (20%)
(a) Let A be an n X n real symmetric matrix. Show that if A is an eigenvalue of
A in C, then X is real.
(b) Let A be an n X n real symmetric matrix. Show that one can find an or-
thonormal basis of R™ consisting of eigenvectors of A.

3. (20%)
(a) Which n x n real matrices B have the property that AB = BA for alln xn
real matrices A? Justify your answer.
(b) Let A, B be two n x n real symmetric matrices. Show that A and B are
simultaneously diagonalizable if and only if AB = BA.

(20 %) For all x € R™, we define the norm of z by ||z|| - \/ {x, ) where (,) is the

4.
standard inner product on R"™.
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(a) Find a vector p in the column space of A (the subspace of R® spanned by
the column vectors of A) such that ||p —b|| < [|A -z — b|| for all z € R*

(b) Find s € R* such that A-s = p and s has the minimum norm, that is,
Is|l < [lv|| for all solutions v (in R*) of A -z = p.

(Justify your answers.)

5. (20 %) Find the Jordan form B of

3 -1 0 D
1 1 0 0
A= a 0 5 =3
42 =1 & =1

and the matrix P such that B = P~ 'AP.
(Notice! Show your works in details. No points will be assigned for non-substantial
answers.)





