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1. (10% + 5%)

(a) Let (zy,) be a sequence of real numbers. Prove that

- R R Tt T,
lim inf z,, < lim inf L e < lim sup AT < lim sup z,,.
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(b) Give an example of (x,) such that all inequalities in (a) are strict at the same time.

2. (20%) For a positive real number z, define || = sup{n € Z : n < z}, and set frac(z) :=
x — x| (this is known as the fractional part of ). Let o« > 0. For each n € N, define
x, = frac(na). Prove that the sequence (z,,) is dense in [0, 1] if and only if « is irrational.
(Do not just quote some sophisticated results and “solve” this problem in only two or

three sentences. A proof with details is expected.)

3. (5% + 20%) For x € R, define
f(x) :/ e cos(2mxt) dt.
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(a) Justify that f(x) is defined for each z € R. (In other words, show that the improper

integral converges for each z € R.)

(b) Show that f'(z) = —27zf(z) for all x € R, and use this to evaluate f(z). Justify

your steps.
4. (10% + 10%) Let (X, d) be a metric space, and let f: X — X be a function such that

d(f(z), f(y)) < d(z,y) forall z,y € X, x #y.

(a) Show that if X is compact then f has a unique fixed point. (A fixed point of f is a
point z¢ € X such that f(xzg) = xo.)
(b) Does the conclusion in (a) still hold if we do not assume that X is compact? If yes,

provide a proof. If no, give a counterexample.

5. (10% + 10%) For n > 1 and x = (x1,...,x,) € [0,1]", define

5 N R o )

mp(x) = -

a) Show that for any § € (0, %) and any n > 1,
(a) 3

(52/ dx1-~-dxngi.
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(b) Show that for any continuous f : [0,1] — R, one has

lim fmn(x)) daq - dzn = £ (3).
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