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. (10%) Determine whether / z-3e%dz converges or not. Justify your answer.
0

. (20% = 10% + 10%) For the following functions, determine whether they are uniformly
continuous or not. Justify your answer.

(a) f(z)=1og(2014 + z19) for x € R, where log is the natural logarithm function.
(b) For (z,y) € [-1,1] x [-1,1],
. Y
zsin(=) whenz #0,
9(z,y) = { z

0 when z=0.

. (20% = 10% + 10%) For the following sequences of continuous functions on R!, determine
whether they have a uniformly convergent subsequence or not. Justify your answer.

(a) fu(z) =exp(—(z—n)?), neN.

(b) gn(z) =sin(z —n), n e N.

. (20% = 10% + 10%) Consider the system of equations:
z+yu+22+:z:3=0 ,
2422+ 22u—-9y3=0.

It is clear that z = y = 2 = u = 0 is a solution.

(a) Near (0,0,0,0), can the system be solved for z, 2 as continuously differentiable functions
of y,u € (—¢,¢) for some ¢ > 0? Justify your answer.

(b) Near (0,0,0,0), can the system be solved for y, 4 as continuously differentiable functions
of z,z € (—¢,¢€) for some £ > 07 Justify your answer.

. (20% = 10% + 10%) Suppose that {a,}32 is a sequence such that > -~ nja,| converges.

(a) Show that both > °2 ; ansin(nz) and Y . ; na, cos(nz) converges uniformly for all z €
R.

(b) Let f(z) = Y ;2 ansin(nz), and g(z) = > >, nan cos(nz). Prove that the derivative
of f(x) is g(z).

. (10%) Let f(z,y,z) be a smooth function on R3, and k be a constant within (0, 3). Prove

that
(3—n)// f2dzdydzgr// f2d5+1/// Ix|?|V f|? dz dy d=
|x|<r Ix|=r £ JJJixi<r

for any r > 0. Here, x = (z,y, z) and V is the gradient of f.
Hint: Apply the divergence theorem and the Cauchy—-Schwarz inequality.



